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B

1 A5G
EX 1.1, X XY RES, f: X =Y ZBA
(1) # f REH, R f(21) = f(22) = 71 = 7o,
(2) # f A#H, wREAEE yeY AAE 2z e X 13 f(z)=y.
(3) & f RS, R f A LG A
Rl 1.2, X XY RES, f: X =Y &gt 0
(1) f REFL MY f REB KM, PNEE Z A0 g0 Z - X, K
fogi=fog= g1 =g
(2) f AHRFNLERY f RALEH LN, PHEZ Z g Y - Z, K

giof=goof= g1 =9o.

JEBA.
Rl 1.3. X XY RES, f: X =Y Apgt N
(1) f REFLHMRY f REAVSOLE, BPEE g: Y — X £1F go f = Idy.

(2) f RABSLANRE f RAFABFOLEE BFEALE LY - X EF foh=1dy.

NEBHNESUEHNES
(1) XUY, £
(2) X xY
(3) Map(X,Y) ={f: X =Y}
(4) P(X)={Ac X}
i,
Map (X,{0,1}) = P(X)
XA+ A

Fie.
Map(X UY,Z) = Map(X,Z) x Map(Y, Z)

Map(Z,X xY) = Map(Z,X) x Map(Z,Y)
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FINRBRSRGTEAEE

EX 1.4 (ZMKR). X #0,X EHEN£XF RCX x X, HE
(1) (z,z) e R,Vzx e X

(2) (z,y) e R=(y,z) € R

(3) (z,y) € R, (y,2) € R= (z,2) € R

* (r,y) € R, iﬂxﬁy.

SIFE 1.5, B X RIFZEE ~ R X LWFHXFR, WEE a,be X RAARMHF IR

EX 1.6. X A#F L e9i %A
X/ Z= {$h 45K} C PX)
H—A e T st
7r:X—>X/5
a~ [a]

EX 17 2 F EWRAREAALR: SCX BANEEY v e X, AEFE— sc S HAF [s] = [2].
st

mnc

s xS x/ 8
RIHF! i

X =||s]-

sES
EX 1.8. & X W54
{Xi i€ I} C (z)
R
(1) X; # o

(2) X;nX,;,=2,Yi#j

3) X=||x;

icl

T 19, XX LY A, FETE X/~ 4 1 X — X/ ~ % B RIA, N4 AR —6 U

Y — X/ ~ TR E R
\ ///;!cp

X/~




B

I 1.10 (MUHEATH). f:X oY, L & X bavd f e SNEFE, N fFF0s

X bEW—otisH.
U: X xX—>X
(z,y) = p(z,y)

XXX xX — X xX

| |

XxX — X



Chapter 1

i

EX 1.1. B RARESE, +F- £ R EH_TEH. X

(A) (R,+) & Abel . FHETITH 05.

(M) (R, ) A% % Abel ¥#. AL L TLA 15.

(D) (a+b)-c=a-c+b-c.
NAFR (R, +, ) &4 L HSF, MAR R A4 4 TR,
5 1.2, BHER 7 87 9ok A AT R A A 4 IR,
5l 1.3. #2 n R & L3R Z/nZ £BF Mo kFe R ET mA S L BT
Bl 1.4. ¥ AR —AEAKXIK Zlx] £:8F Q9 ikAo FOET RN A L IR,
5 1.5. % R={0g}. £X 0r +0r =0x #2 Og - 0r = 0. W R M A& L A, #rARK.
WAL 1.6. 0z -r = 0p.
EX 1.7. % R, S RALXTIHIK, 0: R — S RIS, o

(1) 6(1r) = 1s

(2) B(a+b) = 6(a) + 6(b)

(3) O(a-b) =06(a)-0(b)
AR 0 2 R E S #FRAL. TR E S #FERASLKH Hom(R,S).
5] 1.8. ¥4t Idg: R — R RIERA.
5 1.9. & f: Ry — Ry #2 g: Ry — R3 #FRF R A, M go f: Ry — Ry LRFRE.
ENX 1.10. % R, S RELARXMIK. R BAE RS Hg: S > RHL

fog=1Idgr, gof=Ids

MA R A= S FI#, #r f & R B S MREH, g & f #9iE. 3T R Bl A FHFRM LAY Aut(R).

7
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#ER 1.11. & f: R— S AFRAL, U f(0g) = 0s.

WEH. f(Or) = f(Or +O0r) = f(Or) + f(Or) = 05 = f(Or). [
5l 1.12 (R FHFIERZ). sHEBMIR R, HAEE—OARAS 0:Z — R.
IEA. GE X 6 :n > nlg. HUGETHVE B ANIZ 2 — IR E . O

ENX 1.13. FEG4HF1E.

5l 1.14. # = Hom(Z,Z).

fi&. O
5l 1.15. #5€ Hom(Z,Z/2Z).

GER. (AEIERR RS, BFRAANE L,0(1) = [1]. TSRS, Bl 0(n) = [n]. SRERATHR
ME—HE T 0. HIIE 0(ab) = [ab] = [a][b] = B(a)0(b), Bk 6 fRIEIE, Ml 6 HHIRHFFL. O

5 1.16. %% Hom(Z/2Z,7).
N O
5 1.17. # % Hom(R,S). £+ R REIR S RALFIELIR,
TEBA. O
il 1.18. Aut(Z) = {Idz}.
TEHH. O
B 1.19. Aut(Z[v—1]) = {Idgy /.0 : 2 — Z}.
TEBA. O
EX 1.20. & f: R— S AFRES, M f RE/HRSE, R f AESELTHE /4
EMX 1.21. % R REAX#K, SCR, =%

(1) 1z € S

(2) S *amik, FikFaRh ikiE T RAE T H]
ARATIIE (S, 4, - ) Ao 4 LHIF, HA R 6T F.

2

M 1.22. S A RMFTH, N 1:S—>RAERE.

Wl 1.23. K f: S - R ZFRELE, N f(S) RFH. % f RERSH,f: S — f(5) AIRFH.

Bl 1.24. 27 3tk RikfoRho ki LERAEAI I, 12 1 ¢ 27, ¥ 2Z T2 Z #F 3%

5l 1.25. % Z 9T 3%,

. =
Bl 1.26. 5% Z[V-1] #9-F3%.

fi&. O
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2 IMESEREE
KSR S A E B SIS 6: R Sk,

R—Y 5§

L

R/ L % Imo
T R A S ARG LLL 0 MR IREE, BATORFIE 7 o2 Im 6 — S RHBFZ. B4,

Wl 2.1. X

Ti+Toi=r1+ry, T1:-Tog:=T1 T2
R L fide bmikfa ek T RN G L MK, 1 R—> R/ L AHRAA.

FEB. FIRTE B E, B v Lrl, BB r 4 v 40 ey oy X0t orl? HoE R
B, W 0(r;) = 0(r]), —EH 0(r1 +12) = 0(ry + 1) K O(ry -1o) = 0(r] - 75)? XRERI. O

EIE 2.2. % 0: R— S ARRAS, WAAE—WIREM 0: R/ ker 0 = Im(0) 443 TF 7| B & 3Lk

R—% 5

R/ ker 0 m%(rs Im6
TEBA. NP WG R E B, R ) T IRE O # SRR,

O([r1] + [r2]) = 0([r1 + r2]) = 0(r1 +1r2) = O(r1) + 0(r2) = 0([r1]) + 0([r2])

0([r1][r2]) = O([r1ra]) = 0(ry72) = 0(r1)0(r2) = 0([r1])0([r2])
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3 IBHES5HEIF

BLO: R— S RMFZ, TAWe—F052RZIm 0 /£ R EiFFHE KA

r &y = 0(r) =0(r") XS ST A T B b ) A RCAS
< 0(r) —6(r") = 0g 2] 7 ST 70 3R T AR
< 0(r—1")=0g BT ORAFZ, ARTFT
< r—1r €0 (0s) = kerf FRUE I ker OIXNMES

EX 3.1. % 0: R— S RFRE, 2L 0 t94A
kerf := {r € R|6(r) = Os}.
FATHIE, 1AW
r & = 0(r) = 0(r')
SKIE R/ 2 IR ) R, AT BT 0 fRhiE R Ik & 0. BL7E AR, 7

0
re~r <= r—1r €kerf

FIZIE T, 3R R MR 2 2 ker 0 A AFERIPER ? 28R, FREEEHARME, ker 6 B S5 TR 45
JRIEERE T 0 LRInEM R,
#r—r) €ker,ry —rh € kerd, N

(ri+mre) — (ry+7y) = (ry —71) + (ro — 15) € ker 6,
XAEKN ker @ X INEE M, AF ERET 0 % H 0g + 05 = 0s.
ryere — 71 =11 (ro — 1) +rh(r1 — 1) € ker#,

KRN ker 6 XHESFE M, AT FORE T 0 fRIFIEH 05 SRAEMECALET 0.
Fg b, NEIRTHS AT IR, AR EE T C R XS ik PR £ et o, (5] LA e
r—r' el EXH R ER—NENRR ~, H R/ ~ EHRMASLR.

EMN 3.2. RICRIFZ, Wk
(1) a,bel = a+bel
(2) reRiacel = racl
WAR T & RWIE, T/ TaR. BT TEZXL R EHENXZF
r~r =r—r el
FHEMEARRME R/I, A ETR LB H
T+ Ty =11 +7Ty, T1-To:=T1 T3

fedo EAmikAa kT R/T AA A 4 R, A R 4R,
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il 3.3. {0} #= R # 2 R 69328 A4F R 69-F LA,
5 3.4. % I, <R, M N,I,<R.

5 3.5. X S C R, #R&L& S B4R /DA AE S ARG A. KAk, ¥d o £RHEETHE (a),
ArfEd o AR EIEE. EHAEY (a) ={ra|r e R}.

5 3.6. X I,J<R, M I+J:={r+s|recl,scJ}<aR FHBLIT+JRE IUJ EREHEH,
f5 3.7. % 0: R— S ZFRE, M kerO<R. £ & [<R, #A kerr =1, ¥ 7: R— R/I.
5 3.8. 2 £ Z 92 A.

fE. W A0} £ T<QZ AFAE 0 £ n e I 113 |n| B/, WiE [ =nZ. Xt re I fEHREEG r=ng+1',
Hfrgez, 0<r <|n|l. 7' =r—ngel, B+ =0, {5 |n| HDFE. FIL nlr.
O

5 3.9. & I<R, N
VI:={reR|3n>1, st.r"cI}<R.

ARAE T 69ARIZ AL,
5] 3.10. & I,J<R, N
(1) INJ<R.

2) I+J:={r+s|rel,seJ}<R.

(3) LI, := {Zi1j¢2j|z‘1j € Iy,ig; € Ipyn > 1} JR.

j=1
P71.5 ¥ I A1 I, /238 R (fFEA8. SRIE:
(1) LI, 2% R ¥, A LLCLNL. WES—EH LL=1,Nn1?
(2) I + I, BRI R WEAE, 3 B ER i Ras I AL S/,

(3) W Iy = nZ, I, = mZ(n,m > 1) ZFEI Z FIANERE. W L1, = nmZ, [+ 1, = (n,m)Z, [N
I, = [n, m]Z.

TEHA.
(1)
LI, = {Zilji2j|ilj € Il,igj S IQ,TL > 1}

j=1
EE)‘( L, Xﬂ‘bﬂfziﬂ‘lﬂ ’EEEX i1 € I1,19 € Iy, I)_I\IJ i1t € I115. ’EEEX r € Rjisr € Is 1091 € I115.
T I I XPinikE i, Brbl (Z ’i1ji2j> r € 1.

7j=1
i& ’il c Il,ig c .[27 m\[J i1i2 c Il,’élig c .[2, m\u ’iliz c Il ﬁIQ, )[“J .[1.[2 C Il ﬂ.[g

A—Ef, KBIES (3) /M.
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(2)

I +1, = {21 +12|Zl c I1,i2 c _[2}

ARHL 11 + 491,410 + d2a € Iy + Iny W (311 +d21) + (G192 +22) = (i11 + 412) + (fo1 +d02) € [ + L.
fEBL 4y +ig € I + Lo, AEHL r € R, W (i) + d0)r = i1r +dor € I, + Iy,

I 1 + I, 23 R MEAE (RAEMRBRAE—AESRIE [ + L, £3 R MEAD |
G T AE LM L, #0830 T XAImESW, W L+ LI, Bk I+ L 28E L M 1,
(1 f5c /N ERAE.

WATCARUEHE T Z AR E AR, AR ot R R/MIAERIT R, RE BB HA TG o &,
Woivip € LT, B | iy, m | dg, W nm | iydy.

Wiy +ig € I + Lo, W (nym) | n | iy, (ny,m) | m | ig, BB (n,m) | i1 + da.

WwWie NIy Wnliml|i Bk [n,m]|q.
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3.1 EEEN——X &
513 3.11. % f: R— S RFRAS, IS, W f~'(I)<R.

B, FBEAFEESHES
R-1s 575 8/I,

M kermof=f"I)<R.

O
Rl 3.12. X I<R,0: R— S RIFFA#HL I Ckerd, WA LEE—HIREL 0 1£3TF EHR#%
R %{ S
|
R/I
IER. HERSHAE, 6(a) == 0(a). FHWIEZE X RIFH 0 2R, O
g3 3.13. & f: R— S Ri#HRAE, I<R, M f(I)<S.
JER. RN f AR, BTl S = R/ ker f. il 3.12 40 F EEATH
R —"— R/(I + ker f)
fl 7
R/ ker f
BHEW fI)=keri<R/ker f =S. O
AR 3.14. X I AR, m: R — R/I R HS, WELE—— 5

{JaR|ICJ} <% {KaR/I}
J— w(J)
7N K) +— K
B, FE 0 R— R/J. RN T C J, B8 3.12 W'~ EER#

RT3 R/J

F A

R/T
BOEW ker 7y = w(J). FrABS J— n(J) 2REMN. 55— 71, %E
Tr: R "5 R/TI ™ (R/I)/K

BOHEM kermg om = H(K). FTUBU K — 77 '(K) /2 RER. HIERATE H s o
O
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4 HEFIREE
mp L, I, C RHEHER, B4
R/I--- I, ~R/I, x --- x R/I,
EX 4.1, eR [LJCRREE AR IJELEZwEI+J=R
eI, 1, C R %k

¢pcokerR/I; x ---R/I,
x= (x4 1y, 2+ Ly)

TIE 4.2 (PIERIRE ).

(1) 'ﬁﬂ%[l—f—I:R,VZ;ég, }JEZ IZ:ﬂ"; IZ
J =1

=1

(2) ¢ A#HH = L+ +RVi#]
(3) ker¢ =N, 1,

JER.

(1) X m =2 A4

o szHTJ' L+L=R=—LIL=InN1
E5 L, c LN,
(Il + IQ)(Il N Ig) = Il(Il OIQ) + 12(11 N Ig) c 11,

m—1

o m>2 B HAgEE [[ L=n'n =T

i=1
N Iy + J = R &S, WA [[ L =1 =L.nJ =041
i=1
Ii"‘ImZR,ﬁE$i+yi:1,Ii€L‘,yiEIm
(2) o AFUE oW =L +L=R
718 x € R, 13 ¢(x) = (1,0,---,0), Bl 2 mod 1 mod I,
L4 Il+IlzR,VZ>1
ﬁui—i—vi:l(uiell,vieh)

=2

:U:H(l—ui)zl mod I;

=2

14
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5 EIf
EX 5.1. A LARXIFE R AR, w0 ab=0s = a=0x X b=05g.

5] 5.2. Z REIK. 7y RAEKFR BAH2.2=0122#£0.

Rl 5.3. X R R¥3F, % a#0, N ab=ac=b=c.

15



CHAPTER 1. *# 16

6 HIEME

EMX 6.1. X paR REEE Fabcp=—acp Rbecyp WAkpH RGFEA,

i8S, 1T R 9 F A ALIKA Spec R. 3 &gt 234 W54 KA £ 2.

fil 6.2. AH p REEALHBMRY R/p REF. HAlk, REHAXFRALARE R R¥ER.
TEBA.

= i @,b € R/p HAN Og, Bl a,b ¢ p, $LFHIAE X, ab ¢ p, FTLL @b = ab # Ox.

< 1EHL ab € p, Bl ab = 0g, KN R/p %N il @ =0g 8K b=0g, Bl a cp 8L b € p.

0
Rl 6.3. X f: R— S RFRA, peSpecS, M f~1(p) € Spec R.
EA. A 311 HEIEW T (p) < R EZEW 1 (p) # R HIE
R-Ls 5™ 8/p,
HAT AR 3.11 MUEEASN R/ f~1(p) C S/p A& FH, MR FIEREIR, Fril £~ (p) A,
O
W 6.4. % f: R— S Z#HF A, % p e SpecR. % ker f Cp, M f(p) € Spec S.
EBA.
T;R/ p)
m
51 6.5. Spec Z[z] = {(0)}U{(f(2))|f(z) AT AT (p, f(z))|p € ZAF K, f(x)EF,[z]F RT#}.

WM. W op N Zlx] KRB

o #ip EEEAR, B4 PID MIEIEWIE p RFHE (f(x), Kb f(z) £ Zlz] HAFZ
CEER p € Z NERBE Zz] AR LT,

o A7 p ARTRM, EI& q=pnZ, N q A Z KRIE.

(1) WrE q# (0). AFUEY q BN IEFHEL
I p HE—ANERZTAK f(x), AW f(x) AL, BNLL f(x) BIFEF L85 .
MR p A2 A, BBl (f(x)) € p, BIMFAE g(x) € p B f(x) 1 g(x). &1 —FHAHEH)
WIRATE f(z) t g(x) 7 Q[x] AL, (Why?) MIMAFLE u,v € Q[z] 18 uf +vg = 1.
W2 Zz) H 20 o o 8 W' f+0'g=n#0. W nepnZ, M q# (0).

Sl
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CHAPTER 1. &
Zlz)/q _ Zlz)/qZ _, F,lz]

Z|x]
0 p/q p/aZ  p/qZ

tp & Z[a] METAE fo] RAETE, 7T f/[”g JEMEIR, T p/qZ A2 Ty 2] (I,
L, T p LI, B p/aZ = (), 67 [(0) € Fla] L

1%

(2)

=R

18 p/qZ AT g
A48, W p = (q, f(2)).
O
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7 5
EX 71. K acR, ZHELEVERHBE a-b=1g, WA a £ R WT# TREA.
i2E. 2 R* := R\{0g}, it U(R) = {u € R | u Ti#}.
5l 7.2.
(1) U(Z) ={1,-1}.
(2) U(Q) =Q* := Q\{0}.
(3) U(Zn) = {[m]|(m,n) = 1}.
(4) Uz[V-1)) = {1,-1,V~1,-V~1}.

EX 7.3. % R &5 L2 HIK, 2% U(R) = R*, WAk R Kk,
R 7.4, XA LA IRIF R RAKFR, T PFH

(1) R &#

(2) R P RAA-FALEZA

(3) R B4+ & RFMEEIRR AR LI,

TR O

EX 75 LKA, SCKZK TR, RtV aecS\{0s} Halel LS mHAH, A
S A K 89T 3.

il 7.6. Q,F, %A ATk
FEBA. O
Bl 7.7. £ SCQ(W—1) £FH, M S=0Q & S =Q+—1).

£ -
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8 RhAIEIE

EX 8.1, MAEA m AMKEEI R m C R ZHRA LEE,. it R M KZHEL4kHA Max R.
Wl 8.2. A m AMAEAY HIXE R/m £

IR,

= {E Op #7 € R/m, ) 2 ¢ m.

MamC (z)+m={ax+yla€ Ryem}<R.
KN m %*&ﬁﬁ'ﬂ*ﬁ, it LA ($) +m = R. WHE o, Yo {45 apx + Yo = 1g.

Bl Gz = 15,7 ! = .
— WmCIaR W {0} #I/m<aR/m. BN R/m ZEFLL I/m = R/m.
WEE ac Rac R/m=1/m. WMEEbecl B b—acm Fhmc I, fiblac I

Fibh I = R.

L 8.3. Mk EEMA,
5] 8.4. HAEKRES f: R— S ZFFA, mecSpecS, 12 f1(p) 7R R 69MKILHA,

IER. FHRUETWE 0 Z - Q. (0) & Q THINMKIE, EAZ Z FHIHHEAE.
bR 7 HREB B2 Ah, FATEER A — N 6.3 s E A AR IR k. X B, AR
I TR B, HIR ) I A R O

il 8.5. f: R— S Z#RAE, meMaxS, I f'(m) € Max R
HER. AT 311 PR fTN(m) <R BESEH fT(m) £ R EE
R-15 8" S/m,
FHAT A 3.1 MERI%D R/ f 1 (m) = S/m 2, FrLl 1 (m) @ARRKHEAE. O
T

LHARECEE I P RA DO R B B HAMLRIE £~ (m) € Max R BIZAF. BB IR0 7302 302
ERARKY 5K A 8] 5 1) 73
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CHAPTER 1. it 20
5 8.6. iE#] (z) & Rlz] #9M K ZH.

WY —.
p:Rlz] — R, f(z) — f(0).

KB kerp = (v), HFFEEAEH 152

FTbA (z) & Rlz] Mtk RHEAE. O
W= W p REEE (v) MWEAE, TiEp=R[z]. AFIE1ep. FM gepH g¢ (), N
g(x) =bo+ bz +---ba”

H by = g(0) #0. &
h(z) =g(x) —by =byz+ - bpz™

M h(x) € (x), M by = g(x) — h(x) € p. KN by # 0, FTLL 1 = bob, "' € p. [
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9 ERLSAAYT
EM 9.1. X R AR, AROg#Aa€ R AFZL, R (a) € Spec(R).

HRIAERE X (a) # R, KR ITTAT IS
e a EILYHMN Y alzy=alz Haly.

EX 9.2. #r0p£Aa € RARTAHL, 9ok a¢ UR) B a=bc=b &K ¢ TiL.
o AATATERAEF NI a=u- (u'a),u e UR).
Rl 9.3. FAANRTHL.

. B a RETE W a#0p Hag UR). Ba=be W4 a|be, HETEIH a|bBalec.
RYiE b= ax, W4 a = ave, HEFRMEZEEY 15 = zc, NI ¢ AT, -

5] 9.4. £ Z PEAL &= RTHL < +p.
5] 9.5. Z[\V/—3] F 2 RATH A2 TR F .
WAL 9.6. p NTH = (p) <R ZFREA LA,

. BRI O
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10 Z-EZ/\RyanER

B 5

Rl 10.1. Z, A¥F < n hER < Z, A%

TE B
e (1) = (2) 8% n = ab, M4 [a][b] = [n] = [0], T JAE.
¢ (2) = (3) Bezout EH.

- (3)= (1) 2R

O
B, FRATA
R 10.2. X R AR, A2 CAERY HXE €A,
PER. AR k.
WAEEIC o A0, IBAXHMERRIICE b € R,ab # 1g.
EX R EHI—A8¥ 0 R — R, b ab. H_ETH o A2
BT R AR, W o A Z S IIH:T?T“ £ by # by 13 aby = ab,.
W RAFLE by — by # 0 fHi13 a(by — be) # 0, X5 R ZHIT)E! O

SEIT. 0 TR TEAMATER, 42 0:Z — Q,n— n.
5 10.4. iEBA: RAEAEFRS 0:Q — Zs.

EY. FHEBIEAEAN Z B Zs (MR AL P, RATLIER 0(n) = [n]. BARME,
0(2) = [2] KL, [2) & Zs PRIARFLIT,2 1F Z AR A ICHEE Q hHZAW T, FILE Z — Zs

iR AP AE IR S TE Q — Zg I A AT BE AT O
Fig. 2 } 71”41;& Zgs FOIRTEA, LA Ly PHARRAT. &M@ RHAF— LR TEL, RT
FAR—RARRT, thde Z F89 2. X EEFHA 0 T AT LR E TR KRR T

W 10.5. X 0: R — S AFRL, R4 0 —HEAFuREHTF.

7l 10.6. iEH: TAEFRS 0:Zs — Q.
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11 EIp 5o E
B R RN, £ R x R ERESCEMRAWT:
(a,2) ~ (b,y) <= ay = bx.

SRS PEERFRNE IR, HIIEALIEYE. 35 (a,2) ~ (b,y), (b,y) = (¢,2), I&EXH ay = bx, bz =
cy, FH—NFEF 2, 5 _HXAF x, B3] ayz = brz = bzx = cyz, HT y # 0, AIEHMIEE v 153
az = cx, I (a,x) ~ (¢, 2).

4%RxRV:@M?H%mL%Quw%E%%ﬁ%ﬁ%%nﬁ%ﬁﬁ.

H AR E X , )
a ay + ox
2.2 yi’
Y ry
a b _ab
x oy wy
IR 1ZOE Xt R .
b 1,0 b/ /
aytor _ oy +oe & ayx'y + bxx'y = 'y oy + Va2 vy
xy x/y/
b 'y
L_27 4 abx'y' = a'b'xy
Ty 2y’

M ax’ = xad by = yb' B, EWEIREOL, IR R e !
Rl 11.1. Frac(R) &4 4 IR3R.
JEA.

o IMESEEHE.

b ¢ ay+bx ¢ ayz+brz+cry
—+-)+=-= +-= )
Y z Ty z TYz
a b ¢ a bz+c ayz + xbz + xc
+<+)_+ y _ ay y
y oz yz TYz

PIIFSE e TR

. HIEET
Oj g_ORx—l-lRa_g
1R 337 1Rx a ’
o fAAEITT
a —a ar—axr a—a Op Ogr
—+7: = = — —_
T x 2 x T 1r

o RELEH. B
Feih ottt AR
o fFELTT.
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. SRR

a b+c a bz+cy abz+acy
T T yz  xyz

a b+a c_ab+ac_aba:z+xyac_abz+yac
Ty T 2z xYy T2 YTz  zyz
O
il 11.2. Frac(R) A¥k.
0 . \ 1
EYL B DA a0, AHWE ST =T = 0
T 1gp r a azx 1gp

EIE 11.3. 4 R A¥ER K AR, MEFLRS o R— K, BEE—WERLS ¢: Frac(R) = K

3T 2B &%
R <2EE, Frac(R)

P& =o () -o (1 (5) )=o)+ (£) -t

o AFEERE EX 61 Frac(R) = K, = = ¢(a)(p() ™

!/

B 2= SORTH o(a)(p(@) 7 = e(d)(p)

, MW az’ = a'e, W g(a) - p(a') = p(a)p(x), FHE.

— IF R .

¢(?i) ¢@f)=ﬂmwwmw*=ﬂ@wmrwmwwwruwﬂﬂ¢(a
— W ¢ REE.
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12 —rxEIH
%18 R LET ¢ MBRZT

f(w):an$n+-'-+a2x2+a1x+ao:Zanx", a; € R
i=0

Kb o FIRART o OGLEL, AR 2 S A O RO, R % T RO B
MNP 2 IS, AT 2058
o Opz’ BEEAE, 12’ HISIE o'
o K aog NEHIN. %K f ARFEZI, WFRIREBER I a,2™ NEI, K a, NEIREL, € X
[ IRHECR deg f = n. M TEZIAA E LB RIREL
!
R[z] := &R R NRHHIEXZ T,
N R[z] LA BRI,
(1) Ik xR R BoH N
(2) Fei:
f@)=apz™ + -+ a1z + ag
g(x) =bpa™ 4+ -+ bix + by

m—+n

!
flx)---g(x) = Z ar' e = Zaibl—i
1=0 i=0

(3) Oy = FZ Wi
(4) 1pp = WHEZHE 1k
A1 Rlz] LW, Bl
f(@) = ana™ + - + asz® + a1z + ag

nik

R 12.1.

t: R— R[z], r+—r
R EE L, B AMNTAH R 8 RBHENE Rlx] +.
5 12.2 (Ex1). # %2 L R[z]
2L R= {a= (ao,al,---)’ai,ai =0,i>>0¢€ R}
2 X
a+b=(ag+bi,a;+by,--) € R[z]
Or[z) = 0 = (OR,0R,---)
ab=c=(c,cr,--)ERET =) ab_;
i>0
H® R 2R
PE#H R = Rlz],(0,1,0,0,---) iz
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Wl 12.3. R %3 — R[z] £¥3K.

TR

O
EIR. T f,9 #0,deg fg =deg f +degyg
Wl 12.4. U(R[z]) = U(R).
TEHH . O

EI 12.5 (— L EZ AR MIZIER). & R A4 4 RF. SAHEFHLLARIRIR S, HEMN sc S F=
HENGFRBS : R— S, GAE—WIRES

U: Rlx] — S
HE V|, =1 B U(z) =s.
IR,
(1) =1t )
(') ="
Plaix') = P(a)P(a’) = p(a;)s’
(2) fEAEME

O

f5l 12.6. B Idr : R -+ R, B a € R, HEE—8RKFS Rlz] > R, r € R— rx +— a, f(zx) =

i aia:i — Z (liSCi.
= amwis: fa)!
MHREANRE AN ev,.evaluation at a € R
fla)g(a) = (f - g)(a)
f(a) +g(a) = (f + g)(a)

Fig. & f(z) € R[z] 133 f € Map(R, R)
5l 12.7 (Ex). =& %4 X,R &3, iE% Map(X,R) 8 A RF.
7i18. (1) Map(R, R) A3

(2)
R[z] & Map(R, R), f(z) — f% 0 XF#

EHARRE L. (Br)

FiR. ANARREA, B! ZHFEMNETHEXD A4 5 A0 XS
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il 12.8. F,[x] - Map(F,,F,)
¥ —x— 0

(3)
R[z] Map(R, R)

&k Rk Er] =k B2
XF T 2 A ERA TS 2 AT LU — 1k

2 12.9. klo] LA F &Mk EE f(2) € Kla),0p # hla] € ko], WA ER—8 KX
f(@) = q(@x)h(z) + r(z)
1#4F q(x) #o r(z) € k[z] B r(z) =0 & degr < degh.

EH. e degf <degh

f=0h+f
o BN A(z) = apz™ + -, f(x) = bpz™ + - - -
f(l’) = <I;ma;m—n> h(x) + f(x),f: Or ﬁ degf < m.

SEIE. h(2) | f(z) ARG r(z) =0.

#it 12.10 (R¥EH). h(z) =2z —a,a € R
LR f(x) € Rlz], BAERE—® q(x) EHF

f(@) = q(x)(x —a) + f(a)

27
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13 FIPMEEEIL
EM 13.1. % R R¥K, w Rt E [AR AR EHEH, AR R 2 R HittkE PID.
EIR 13.2. 3% k A, M k[z] A PID.
WA ATHL O # [ akfz]. BUO # h(z) € T WHUR/. Wis 1= (h(x)), RFIE I C (h(x)).
EBL f(x) € I, MARRBIER f(z) = q(x)h(z) +r(z), B4 r(z) = fz) — q(x)h(z) € 1.
KA degh B4 H/D, Xt fl r(x) = 0, NI h(z) | f(z), B f(x) € (h(x)). O
ged F#E R Bézout FRAIL
EM 13.3. & R Z¥3FK. T a,b€ R\{0g}, #RAEAL d#0p HL
(1) d|a B d|b
(2) HEE d #0g B2 d |a L d|b, A d|d
AR d A ab £ R FERKNET, it ged(a,b).
Rk 13.4. ged(a,b) AN AEAAE & ST E—.
[F117, ay | ay <= (as) C (a1), BEBROC R AR A - BRAR N S A0 & G R, R FRATA 1Y
Rl 13.5. d = ged(a,b) <= (d) 2 &4 (a) + (b) #9R D EZH.
B A b, &5 H

& 13.6. X R & PID, R AMEE a,b € R\ {0r},ged(a,b) A&k Bézout ¥ X.

2

PID P AR TERT
B, & a RALTT, ¥ a | be, AW atb, W ged(a,b) = 1.
H Bezout 253, 24 u, v 13 ua 4+ vb = 1, MM uac + vbe = ¢, \Ifij a | c. O
PID HiFFRBEZRAIEE
R 13.7. X R R 2 BEIR A4
Spec R = {(0g)} L Max R.
Clz,y] H p = (z) 2R EAE AR EAL 225 R0 5 R AR, BN T L B2 Ex

. p=(a) CI=(b)<R
bla, B2 b Y a MFEEA b ZTHTG, Bk T = R. FrDURHORERAE. O

iERA. AR p # (Og) € Spec R. N R 2 FHAEEEIN T LIAEAE p € R 15 p = (p).
Bk p O

HE klz], NHEE 2T

o Spec(k[z])
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il 13.8 (Ex). B% a, i£¥ k[z]/(x —a) 2k
5 13.9 (Ex). Bi% 0: R — S RRAL, M 0 AREEAIFRAS 0: Rlz] — S[z]
5] 13.10. i& R & PID, M Spec R = {(0r)} U {(p)|p € RRT 4 }.
IEH. & (0p) # (r)< R Z2EIMME, W r ¢ UR).
o 41 aAATZTT, £E PID AR A TR R TT, Frbh (r) R EAE.

o & ARAWLATE, W r £ R HHAEF I r =ab. BiF a ¢ (r) H b ¢ (r). % a € (r),
MAFHE c € R 13 a = re = abe, Bl be = 1,b € U(R), X5 r = ab @AV ML ET G, [FIEEA]
WEb¢ (r), Nii ab € (r) H a ¢ (r) H b ¢ (r), B (r) NREKHA.

Fe i,
e SpecZ = {(0)} U {pZ’pE%ﬁ}
o Speck[z] 0)} U {(f(2)|f(z)RATTHZ I} .
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14  ZINFCAIIR
EX 14.1. & f(x) € k[z], i

Root(f) = {a € k | f(a) = 01}
Rl 14.2. # Root,(f) < deg f.

IERR. Y deg f =1 B, ar@RIRAKAL. NN AT AN deg f = n BOL, B f W2 deg f =n+ 1. &
a € Rooty(f), IATE klx] FH f(x) = (z —a) - g(x). X g A # Rooty(g) < degg, LA

# Rooty(f) < # Rooti(g) +1 < degg + 1 =deg f.

kCK
(1) Rooty(f) C Rootg (f). HIEEINT—HEHA # Rootx(f) < deg f.
(2) f(z) 1E k[x] FATL) 4 f(z) £ K[z] RATTL.

(3) W f(x),g(x) € klx], W %cd(f, g9) = ged(f, g).

[=] Kla]

o MEXESFE, £ Kz EP,gcd](f,g) | gf?l(f,g)-
klx

Kz

o £ K[z] #, H Bezout &3,

%C[S(f’ 9) = u(x)f(x) +v(z)g(z), u(z),v(z) e Kz]

JrAME K [z]) H,ged(f, g) | ged(f, g).
kla] Kla]
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15 RIS
W f(z) € k[z] RE AL ZHIH deg f =n > 2, &
0: k — klz] — k[z]/(f(z)) = K
r — Uu:=2=I
AR 15.1. u € Rootk (f).
@R 15.2. K & k-&at =i dimy K =n, B {1,u,--- 0" '} —@K

EIE 15.3 (RWHIEREZMER). X 0 k — K = klz]/(f(z), #% 6 : k — F, /3 F ¥ 1%
a € Rootp(8(f)), MABAEE—H §: K — F 447 § 00 =0 3 H §(u) =a.

5 15.4. 22 +1 € Rx] AT 4,0: R — Rlz]/(2* + 1) =: K.
Bl 15.5. 3£ : Rlz]/(2® +1)=C.

BB 5B X 0 : R[z]/(2? +1) = C, f(z) = ax + b= au + b+ ai +b.
HRERE, R az + b ME—, FIHZBUE R ER.

o PRINVE

0(&1% + bl + Qa9 + bg) = 9((@1 + ag).’E + (bl + bg)) = (a1 + (Ig)i + (b1 + bg)
:(ali —+ bl) + (agi + bg) = 9(@11’ + bl) + 0(&21‘ + bg)

hd {%%?2 i%J:Eé’éiEEﬁi‘i (alu + bl)(agu + bg) = (a1b2 + agbl)u + (blbg — Cllag), .[-H:

0((@1’& + bl)(agu + bz)) = 9((0,1[72 + azbl)u -+ (blbg — alag)) = (a162 + agbl)i + (b1b2 — alag)
:(ali + bl)(a2i + bg) = 9((11” + b1>9(a2’u + bg)

o HHf.f(z) €ker® HHAY f(z) =0 mod (2?4 1), B f(z) = 22 + 1 = 0. K25,

o NG XHMERE ai+b e C, FHWIE 0(au + b) = ai + b, B

5] 15.6. Fy = {0,1}, ¥ 2? + 2+ 1 € Fylz] AT 4, HiHH Folz]/ (2 + 2+ 1).

g, 38 B 2 TR AR L2 il A A — Ik 2 U SRR, A A B8 23 il A — Ik 22 ) Sl AR
BMRETE Fy AR, AN 0 F1 T RIIAN 0, LR AL, Bk 2% + o + 1 AA4).
Folal/(0® + o + 1) & P2 4ELebb 506, 3 BASE (1 u}, o u— 2+ (a2 + 2+ T).
Folz]/(2* + 2+ 1) FRTEEWM a-1+b-u, HH a,b € Fo. HL |Fy[x])/(2® + 2+ 1)] =4 = 2%,
Forb R 2 Rt Fo AWATCR, 18502 UL f FIIRECN 2. FIUJeIk Folz]/(2® + 2 + 1) 124E Fy.

EE-IE. B‘%\ Z4 %" ]F4, 7’7 4 Z:ia&%‘%i, ﬁﬁ'l’/( Z4 Z:f";ié&.

fE Falz] o, RENE v —w —ER 2° + o+ 1 WET, Wt v —ER 2® + o+ 1 1 Fy TR,
SRJE RN R IR AR 2® + 2+ 1= (2 — ) (@ +u + 1) FHkK O
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16 EXFLEEIR

EMX 16.1. %3 R ARAKILEIFHEIR, 4w R G4 size function
¢:R*:R\{0} > {0,1,2,---}

11345 %F a,be R B qre R1EF a=qb+r, £F r=0r XFH ¢(r) < ¢(b).

FFIB. ¢ r — R,

EIR 16.2. BRLE/FHIRE T MET,

IE. AR 0 A T<R, f74E 0 # b e I 153 o(b) S/ WiF: (b)) =1. RiE I C (b).

MER a€la=qgb+r, W r=a—qgbe I FIRILATX b FIEE, HEE r =0g. FTLL D | a.

AL AEZEBETTRBILLFER.
EEE 16.3. Z[V-1] = {m+nV—1|m,n € Z} REILEIFEIRN M A £ILBEIR,

JEHA . %ﬁ%,(Z[\/—lD* — Zym +nv—1+ m? +n® J& size function.
XAEEW 2,y € Z[V-1],

o2 o1 VT 2E (4 ST) + (0 — m) + (8 — n)VT)

y Ny

=

Hira,€Q,m,neZ,Ja—m|< |ﬂ—n|
q_m+nFeZ[F]r—y(( m) (B—n)V=1) =2 —qy € Z[V-1].
WrE N(r) < N(y).

l\D\H

11
NG) = NG - (@ =+ (=) < N (1) < NG
] 16.4. i+ ged(4 + 71,3 + 4i).
EIE 16.5. Z[V 2] REIJLEZIFEIRMN M £ E 32 HHEIR,
iiﬂﬂ.§:q+r’,r'zs+n¢j2,|e\ = Inl < N( "< (jl+i-2><1.

x5 F H RIERT Z[v-3] RULAFEEH.
] 16.6. 2 € Z[V—3] RARTAL, BRRFE L, Aifa Z[—3] T4 E LI,
EHA.
o 2AHL). B 2=y, M 4=N(z)N(y), M N(z) =18 N(y) =
o 2 4EETT.

32

O
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17 Gauss BHIF Z[vV-1]
@8 17.1. U(Z[)) = {£1, +i}.

IEH. W oz, y € Z[i] W2 zy = 1, WIPEEEAE] N(2)N(y) = 1, KiEff N(z) = N(y) = 1, Kt
U(Z[i]) C {£1, +i}, REERRZ BRI, O

SIFE 17.2. & 2 € Z[i], % N(2) =p A &%, W 2 & Gauss 3.
EIR 17.3 (Fermat V7 flEHE).
1EB.
o Stepl iEM: Z[x]/(2* + 1) 2 Z[i].
SEX 0 Zx) — Z]i), f(x) = f(i), HASEARTEE Zz)/ ker 6 = Z[i].
BEHBAE (2° +1) = ker 6.

Ll

EIE 17.4.
JEB.

= 12+ 1)(0° +p) % (af +5])™

=

AL 2 € Z[i), 1113 N(2) = n.

Wr s, fEERK T,

2= 21 2y %

N(z) =N(z1) -+ N(z) O

SpezZ|i]

F1Z: W R C S &1, {4 q € Spec(S),qgN R € Spec(R)

HRA)

Spec(S) — Spec(R),q— qN R
MESEWLR, AN — 2 R, T TR S S A

5 17.5.
Z — Z[i]

Spec(Z)

(1+1)NZ>2Z

BT 2Z RMKENE 1 XL ELE, FALBRASS

Z)2Z < Z[i)/(1 + i)
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i 17.6. Fy < Z[i]/(1 + 2i)
BrE, A& 2, B (14+2) R4&T0,1,2,3,4.
i—2€(1+2i),z=m+ni=m+2n=0,1,2,3,4
L 17.7. % a+bi€ Z[i], B o®+b* =p HEHK, W Z[i]/(a + bi) 2F,.

. A a® + 0% = p R REL ATLL (a,b) = 1. # Bezout 553, fAEHE u, v 43 au+bv =1. T
7 (a+bi)(v+ui) = (av—bu) +1, XRPLE Z[i]/(a+bi) T, FF1E r € ZF1F i =7. XK p=0, FrLA
MERM c+di € Z[i| H c+di=c+dr=n, A ne{0,1,--- ,p—1}. AHHWIE {0,1,--- ,p—1}
HICERBHAFR, B Z[i]/(a + bi) 2 F,. O

SI3E 17.8. X p AEZH AL p=1 mod 4, MAZLEEH m #HZ m?>=—1 mod p.

TEBH. O
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18 [ME—4HEEEIR

ENXEERMR
EM 18.1. % R R¥F. m X R #HE
(1) & a£0 L a¢ UR), BERTHPM a=cica--¢,, BF ¢; RRTHL.
(2) Fa=ciea ¢, =y, RRRTAHZM, MW t=r, BAEME-ANERGELT ¢; ~c.
AR R Ay —5n %R, \AR UFD.
Rl 18.2. X R & UFD, N AR T4 THA K T.

BB, B a € R RAHZIT. BB a | be, WHFE d 1645 ad = be.
XF b, ¢, d AEANTTL) 00, AT 20 f e —ER o | b 5 a | c. O

Klt UFD A1 AN AT 2940 fif 02 22 70 il
1 a AT 2350 ffrh, A TEAR AR TR A IE, 19 2SR e 7
a=upy* - -p"
et w € UR), pi RO Z1p; o pj i # jyins > 1. 58 a AT HIRRLHN
opl™ - p™ . v e U(R),0 < my < ni

IR ATEANE o HIR TAEM R RSN (m +1) - (n, + 1),
8 18.3. ged,lem B A&
EH. O
3|72 18.4. % R & UFD,ged(a,b) ~ 1, B4 a|be =>a | c.
Wl 18.5. & R A —5M¥3X K = Frac(R), IR 24£% K ¥ 81L& % B A4 X %: = %
HF ged(a',b) ~ 1. BRATH XAEARFE & LT AR,
. BT = <, e ged(a,b) ~ ged(e,d) ~ 1 ad = be, FIPRK LTSI a| e Bl e| a, bk
i e B b~ d (6% % B 0 = o sed(a,b), b= ged(a, ), 1 ‘bi R T S

Noether ¥f = BEAFAL7E

EMN 18.6. %X R REIX, 4o it & TR #HAAMRARM, WA R # Noether .

Rl 18.7. 3% R & Noether # % HAXY R ¥ 14 & AL 69 LIk A 44

IEH.

= B R PAEEBMERIEE [ C L C -, WS T = U2 I AR RRA R AR,
¥ I {re, - rn} ABRAER, WAEERS KB N 85 {r,-- ra} C Iy
M In =Inyq =---=1I, FE. \ifi R A2 Noether ¥, 77 J&.
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<= 'fiﬁrx I<R. EX r e I (7“1) # I ﬁﬂl ro € I\(T‘l) 444 (7“1,7”2) ;é I, EE’X r3 € I\(T’l,rg).
IR AR RPN &AL, By R A FER IR IR THEE. I T 247 FRAE ).

5 18.8. R[xy, s, -] A& Noether 3F.

EIE 18.9 (Hilbert HEEH). 3% R A& Noether 3%, U R[z] L& Noether 3.

e, Z WAREU L. O
EIE 18.10. %X R & Noether 3/, 1 R LA R 5.

B, AL a #0 H a ¢ U(R). X a EHANTTLI50E, A a REG—E R4,
Bl a WJRLE R a = a0} F3FH ay,ad] ¢ U(R), NITA (a)  (ay).
SF ar Moy BF—ADITCREA AL, BN a A ANATLI0E T
AW ay WAL, BE FIRERE, IAMER ] 7 AR To R A5

(a) € (a1) S (az) S -+
O
WA AN 2) 53 fE IR IR B4 Fhttps: / /math.stackexchange.com /questions /96790 /integral-domain-
that-is-not-a-factorization-domain
— L& —fiR M ap R
Rl 18.11. X R AR, & a AENM, W a 8T L5 fE—
TE B O
WL 18.12. XL R ARTA 4 M, M R A UFD <= RTHALRF L
TEBH. O

£ 18.13. PID &£ UFD.

—LE 45

5l 18.14. NZ...

5l 18.15. Z[v/—5]

Gauss I

EIE 18.16. i R A UFD, N R[z] & UFD.

TEBH. O


http://home.ustc.edu.cn/~tysun/Algebraic_Geometry.pdf
https://math.stackexchange.com/questions/96790/integral-domain-that-is-not-a-factorization-domain
https://math.stackexchange.com/questions/96790/integral-domain-that-is-not-a-factorization-domain
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19

INEE

o WATTIRHII & L5

Bk BFEHT.

o BARRIATEHE SR RIFVEF A2 RSe I ERESR.

HIR AT R AT,

LI UFD PID ED
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BRZWSS f: Zoo — Q HIEE. & SOIEMIREDTH
(f +9)(n) = f(n) + g(n).
(=g = 3 J@(t) = 3 f(d)g (5)-

ab=n
(1) WdeRNo1)=1HRAE Y RZELL 6 NLITHEHIE.

(2) B f € R AFMEREWMENTHERE m,n F f(mn) = f(m)f(n). LR f g ZTVEREL,
M4 fx g WM REL

(3) W pueREN

p(l) =1,
p(py---p) = (=1)', pPHALRE
pu(n) =0, FERL p 15 p° [ n

WER o s etk e 4L
(4) W we R AWHERE 1L UL prw=24.

(5) # ¢ € R NIk, i
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1 K
5138 1.1. EFANBFAE—TRAERS.
EX 1.2. REFAGBEALX 0: k - K HBI K, W K/k
A Bk SR B AS, R Al AR R S R R, AN A [ S R S [ BN T 2
EM 1.3. H#BY KO k> KA 0: k- K B#H, EHELEBRAM o: K - K', 5T 7 B&#

A o 0 B0 B HKRHM.
5 1.4. X ZAE—/AE LGP, SRR AIRZ AT AH TR 6RE A,
5 1.5. & f(x) € k[z] RRTAL, d:=deg f(z) =2, A4
f)RFTHL R fa) 2 E 1 — (fa)AFEE 2B (fo) A Kma,
B K = k[z]/(f(z) A% IAPFEEEE, wgHpiFmEEimamy.
klz] — K =k[z]/(f(z)), z+—z=tu, f(z)— f(z)=f(u)=0.

HMA z EHINT —ANed, BAKMNIREE bk — K, A% E klz] > K[z], Lt 2Ee—4
k 23 50K flo) HE K 2RFZAX, ZAATEE K FAE T SRR ¢ #4705 L0RA,
Nz RT—AFORT w2k RHEAX f(o) A K FHEAKXGTFRR, f(o) A kz] F
HARTAT, ARRLARS, 2 K F, BEAMNGHE, fo) RRGAR u

5 1.6. k(x)/k
WO k— K By ik, W K B k-2rasmgii, WA LT iE dimy, K f1 k-3,
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W 1.7. MY KRN o K - K' RHZ k-Z&ERH.

A o(Mv) = p(0(A\)v) = e(6(N)(v) = 0'(N)e(v) = Ap(v). O

EX 1.8 (B KAFM). & 0:k— K 218 F4B8I KRAMA 0 49385 KA RM,0 4985 KA R
M) BARITAE Aut(K /k).

o Aut(K/k) C Aut(K) 2B
o WURKL 0 N E, MY 7k B AL M5 & A0 E R,
o Aut(K/k) 3R AR, Aut(K) A LK.
EX 1.9.
(1) L RC S &FK, ZL
Rla] :== {Zriai |7 € R} — 0.4 R A o B8 TR
(2) HkC K ZFH, &L

k(a) := {Z(mai)(r;aj)_l | 3,7 € Rriad # O} =88 kfo o B9R DT

HEH??, fE14E

evy: Rlz] — S, r+—1r, z— «

BEHEM eva(R[z]) = Rla). BXT k(o) BARMMER, FHREGE f#0 ARKRE f(o) #0.
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2 By ok

EX 2.1 RBI K K/k hET IR, mREE o€ K 55 K =k(a). iR o A K 898 ERT.
B 2.2, k— K = k[z]/(f(x)) LS K, T u=2z+ (f(z)), W K =k(u) = k[u].
5 2.3. k — k(z). &2 klz] # k().
R TR P B TR A AE AR X
EX 2.4. % K/k £BI k.
(1) acK Hk LOREL, R EE f(2) € klz] £ f(a) = Ok.
(2) ENAR o H k LayRBAET,

EIE 2.5. X K/k RBIT K, ae K £ k LORET, WEMFGELTAEE—GRTLHSRAX
f(z) € k[z] #4F f(a) =0x H B EZLEF g(a) =0k 49 g(z) € k[z] mZ f(x) | g(x).

P, A EERAARETT o BENZ IR, I UL AR RN Z T, 25 R
evy: klz] — K,  g(z) — g(a),

Hoker i o MELZHAEME. BRN k2] & PID, FroAfEMMERE X FEEME—K f(z) {§13
kerev, = (f(x)). & FRFEAEH f(z) RAATLN. HIAFEEIEA T, kl2]/(f(x)) TR EIR
K o, NI k[z]/(f(z)) 23R, I (f(x)) R, WM f(x) AL, O

ZoE B S YR AN, SR MRETT R 2 I, SRR Bl e AT 20 0 2 T

Bl 2.6. K V2 B9F N SAX.

W ORBEH " —2 2 V2 - ABETIR, i1 Eisenstein H 91 HIE R A A1), 0

Bl 2.7. £ V2+ V3 a9 EAK.

. JARE V2 + V3 I AEHETA. W e = v2+ V3, M

(—V2)?=3=2>-2V2u+2=3=2>-1=2V2c — z' — 102> +1=0.

FHAEY p(e) = 2* — 1022 + 1 RATWALHR, BN p(o) T£ZHOR 84T 508

p(x) = (= V2 =V3)(x —V2+V3)(z + V2 - V3)(z + V2 + V/3)

R e A R TE 3, LM p(a) T2, B R A RS T 2 B,
(z—V2—V3)(z —V2+V3) =27 — 22z — 1,
(z—V2-V3)(z+vV2-V3) =2 —2V3z + 1,

(z—V2—=V3)(z +V2+V3)=2"—-2V6-5.
O

N B PREAT, AERRRE SO, R PIESRERYTIK, — ISR IMRIE, — AT B R S0
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EIR 2.8 (P KL ER). X K/k ARY K, ae K ABERT.
(1) # o R, RASAX f(2) BR$EH d, N
o dim, K =d < o0
o {Lia, -+, o} M K 9— A
. klo] =K
e k-5 K RMT k— k[z]/(f(z)).
(2) % o AgAL, M)
o dimy K = o0
e k[a] C K
« k-5 KRBT k— k(z).

JER. .
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3 REIK
EX 3.1. MBI K K/k AREY K, mRHEE ac K £ k EAREKH.
SIFE 3.2. % K/k ABI k. 2% dim, K < 400, A2 K/k RREY K.
. R o € K, BN K/k RARYER, BrFEREAD N R {1,a,-- o} S O
Rl 3.3. X K/k AR&KY K. X kCECK, % F ZFK, I B &-F#.
. W x € EC K, BN K/k &REW 5K, B AR RSN b #2825
2"+ a1 2" ' +ag=0, a; €k.

BRI B, BTEA ag # 0, AT

z(2" 4 a1z P4+ ar)(—ag) T =1
BN E 2T, B

‘T_l = (_GO)_l(xn_l + an—lxn_2 + -+ (11) e F.

EM 3.4. R kCECK. % E/k,K/E 3 AAMRES, W K/k LRAH R, L
dimy, K = dimy, E - dimg K.
FFIE. #A1%, dimg, B | dim, K. Bl dim, K F#%, 2 E=K 3 E = k.
B, W Bk k-3 {uy, - un), KJE W B-2E {vy, - o), BT {wv;} & K/k 1 k-5

o MM AEI o € K, ATH v, RVERM, ER v; & K R, fiiLRE0E E Pock. iilm
FRHOOTULH u; ZVERW, R o & FE hooEk, i RE0E & ook,

. %‘fﬁk%?‘%)\”ulw =0= )\Zjuz =0= )\ij =0.

il 3.5. £ dimg Q(v2,V3).
. YTk Q C Q(V2,V3) BERFIAEY K Q c Q(V2) C Q(V2)(V3) IE A
(1) V21 Q LRSI of - 2, td ki, {1,v2} A Q(v2)/Q i Q-5

(2) BUER AR SR V3 E Q(V2) B/ I, WS 2? — 3 7F Q(vV2)[z] AL, FINIX 2
—AZREWHR, BHE 22 - 3 7F Q(V2) M. BIZTEIETE a,b € Q 175 (a+b0v2)2 -3 =0,

(a+0V2)? —3=0= a®+ 20> — 3+ 2abV/2 =0.

Fa=0 NMHEbe Q5 202 —3=0. % b= 0, NMFLE a € Q fHifF o® — 3=0.
FILA V3 {5 Q(v2) EMBNEIIRN 22 - 3, {1,V3} N Q(v2,V3)/Q(V2) iy Q(v2)-2E.
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(3) FTLA dimg Q(v2,v3) =2-2 =4, {1,v2,V3,V6} £ Q(V2,V3)/Q il Q4.

O
il 3.6. K dimgQ(V/2,w).
fit. Pk Q C Q(V2,w) BERFIAN YK Q C Q(V2) C Q(V2)(w) MEE.
(1) V2 % Q EiEASTRN o -2, {1, 92, VA} h Q(V2)/Q iy Q2.
(2) BiE 2° + 2+ 1 1E Q(V2)[z] PAFL, BN 2® + 2 + 1 LEIRFTLARSA.
(3) FFL dimg Q(V2,w) = 6, {1,92, V4w, V2w, VAw} R,
O

IR, AMNAAT AR V2 A2 w 8RA, BTEE Q C Qw) C Qw)(V?2). Z42 dimg Q(V2,w) =
6, dimg Q(w) = 2, A A dimg(,) Q(w)(V2) = 3. A V2 =R EXSAX 2° -2 3t £ Q) L&y
RAONBAX, B 2® —2 £ Qw)[x] ¥ AT L. EACTAABEIER XLk,
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WKk Tk, e CIRATH 0 F sk
K BN E-BRARERS = K 1EN k-REZEHAIRAERE = K 1EN & #5802 A BRA i
o K AEN E-BRAMRAMS: VMRS
o K BN E-RERAMRAERMN: SRVFINE. Hoefemsfeikiz i
o KAEN kWY 8ot A RAMK: R¥EIE. ok, AN HE
A TREF 7 A7 2k
5 3.7. BABY K K/k, 15 KAER k95 BA R AR, 12 K TRARER b-RE R K = k(z).
5] 3.8. A& K, 14F K H E-RELARERY, 12 K REAMRAER kA )R K = kz].
HEREE E—D 7, ko] AR S5t b, IATERZI A KR E fUE R (K — A
EIE 3.9. X K/k RBIT K, R K A b-RERARAERS, AL K A b-FAZ A TR K.
IEH. WA EIL. O
fEGI #3200 FATIEW] 1
K fEN kB ARAERK = K/k 2385k,
75 5 26 )5 7 16 (K 37 Sk AR IR
5 3.10. & k TR REAMZ 0 ZH X FHREA o FE] k(ar,az,  ,qn, ).
Bk, ¥ K /k i3y ik, TG
K AERN k B 802 A IRAE RN 4= K 1N k-BOZ A BRAE
K/k RREY 7k 4= K 1ER k-B2 A BRAE R

FEREEIE k(2)/k MBI, o ARAEOT: MHE k(o ag, - o, ) [k BB 38N REIE L
BINARANTTRGER. FHL b RESE W

W 3.11. & K/k RBI K. wR K/k RREYKALEEARSALE o, 0, € K 1277
K =k(ay,-,an), IR2 K A kAERA AR
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N EEIpC A7ty
B 3.12. X kCECK, N K/k R#&% % BRYS K/E B E/k K.
R¥AE
AN U A AT A — N 5K A B i — MR SRR — AN R 5K
ER 3.13. % K/k RBI %, T
E={a€K|a & k LR}
N E 2 K®TH, BEFZue K\E £ E L8888 f E A k£ K PORKHAE.

. W a,B € E. FE k(a,8) = k(a)(B). A dimk(a) : k] < co H dim[k(«, B) : k] < oo, FrLA
dim[k(a, B) : k] < oco. FTLA k(a, B)/k RAREY 7, FTLh a+ B,a8 Fl o' #1E E , B E £
M we K\E, % u £ B LA, W o 76 & EWARE, o7&, O

EX 3.14. B k ARG, e REERKT K E/k, A E~k.

AR
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4 HEY

EX5BIF
EX 4.1. HBI K E/k £ f(z) € kz] 895 33 R
(1) f(z) &2 E 5%, Bk Elx] +,

flz)=clza—ay) - (x —a), o €EFE

(2) E = k(alv' t 7an)
Fig. o £k ER# = E/k RARAERNREY K = dim;, F < co.

FiE. AAEWREA. HEE f(r) € klz), BEBI K kE— K £/ f(x) £ K L5 8. BiL f(2) £
klz] PH—ANKFEFAHRTHART fi(x). & flz) = fi(z)f(2)
it K,

5] 4.2. % f(x) € Qz], & Clz] ¥4

B E=Q(z2, - ,z) CC, M E/Q & f(zx) € Qlz] #95 H .
Bl 4.3. K 2® — 2 € Q[z] #95 A B

fi#. KN
2 = 2= (= V2)(@ — V2w)(e - V),

Frbh 2% — 2 € Q[z] M3 N
Q(V2, V2w, V2w?) = Q(V2,w).

O
5 4.4. K (2% —2)(2* — 3) € Qlz] BB
fi#.
Q(v2,V3)
O
Bl 4.5. K 2° + 241 € Folz] #9035
M. HRRIBY K Fy — Folz]/(a?+ 24+ 1) =Fy, idu=z+ (2 + 2 +1) € Fy = Fa(u).
+r+1=(z+u)(z+u+l).
O

5l 4.6. K 2* +1 € F3z] 695 25

EHREESHF
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EIB 4.7. LR BREM ok — K, W E/k & f(x) € k[z] 85, E'/K & o(f) € K'[z] 8953
B, W o TIBEARBM 6: E— E', FELXHF § 24 dim, F = dimy B’ < +oo /.

B, 2RI R E = k(aq, - o), RIEPUELER o B 6, ATRIUE o MIERAT 4.

XF dimy, B #ATIHGN. 2 dim E =1 B WGE f 78 & LFE&@53R T, 0 AT o.

Y dimy, B > 1B, f#4E f FIRATE £ (HARRRAE D) | | ap ZREFER—ME, JATRK
EEMME (). KA

floa) =0 = o(f)(0()) = 0.

FrLL 6(an) 52202 — ML ERME §(an) LAE o(f) BIMR. SEhs EAN U, B g(z) 2& oy 15
k bRy 20 CHATIANRA g £ & EATTZ)) | W 6(ay) D402 o(g) BIRR. & degg = n, &
o(g) WIRRERN {81, ,Bm}, WAHEBRKIAELR m < n. BRI m < n XFTHARKH I
CHAER E IERGE U AR FARD | IXFIE O A AR, FRATRHERR 13X M5 i) 2 PR Al 43
20 CBAEME ERE SO | FEEER— o(g) WRELW By, B X §(ay) = 81, XML —4H
m FATRENE. IAEIRATKG o0 k — & (4R 3] T

611 k(ay) — K'(B1)

KR 5 —3H m FIERURATRENE, T m < n = degg = [k(a1) : K.

ERIERT k(on) = B 7, B2 f HIPTARATAAEE ML 1, ABFREMAEHR 1. Wbt
A oo ¢ k(an), WAEZUEEAE, B8 oo £ k(an) EREADZIIE g, TRBATVHELRE ar KK
I —3H m < degg = [k(ay, as) : k(aq)] FIFTRE, BERIE LA

mm < [k(aq) : k|[k(aq, a2) : k(an)] = [k(ag, az) : K]

FATRE. WERILIY k(on, o) = E, IBAFERMAR T, MPILEA, maks:.

FL ERXBIEP CALR T, BREATHEY, B8 2® + 1 € Qlu], EMRIELZ Q(), B,
fITRE T 1 BRI R, ATRIL 2° +1 55— MR -1 BB ESOE T, TRBEN, 24 o #
BYRER, oy £ & LR ZIEN g FEMARK GG AshRE T

HBAVRPR I AR RIXFE. HE 2 — 2 € Q], BRI RZ Q(V2,w),

28— 2= (z — V2)(x — V2w)(z — V2u?),

UEATRET ar = V2 KIRHIIHE, BATEIL ap = V2w BGEREREIIE, TRRIILET
Vow 1 Q(V2) Lt 2 15
g= 22+ V2 + V4

PG g = V3w WIRIE, BAVEIL a5 = Vow? MECEWARE T, TREM R H—H
R, RTAMIRAR AT S TSR I 4 LRI R Sk MO T AR T A S SR B B T, A — R A A
AR S AMLEA 0 MR, B AMIEA 0 1 R

(R AT A R BLSE AR IKRE I, (KA 8 2° — 2, (HIXKIRAIEESR Fr L5087, R4 2
R Frla]/(a® - 2), 18 (2° - 2) = u, BAGE

73— 2= (v —u)(z — 2u)(z — 4u),

BEATPGE T o = u BRI, BATKI g = 2u A1 ag = 4u BB BB EBIRGE T
ik, BAEEA - RMEIRREB Y, 2 o MNEEPUERRHE, AL o FEREEZHRE.
(|
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B 4.8. 2° —2€Qz], 4 E=Q(V2,w),Q = E, 25 Auwt(E/Q) = Aut(E) — X ZRZ%$5.
f8. | Aut(E)| < 6. =

5 4.9. F,
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5 WK
EMX 5.1. # 0 # f(x) € k[x] HEAR, R AAE E/k 2 a € E #134& Elz] PRZ (z—a)? | f(2).
XA E A, BUOA— R IGE B XA & CEEERAIE AN 2 IR S 7. i, T
f(x) = ana™ + - a1z + ag € kfz],

5 XAy
f'(x) = (nay)z" ' + -+ + (2a2)7 + a1 € klz].

EIT. b BRI RR A n— 1, HAE p HETRADT n—1, 4o 2P € F,[z] 891 X#H2H 0.
A, Lebniz 7200 BT
(f(z)g(x))" = f'(z)g(x) + f(x)g' (x).
513 5.2. f(z) € klz] LEHRY BRY ged(f(2), f'(2) = 1.
. = [ged(f, ) = g(x),degg > 1. BUIBY K k — K f§if3 g /£ K oL, O
EX 5.3. 04 f(x) € klz] A k LTHey, & fo) ORTHETFHALTAR

EIE 5.4. f(x) € kfz], R k— E # f(x) 6955k,
flz) £ k ET %A | Aut(E/k)| = dimy, E.

TE B O
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6 AR
W E AR, W char B = p NEE, A EHRKEY K E/F,, % dimg, E =n, W |E| =p".

EX 6.1 (Frobenius H [FI#)).
oc: F—FE, ar—d.

BAE. HAWIE o ZRHFES
o(a+b) = (a+DbP =da’ + b = o(a) + o(b).
RIGESFE kero = {0}, Wi o RHGF. BN B RARE, Fril o 25 O
Hi Fermat /)Ng BN,
n"=n modp=o0(n)=n, neF,—FE=o0cGal(E/F),).
N ki pt B, JATATLE TG4 F, B n IR A Z 0L £,

5] 6.2. ATHETF, BH [Fy:Fo] =2, IAKMNEE Fy EH_RARTHEAKX 2 +2+1 (A
HE—NZRITAHSAK) |, &

Folz] — Flz]/(2* + 2+ 1), wr—z+ (@ +2+1)=u

U
w'+u+1=0, span{l,u} =Fy F,={0,1,u,u+1}.

By
cu)=w=u+1, ou+l)=w*+1l=u=c#Id, o =1dc Gal(F,/F,).

HILET B, BATEAREULE F, 8 n IRARTA Z A — A7 7E, TRERBN W MiE p™ s %
E BIFh p», WERALRE B BIFA p™ — 1, 1 Lagrange & #A]

" '=1 VaeE*—da" =a, VYackE.

WHR, B PIRe R ZTR 27 — o PR ERIZ R 27" — o LER, B2 iy pr
[fi3 B 1748, W4 E FonRIBN o — o AR, Fhllh, B2 o — o 53

EI 6.3. AEEn> 1, AERE—FLE p" TR, T Fpo.
TEBH.
o BEME—YE I B AFLE, WY o — o 528 o 20— B AR NI ME—
o fEAEVE. B E N 2" — x € Fylx] BISIR, HE
K={a€FE|e" —a=0} CE.
— K ik, JFuE] K omikE i

(a+Db)P" =0c"(a+b) =0c"(a) +o"(b) =a?" +b"".
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- WK WEX, K H a2 — o AR, B B A3, il E=TF,(K) =
— 2" — 2 BER =|E| =p".

KILAE (2] H, 00T AT 2950

" — = H (x —a).

el
%16 a € Fyo 1 F, LEBANEIR £, 0 |0 — o, B f R 2" — 2 BORAAH T,
Fy = Fplz]/(f(2)) = Fpr = deg f [ n.
Rk, W RALZ TR g # degg = d | n, RIKEW g | 27" — o %18
K =F,[a]/(9(x), |K|=p', o' —2=0VzeK.
1 d | n, BRATEE (0 — 1) | (" — 1), AT (20— 1) | (@~ — 1). RAHEY T R
S8 6.4. £ F,[z] ¥ Ao FRTHHMR

mpn—m:H H f(x).

dln Fplz]¥&—d
RAT L %R\ K

Bl 6.5. I 216 — z £ Fola] FHRT 4.

MR N 16 = 2% FrLAFRATER H Fyl] HH 1,2, 4 IRA AT 2 350, SEIE AR 732, 7T LIS 2
o 1 IATAZIAR « Mz + 1.
o 2 RAATAZIAH 2° + 2+ 1.
o 3UAMAZINAG 2*+ 2 +1 M 2° + 2+ 1.

W A

2~ =2 -(x+1)- (2 +2+1) H flx
4R

PR RS, FRATTENE AT 3 A 4 IRNAT A 2 10K, BRI 4805 ok, AR 2 7 AT 29118,
o 4x1: 2* *D.T + 1.

e 3x1+1: at+ 2% fl a2t + 23+ 2% + 2.
¢ 2x1+2x1: a'+2”
e 2x142: '+ 22+ Mot 422+ 2+ 1
e 1+142: z'4u.
e 143: '+t Mo+l +ax Mt + 22 +a+ T M2t +23 + 22 + 1
¢ 2x2: 2t +27 + 1.
FrLL 4 IRAFT 2 2 0N

4+l 2422 +1, 4+t +a+1
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SEFE
& EWR B =p", HAESARAW IR T K, 6 |K| =p. FHEMEH RO
W 6.6. XML& d|n, AEE—THR K C E &7 |K|=p".
EHA.
E/F, 2Bk
B EWRE B =p", n=q" g, Kb g REHRWHAR.
E A s MRREF K, H K| = po.

O&#E

=1

— B K R ROTER ALY Cpn <s-p? <p™.

i=1

EIHAPAE uw € B, EAMEAEER K; 1.

F,(u) = E,E/F, &y 5K
uw N ZTEC [ TIREON n.
Wi, A= 1<i<n—10(u) #u.
— B0 (u) = uP" = . FTUAEE RO IEREL d, 675 o4 (u) = u.
- WE d|n.
s n=dmn+d.d <do"=oc" o (e
w u=o0"(u) =0 (u), 5 d HRNMETE.
— u ELE p? M THRE, B F,(u) = B, ATLL d = n.

e ol(u) # o' (u), TR 1<i#j<n—1

53
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7 SEE

— R, Wk R, W w e kR Wt =1, WK w & n AR, WTRUES w Z22Z T
2 — 1 AR, BRI 0 YOS TAE o — 1 76k EROHL TTUE S 1, € k AGEIE n K
BRI, B— MR ULTIENT S5 k 2 BA 1, 2R FLERAAR.

Bl 7.1. K k #94FIER p, N
wWw—l=w-1"=(w-1)=0=w=1,
Bp kP p REAARRA 1 AT,

5 ARG, R w & 0 DRI, 04X T ER ERAC &, o 02 0 JORRIAR. (A
ARERGERER 75U BN D n YRR, BEEA T AR B0 n ORI,
BRfiefih o = 1 RS NESH d A w (B0, BERHRR w 9 d AR ER AL,

WEE 7.2, % w R 0 RARELEAR, M O W W W AR KRR AR R, B
" —1=(z—-Dz-w)(z—-—w").

EHBR

EX 7.3. n X5 A %MK

o,(r)= [ (v—w)eCh]

Nk B 4 A
5l 7.4.
Qi(z) =2 -1, Py(z)=z+1.
HE XA LLE H,
" —1
' [ #ate) = @) = =g

JBXLAS n AT, RATATLEME @, (2) € Zla. ShR ERITEEFI T @, (2) MRS I75

22 —1
Py(r) = ——F ="+ +1,
xt—1

(z =D +1)

Qy(z) = =x2+17
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AL

1 &

5 1.1. #a9tp)1

5 1.2. 4 n Fl 4 L2

Bl 1.3. 4% n BRLR & L2
o Zy=1{1,2} & 7.

o Zi={1,3} 27Z,.

o 7t =1{1,2,3,4,5,6}, £ 3,5 RAEKRT.
5 1.4. T i% %6 % A4k
5] 1.5. % & Eagagt
EX 1.6. XL GR—AEE, - RALYA=_nEBHE. K& (G, -) 2F#H, X%
91-(92-93) = (91-92) - 93, V91,092,935 € G.
EX 1.7. L GRFH MR GRELFH wRhGEccG #Hh e g=g-e=¢,Vged.
Rl 1.8, ERE L P HALEMH e R0, 1 G 89 % L.
EX 1.9. % G RELFH, G A, WwENEF g G, BEMEG, BiF g h=h-g=ec.
WER 1.10. L# 2 L P B LT e h BE—0, f1E g t9# T, i04E g L.
G R#,g,heG. K (gh) et (g7
i 1.12.
il 1.13. ¥4k K/k
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R | R ik R A B R 1) B [F#
Z (Z,+) {£1} {1d}

L, (Zn, +) {m|ged(m,n) =1} {1d}

Zli] | (Z[i],+) {*1, +i} {Id, o}

o Aut(K/k) < Aut(K).

EX 114, % G H R AWM [ G H ABRA, b2
fl9192) = f(91)f(92), V1,92 € G.

it G B H $#R A LK% Home(G, H).

el 1.15. & f: G — H RERL, R4

fleg)=em, [flg7h)=Fflg)~"
TEHA.

f(9) = flgea) = f(9)f(eq) = flea) = en
en = flea) = flgg™") = f9)flg™") = f(g™")
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ENX 1.16. @£ HCG AF#, £35+%F a,bc H,
(SG1) a-be H.
(SG2) a' € H= 15 € H.
it H<G.
o (H,-) HA2FF

« {1¢} <G,G <G.
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BFRBlT

GL,(C)
SL,(C) < GL,(C)
GL,(R) < GL,(C)
SLn(R) < GLn(R)
On = {A € GL,(R)|AAT = I}

S50, < Op

— P CR",P [XFH S(P) = {g € 0,|g(P) = P} < O,.

— g € X(P), A P BIXIHK.

XFHE X RES, Bt 0 X — X XU,
X HIRFREE S(X) = { X ERFTH B}

o8
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2 [MEE7#ES Lagrange EIE
WHIE Z W, FRATE A H A
Z=04+22U14+2Z=04+3ZU14+3ZU2+3Z="---

FEERIEMEAIES {0, 1} 55 EHA BARKIREEH. FATAEARNT 2508 LR B GHE 2)—BE.

Y

EX 21. E HLG,aeqG, =X
aH ={ah|he H}, Ha={ha|he H}.
AHhe aH 9% LH G AT HWAERSE, Ho R ALEE.
WER 2.2, o A= bH 2248%, 22RALK, B aH =bH $HIXY o 'bec H.
JER.

W a'be H, BIFF{E h € H {13 a'b= h.

— (W ah/ € aH, HT a =bh™ ", fTLL ah’ = bh™'h' € bH, I\l aH C bH.
— fFEL bR € aH, T b= ah, FiLL bh' = ahh’ € aH, M\Ifi bH C aH.

W aH = bH. WAFLE h, W € H 13 ah = bR/, \ifi a 'b=hh"' € H.

O

EX 2.3. # G=| |Hah G %:TF# H 5L

acl
FiE. Ho — AR T#, 2 &M EH 2 H 6944 aHa ' 2T 2!
WAL 2.4. |Ha| = |H]|.
IR 2.5 (Lagrange ©H). it G AAMHF O <G, W |G| =[G: H]-|H|.
EX 2.6. ac G 8H ord(a), A8 d >0 #£4F o’ = 1.
EX. # |G| < o0, M a € Gord(a) < 0o.
BHX. X acG A ordla)=d< +oo, M a" =1g<=d|n
@R 2.7. |G| < oco,a € G. W ord(a)||G].
. H={1,a,--,a"*} & G WFHMHBHFHAR. O

5 2.8 (Fermat /NEH). & p AF4, /& F) .0’ ' =1 mod p.

5 2.9. U(Zs) = {1,3,5,7}.

N I
(a1}
=~

ord

5 2.10. (Zy,+) #ik2f,
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B % f:G— G RAM,aecG, W ord(a) =ord f(a).
HER 2.11. U(Zs) £ Zy.
5] 2.12. o H<G, #iANBGFZRL.
« G,K A%, AR GxK={(g,h)|ge G,h e H},(g,h)- (¢ ,}):=(g-¢,h-I).

Bl 2.13. 3% pp = {1, -1}, k.
Klein WAE Vi = o X .

60



CHAPTER 3. #it

3 1BiE:

L U(Zg)

o W f:G— G REEFM, M ord(a) = ord(f(a)).
— JCRMIM R R A

o BFERL

2 X fip

o TEIEE.

o KR EPEARERT 2 M L,

WX CG it (X) NG TEE X WD THE
WX CGNGHERTE, & (X)=G.

EX 3.1. # G HAWKE, £4E ac G, #1F (a) =G,
Wl 3.2. % G AR, N G AMT Z X Z,.
JEA.
AR 3.3. & G(a) RAERE.
(1) # |G| = 400, M
o GWARTAH a A a .
. GHWFa
- {l¢}

— (a?) = { ,a*d,lg,ad,---}
e ag A¥F G.
(2) # |G| =n
o GHH p(n) MERT {a*|ged(k,n) =1}
- & d|n, BELE—AEdHTH H = (0"5) <G = {1.a%,a%,...}
IR, AR EAHEE R T A TR, AT — R
Wl 3.4. |G| =n < oo, M G 3K =G &H n Hh .

. K, FRAIGHB.

* o X fh3 = U6
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— BHHAE ord(—1,w) = 6.
o Zy X L~ Zg.
— IR EFREHEHARKR?
o p BREH|G| = p=GCG ZIEINFF.
I 3.5. % |Gl=n<oo, W G ABFEY BRENEE d|n, £5H5E—A d HhTH

B, AR d | n, BIE Sy ={g € G| ord(g) = d}, i S, E7.
1 Sy # O, FFE G dWr T8 Hy.Sq C Hy INEERFZHE] 7R ZME—1E. Tl |Sy] < 6(d).

n=[Gl=3 <Y ¢d)=n
d|n

d|n
T 3.6. k .G < kX AT, N G HFR#E.
EIE 3.7.
5l 3.8. Fg = Fy[x]/(2? + 1).

5 3.9. C* M HMRT#
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4 IERFEESEHEH

ENX 4.1. L G R#E MAMNLKG HAENTH, wf3EE a e G, iRz aN = Na. it4F N «G.
BEX. EERA f:G— H, M ker f<G.

Rl 4.2.

5] 4.3. F, = {0,1}
GLy(Fy) = { (a Z) lad — be # 6} = SLy(F,)

EIL. A 2K E Fy, BAA LITEA IR

il 4.4. det : GL,(C) — C*
¥ SL,(C)<GL,(C).

ab.

EX 4.5. % N<aG, RXH#H G/N ={aN|ac G}, KikHh a-b

o Rt WE a'a’ e N Hb W € N = (ab)"*a't/ € N.
(ab)ta'b =b"ra7ta'V = b7 nb =b"'0'n' € N.
o HARZJREAUKERE G
WAl 4.6 (FFRISHAEH).
EX. R NG, & f:G— HRAEHL N Cker(f). W: HAEE—RS G/N — H #43FTF B #%

G G/N

EIE 4.7. X N«G,H<LG, N

(1) (HNN)<H,N<NH;

) H NH
NNnH N~
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5 Zappa-Szép 2. F¥HIRE5EHMR

Zappa-Szép 1
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B
o HEWANEE N, H, B R o H — Aut(N), BATREMELEM N x, H

— VEREA N x, H & N x H.
— & N' ={(n,eq) |n e N}, BHYIE N' & N x, H FIERTH
— it H ={(en,h) | h € H}, KHWIE H' /& N x, H {78

o EM GNAG, H<G,G=NHHNN ={e}. % ¢: H— Aut(N),h+s cp, Ml G = N x, H.
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=k
o BEERUZ PG E RIS — TR IR AE. iCE G x H.
o (g1,71) - (92, h2) = (g1 - 92,1 - ha).
o R F: Abel REHIIBET, B EA A EAM.
e WG MHRRE, 4 P=GxH, *%E P M N7
G ={(g1):9geG H ={(1,h):heH}.

KPS RS EAGE P OITRE, iTEFMT G, FE RS H. W RBAHE e 50 ¢
H, MAFANAT VA ER P S RANE G M H {F TR
P RS FREAT IR = 2P
% %
o Y5 FIRE, IXUERE EAERELAR, A T DAER AR Y
o W5, WU ER ERECERA, ERAR DY 2 A T I A B B E AN,
o XEENTRUL, EFELLIXPINEEN TR, IF H B #2 IR TR, ACEE AL, Redl OB
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6 EpEM
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7 XFREE
EX 7.1, % X REL AR X B|ATHTELRARMRGER X 9T 2, iT4F Sx.
W 7.2, EHELEVH 0: X Y, WEAERHM &: 5(X) = SY).

MTARES X, Y, FATVHE =& AU 2 HAY | X] = Y], BIA FRE S X FRREAS
B ERSHRESITCRAN A K, BATTLUR n JesREHIRFREACAE S,

& 7.3. |S,| = nl.

f5 7.4. 5 S, ALK,

e 1 1d
. 1220, "(”2_ D_s A, (12), (13), (14), (23), (24), (34)
. 1131 W — 8 /v, (123), (124), (132), (134), (142), (143), (234), (243)

. 22, (12)(34), (13)(24), (14)(23).
o 4',(1234),(1243), (1324), (1342), (1423), (1432).
B 7.5. S5 — S, REEMTFEH. LRI,

5 7.6.

SIER 7.7. (2% 0 € 5, #HTH I ;IR
JE B O
5138 7.8. S, T (12),(23),---,(n—1,n) £m&.
S, A HAHAT] GL,(R) H1. M 0 € S, M'EFET T E 5 b
P, : R" = R", e; = e5(;)
A RAIE
¢: S, = GL,(R),0c — P,

det

S, < GL,(R) = R*,

B
sign : S, - {£1}, (ij) — —1.
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25 b sign(o) = —1<=0 TTLLEBAEMN LI sign(o) = 10 7] LB BAREA 2 1.
AN, A TE1RE] T
A, =kersign = {{HEH 2K} < S,.
BN S, /A, = {£1}, FTEL |A,| = %' PR A NSERE. REWERNEBAE] S, B— M0 2
IERTFRE. 5L b M n>5 BLA, 2 S, [E—IJEF JLIEMRTFH#E!
15‘.] 7.9. Ag < Sg.
o Sy MIEH. AiA =R, EE X A3 RlEFf =44k {1d,(123), (132)}.

o § Lagrange %32 .S3 9 FT#H AR 2 A 3 MARZ, o H S3 9= Af—N T, B S;
W THAR As.

o BHBIE Sy HEAZHFEANHILERIN, £ S, PR TE LA,
o TEH Sy #9F 2.
5l 7.10. X S, FAH EHT .
o Lagrange & 3ZAE A M A T 2095 B 54
o IFIBE K ITIAE R o A BT B AL B AE
o Sy BEMEATHN24=1+6+8+3+6%5 £,
o BT AWIMIA R S,, ATABIRIE-F FUENT 2, 7T 6434k,
o L% il A Sy, CAMAMBEWR, FEF. BAM i =43

o W Lagrange 3,5, 09dE-FFLEMFHFHOME AN 12,8,6,4,3,2.
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8 E¥

EIE 8.1. ¥ n>5 A, REFH.
IEHA.
(1) A, B 3— fHEmk.
A, T RAS BABEC S R 2 AR, T SEIE I A e 2 BT BUS o A =5 AR
R (ijk) = (ik)(ig), W
(i3)(rs) = { ) e
(i) (gr)(ri)(rs) = (irj)(rsi),

SEIB. Az = {1d,(123),(132)} < S3, £ S3 # (123) 5 (132) RAMKm LI, 2CiE Az P
4.

(2) 2 n>5 I3— R/ A, Tt EAHILIE.
FEEL (igk) A1 (35K, SFFHEA v € S,
Y(igk)y ™t = (i'5'K')
o HTYE A, %
o By g Ay, Wr#sg {i'jK}, N
(rs)y - (igk)y ™" (rs) ™!
EIR. XARA n BB K, LERAB S, BarbyRibiz K.

(3) {Id} # N< A, 71 3-5e4 € N. NET .

#ig 8.2. % n>5 0,4, i S, #9E—IE-F FLEAT ZE.
5 8.3. |A4| = 12.
e Id
o (12)(34), (13)(24), (14)(23)
B R G A& 0(12)(34)0 ! = (13)(24)
o (123) A= (132). &AET L. 0(132)0~ " = (123)
AiC. B m Rt R R4 K69 RO RZ AT
— (123), (142), (134), (243)
— (132), (124), (143), (234)
A 12=1+3+4+4
FIR. A2, BACHHAL 2, Bb—2 B, BRREHREGH, 2Tl 6.
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9 EHMEH

EXSHIF
EX 9.1. & G A X RES, WA G £ X L—ANEAFRRIE—ABSt

PV:GxX —X, (g,x)—g-z
i A

lgrx=z, h-(g-z)=(hg)- x.
AA(X,0) A G-, ¥z RLE GTX.

52 o R —Ir 8 g, FAGE— W
Yg: X — X, z+—g-x.
R B S ¢y BN, b 3R 143 21— g
U: G — Sym(X), g1y
HIREAE T E SCR & RBEFZS. RZ, S5 — P G 2 Sym(X) BRI O, Bl SR
V:Gx X — X, (g,2) — ¥(g)(x).

PRI, TR FH 00 55— Fh St 8 SUER N G B Sym (X)) BI—DRERIZS. X PR S &6 1AL,
BER X _ER AN, FAEXS — SRR ARG, 200 IREeREF X RS
FIREVER, MMk U2 G 3 X WEREERHAS. SERIMNBER G EAAGM X —FF
gits), tean X fdndbasla) SEEignr, AMEAEZR G RN/ 2R, X o tn BARR )4k
PE/CIPEESR, HEAEAETT.
il 9.2. S(X)™~X,(0,7) — o(z).
5] 9.3. XV & n % F-&E=mE, B Aut(V) ~ GL(n,F)™V.
B 9.4. % X Adadb=El, M Aut(X)™X, £+ Aut(X) & X 98 RIE,
fl 9.5. X D R¥LEFEAE, N Aut(D)"D, £ Aut(D) £ D Eaycb s A RH.

HMESRENTF
FIETHER, MU R E E AR E T, XX A RE.
EX 9.6. H GX, R v € X 0 G-Hid
0, ={g-z|lgeG}.
ARME X B MR R,
r>y<=3dgeGst.y=g-z.
BHEM x FIEMSENEHE « 1 G-HUE. X A G-HUES R

x=|]o,,

zel

Hep 1 Z2PUER SR TR,
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EX 9.7. # G™X ATty EHEEWY v,y X, BEgeG EFy=9g- 2.
BATVRATUMEE G X AW, HAR, H& O, W GO, MRAITN. XA SR B
WM EE & X MRS X R E @Rk, AR, W HGE K 85 .
XS R IHE K “BEAER” AR “B#RR” Wi
ANRIBNE 2 [A) i SR 2 T0 R AR 1Y, SUIHAG A b b AN [R) T i 7 S 0 7 & T A Se A | —FF. 45
EGTX M GTY, Hf X Al Y 245, BRMAE G (X uY).

ENX 9.8, X G XxeX, 2L v 9fag T
G,={9€CGlg-z=ua}.
wHWIE G, <G.
513 9.9. ZEax=hy o5y £R—4E¥, N G, =hG,h "
XA AU R A [R)— A B T 43 SR T PAASR] A g 3 ) AT EL AR LA RR T

1 9.10. % H <G, $E£%% G/H = {aH|a € G}.
Y H ANRENTEHE G/H LM, 12 G AAERE G/H L,

g-aH +— (ga)H,
A LiHEFAER.
o Wit gH =a-H.

« Gy={9eGlgH=H}=H.
Guy =aHa™t.

ER H=1{1g}, M G/H %2 G, B¢ GG, #ALENER. T2 T2 F LY.
5l 9.11. S7n=1{1,2,--- ,n}.
o Tif.
o n B9AEEMT: S, 1.
1 &2 T: (1n)S, 1 (1n)"t.

B 9.12. K/k, % Aut(K/k) = {0 € Aut(K)|o(X) =\, VA € k}.
B f(x) € klz], & Rootk(f) = {ue K|f(u)=0x},
W& Aut(K/k)™ Rootk(f).

W f(x) € k[z],k C E & f(x) B2,
Awt(E/k)™Rootp(f) = {ur, -+ ,u,}
M Aut(E/k) — S,

b _
5l 9.13. GL,(F,) = {<a d> | a,b,c,d € Fy,ad — be = 1}.
c
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WV ="F |V =4

| GLy(Fy)| = 6. FAH—F R =fik#t (1,007, (0,17, (L, T)7, B V\ {(0,0)7}, 4T HT
HE—ATAAT AW AR, (HEFERIERATATEU | GL2(F3)| = 8 x 6 = 48)

GLy(F2)™V. 541 (0,0) B R —AMHUIE, B GLy(F)~ V> :=V\ {(0,0)" }.

Frbh GLy(Fy) — S(V*) ~ Ss, ZHZHS, Mifi GLy(Fy) ~ Ss.

T RABE XL Ex2.6 ZORIRIE GLo(Fo) ™V BARS K.

GLy(Fy) HHI = JtA2
10 0 1 11
1 1/°\1 0/ \o 1/
0 1 11
1 1)°\1 0o/

o =BT EERS A=
o —ATEICER AP BTl 2 A B A =R o
o SCHPIASAHSRI AL B AR R A =B

5] 9.14. G™G EHAE R

1

GLy(F2) HHI=Froc

9.x = grg
I 9.15. G X,z € X, WA 4
G/Gy = Oy,aG, — ax

% |G| < 0o B, Bt AT AKX
|Gzl - O] = |G| =

TR

EX 9.16. # G™X FILH, EVge G,z € X, RE gr = 1.
e G, =0G.
e p:G— S(X) & FILAZ.

B 9.17. G™, A EE X = {z € X|gr=2,Vg € G}
FECARE,GXC RPN,
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5l 9.18. LHAERM. G BT EIAERNEA F £
o: G — Aut(G), o(g)(z) =g ‘zg.

e v X, Hil, ith C, = {gzg'|g € G}.

o HHE Cx

o x 8P ST Z(2) = {g € Glgz =}

o TX.|Cx]|Z(2)| = |G|

W G RAMREE, WHIEER ST G R aaH T

EIE 9.19 (K7TE).

Gl=12(G)+ Y 10@) =12(G)+)_|G: Cola:)]

|0(@)|>1 i=1
EX 9.20. % p AFH, G A p-##, % |G| =p".

Wl 9.21. p-F G —EAIE-FALF .

B WG LT, B | Z(G)| =1, BRSSO E

Gl=12(@)|+ Y [0@)|=p]|L

[O(z)[>1

B p NRE WAVHGE p Br#ERA p HIEAEE Z,. FHEART p* Brfisim
Rl 9.22. p® M # G & Abel #, HRAMT Z, & Z, x Z,.

. WG A p? Mg, g € Z(G) AEF AL, T ord g = p. O
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10 Sylow EIE

o XPFHIAE R, FIEE X, BT, 25T, R R EAZIE .

EX 10.1. |G| =p mptm. T# P <G #HH Sylowp-F#, % |P|=p".
. [G:P]=m.
o A2 Sylowp TR
EIE 10.2 (Sylow,1872). % |G| = p"m,p{m, N
(1) & A& Sylowp-F#.
(2) Sylowp-F #2148 B 245
(3) ANdA m AT, Fde kp+ 1.
(4) 44T p-F 2 B < G, &A% Syloup T# P <G #£1% B < P.
o p BFATDAPRAAE B B
o WEMHTTLAEZBEANT. B Sy 1T HE.
o BRI B, Sylow SE B —BIEEIASE N p BE.

75
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11 BFRYRIN
513 11.1. AR E—8y.
ENX 11.2. £4 X Loy d##
F(X)={MAAX UX " HAFEHRA T}
k. EE + Ak
EN 11.3. 2 G WATREN, 3%
G = <x17... ,$n|7“1,7“2,~-~ 7Tm>7

Kb oo, A ERT,r; € Fxy, -+ ,m,) FRAXE.

TR RS LR Fay, - 20) /N1, rm), 2P Ny, ory) REE 1, rp 8958
N ERLTEE
@R 11.4. & G = (21, @a|ri, - ), H B, B 0 {2y, 2.} > H, M § TEEHHF

7
AG—H SHRY 0(zy), - ,0(x,) PHLXEZ r,.

f5l 11.5. My = {Z S (C*}Zn = 1} = {1,w,--~ ,wnil},w :e%
v = (glg" =1) = F({g})/N(g").

) 11.6. S5 ~ (a,bla® =1 =10 (ab)® =1)
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12 BIR4ER Abel BHEHETE

FER IR 1 B A T B AR S E, JEAR B THEAR R LT3
AR EATT AR TR, AL

ies.
IE Abel B | Abel #f
B5 ab a+b
AT 1 0
W a? —a
ET /N a” na

5] 12.1. Abel #&9%F: Z,7,,7".
ENX 12.2. % A Abel #,

(1) A& A RATAR Abel 2, R HEATRE S = {51,850, 5,} C A kT AR A, Bt
%;‘é/] a < A, Z—?E— /\1,)\2,"' ,)\n S/ '@i’f‘?‘ a = )\181 +/\282 + )\nsn 7?"]: S 7’7 A él]iﬁ&.%

(2) # S ER Z-BMAEM, WH S K AGHRL, AR A HARER A S Abel 2.
SEIR. AMEAARAREZ MG TR, AR A A S8 A,
Rl 12.3. X A A Abel #, W A BERMRE S < AEneNEHF A~Z".
EIC. AR ARG, FAR T n£m, REH 2" =77

AR Abel i, HIBARAERE B Abel #, ANTRAEMITZ B H KR, it 2" 3
A IR AR . SR A, BRATA

Rl 12.4. 8 A AHMRAER Abel #, WAL neNf K <Z" 13 A~7"/K.
FIt LAY 2R BRAE B Abel BEMI RELAG 32K 20 (- FRER I . - 2 178, A1 %E
R 12.5. X K <Z", W K A MR8,
IER.
(1) Bn=10,%K<Z W K={0} 8 K=dZ, ¥ d > 1.

(2) Zn=20, " K<ZOZ B e = (1,0),e5(0,1), it Zey, = Z & {0}, Zey = {0} & Z.

KNZei <Zey ~7Z', M n=1MHRE KNZey AR,

K K+Ze, Z&L . K
~ < ~ 7, =1 BTEOLA
K N Ze, Ze, Ze, in =1 MR K N Ze,

M1 51 BT K e PR AR R

A PR R

FIR. ZIEH AR LR B 7 A AR R —AEA R
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g, B @ 2iE K <Z" FRE2ahd).

SIFE 12.6. % G R#H NG, & N #= G/N #EARAERE, W G LA AR,

. WU = {ur,ug, - ,u.} BHRENR NV = {01,00,--- ,0,} ARAER G/N.
oG — G/N ZBRAR. AL v; € G 15 o(v;) = v;,1 <i < s.
Wrs {uy, - up, v, 0s) & G A ZE.
FH g€ Gplg) = o5t - v5m, Kb ee {1,-1},1<i; <s1<j<nneN
FTRAETE no€ N A3 g = nuft - v = udt - udmoft - ol

g

B ZOZ 9 FHLR— R K4 i 7 ® doZ, Yodedy (1,1) £mE9T 2.

78

By K < 27 ZAREKDR, Prodiit ey DEREIEA 2m 2] K s, A2, By
K <Z", ATUAUABATRE] 7 — M 2™ B 2" KB ¢, TR ¢ M5 R K. X2/ K
BAEFEN ¢ BRI, BATE T REMME, IREERIERT ¢ KRR L8 B2 R IR A

S E R,

EERME A e 2V, B ga: LM — L7 v — Av. BB ARMEFAZ £ 2" — 2" mEBm

FA on. HWHEGE W, HHERFEN N THESNES.

WE 12.7. & Z 2 7™, N n=m.

iE#. AB =1,,BA =1,,, BUZLHI n = m.

EX 12.8. GL,(Z) := {A €Z"" | 3B € Z"™" s.t. AB=BA =1}.

W8 12.9. & A € Z7", M A € GL,(Z) < ¢y : Z" — Z" ZRH.

EM 12.10. % A,B e 72", # AB ik, mR AL P e GL,(Z) #» Q € GL,,,(Z) #%4% B = PAQ.

woE MHE 27 EREMT R AR

Rl 12.11. % A, B #84%, U coker ¢, ~ coker ¢p.

dy

AP 1<di|dy |- d,.

TE B

EIR 12.13 (HIRAR Abel BERIZE ) EHE).
H#E£ 12.14 (R Abel BERILEHEHE).
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13 Abel BE35HE
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Chapter 4

Galois IEi£

1 Galois # 5k
B8, & K/k RBI K, 3T Gal(K/k) = Aut(K /k) < Aut(K), %% K/k 8 Galois #.
B8, % G <Aut(K), it Inv(G)={ve K |ov)=v,Yo € G} = K, #&H G 84 REFH.
At EFRAAG ] T P WS
Gal: K M7 — Aut(K) BT8, kv Gal(K/k),
Inv: Aut(K) T8 — K T8, G— Inv(Q).
BRI A B, BAVRMEZEACENIE S B, TRERAI1155

R 1.1.
G < Gal(K/Inv(G)), k C Inv(Gal(K/k)).

EX 1.2. % k= Inv(Gal(K /k)), NA K/k # Galois ¥ .

S TR AR, & B R AR E SRR T RN, BT R TR AR, R R
EIE 1.3. X K/k RAMRERBRS K, W |Gal(K/k)| < [K : k]
EH 1.4. & G < Aut(K) R—ANARTEH, N [K : Inv(G)] < |G|
. WS (K : Inv(Q)] < |G| = n, AN S HEEA E, JROTEE (K : Inv(G)] ZHRE, AT

(K : Inv(G)] > |Gal(K /Inv(G))| > |G| = n.

TEWE. BEA {e1, - ,en1} C K & Inv(G)-ZPETE M. O
IR 1.5, % G < Aut(K) R—ANART#, M (K : Inv(G)] = |G|

FH LA AR 53— HER TR ? A AU AT LUK, B8R k C Inv(Gal(K /k)), 1B

(K : k] > [K : Inv(Gal(K /E))].
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EIE 1.6. X K/k RAMLES K, U TF 348540

(1) K/k & Galois ¥ 3K, B k = Inv(Gal(K /k)).

2) [K : K] = |Gal(K k).
(3) K/k &7 5 EAF 3.
(4)

EH.

. (2) = (1) ROEBERTASEXR

(K : K] > |Gal(K k)| = [K : Inu(Gal(K /k))]
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2 Galois E£AEIE
ENX 2.1. RFE

5 2.2. SubG #1aF%.
EX 2.3. & (L,L) RaF%R,a,beL,
(1) X (avb)eL A ab gk LR, HE

e a<(aVb),b< (aVd)

e Ha<cehb<ce, M (aVd)<Le
(2) X (aAb) €L A ab 89D EF HE

e a<(aVb),b< (aVd)

e Fa<cehb<e, M (aVd)<Le
(3) #& (L,<) A%, EH&F a,beLaVvb R aNb HALE.

o BravbiE “a 30”7 ¥ aNbIE “a b7, M (L,<) = (2%, Q) B, #2552
e aVb M anb #BA—ELLAE, H FAAAENIME—.

] 2.4. Sub(G) ##. % H, K <G,
e HVG =% HUK %M.
« HNG=HNK.
o ROERRFA!

5 2.5. % K/k HEI K, X

Lat(K/k)={ElkC EC K}.

e E\F YRR, EVF =% EUF £&8THE.
« ENAF=ENF.

B 2.6. & (L, <) H#, 2 XLRH (L, <°P)

o [P =1.

EX 2.7. % L, L' A f: L — L AH, & f R—AMBFERM, ko f Ao 71 FRZF LM,
SI3E 2.8. X L, L/ A#, & f:L—L HeFERM, N fHEFV 4 A
5 2.9. & n<1, L

e L,={d[1<n,d|n}
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e d=xd:=d|d.
B E (L, <) 24
o dy Vdy =lem(dy,ds)
o di Ndy = ged(dy,ds)
il 2.10. B C,, = (g|lg" =1) ={1,9,---,¢" "}, NAEAKRH
Sub(C,) =+ L,
(g7)—d
EIE 2.11 (Galois HUISMEEAEH). & K/k £ARYE Gal ¥ 7K,G = Gal(k/k), W A EAER#
Sub(G) =+ Lat(K /k)°P
Hv+—— KY
HiL 2.12. X H U <G, N
K™Y = KT KY, KMV = KANU KT v KY
FB—FF, B ERFL
#i$ 2.13. kC BLECK
Gal(K/BV E) = Gal(K/B) N Gal(K | E)
Gal(K/BNE) = Gal(K/B) Vv Gal(K | E)
A FR, BEE T

#iL 2.14. % H <G, N dimK” =[G : H].
EAN Kot A RRA AL

MEZ,

o G™Sub(G),0-H=0Ho .

e He Sub(G)® <= H<G.

« G™Lat(K/k),0-E = o(E)

o WIS Galois X RILREE G— 1EH.
L 2.15. & K/k A& Galoisk C EC K,

E/kGalois <= Gal(K/E) <G

Wi G/Gal(K/E) ~ Gal(E/k).

TE B
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, | 2 ,
B 2.16. % n REEHK, KIERA L n=1,234,6 8, cos(—) 2H LK.
n

2mi

PE. A n>3. L C=en, N

#1& Gal(Q(¢)/Q) = (z/nZ)", ik cos(%”) R, B4 o e Gal(Q(C)/Q) Wi

U(COS(Q%)) = Cos(%r).

B ¢ 2 2™ — 1 IR, FTEL o(¢) W42, FTbh o(¢) = ¢7,1 < j < n. FTLA

coS(;) = o(cos(;)) = o - )= ¢l —|—2C‘j _ COS(?

DIt j =180 j =n—1, il 0 € Gal(Q(()/Q) Ff ¢ Wk ¢ 2k ¢~ Mtk

27 2T ¢+ ¢t

),

| Gal(Q(C)/Q)| = (Z/nZ)*| = ¢(n) < 2.
2 o(n) RBEREHE o(p*) = p* ' (p— 1) X TEHEL p. PrEA
. [EHES p>5, pln.
o MR 2% |0, WA k<2
o WH 3F |0, WA k=1.

g LATIA, n >3 Hulgelh 3 8L 4 5 6.
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3 MRIH3K

EX 3.1. # E/k A m ARXT K RELE a B " =ack &7 E=k(a). #
k=FEy,CFE,C---CE,

AR KB R BB,y AR K.

EX 3.2, # f(z) € klz] ARKT 64 R A 2K T KE
k=KycE C---CE,

i3 f(a) £ E, THL
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4 Galois XEIE
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1 $—8&

1.
2. U

(1) Map(X | |Y,Z) = Map(X, Z) x Map(Y, Z)
(2) Map(Z, X xY) =5 Map(Z, X) x Map(Z,Y)

(3) Map(X x Y, Z) — Map(X,Map(Y, Z))

ER. (1)
F:Map(X | |Y,2) = Map(X, Z) x Map(Y, Z)
F= (o fly)
o F 5. SHERE g € Map(X, Z),h € Map(Y, Z), & X
fw):{gm%an
h(a),a €Y

W F(f) = (g,h).
o FREBH B (N hly) = (Bl Bl WAL = ol fily = Polys WA= o
(2)
F :Map(Z,X xY) = Map(Z, X) x Map(Z,Y)
f=(9,h)
HAd f(z) = (2,y), WE XL g(2) = 2, h(z) =

o F RSN WTAEREM g € Map(Z,X),h € Map(Z,Y), X f:Z = X xY A f(z) =
9(2), h(2)), & R F(f) = (9, D).

o FRBYL F (g1,h1) = (g2,ha), W g1 = go, h1 = ho, W f1 = fo.

/\

F : Map(X x Y, Z) — Map(X, Map(Y, Z))
f=yg
Hpa f(z,y) = 2, MEX
gl@)=h:Y > Z

Yyr—z

o [ RS X TAEEM g € Map(X,Map(Y, 2)), & X f(x,y) = g(z)(y), WikE LA
F(f)=y.
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o FOREHEF g = g0, W g1(2) = go(x), W g1(2)(y) = g2(2) (1), W fi(w,y) = folz,y).
Ll

3.iE8: 7, b+ A0

e RIFE L, #E—0H (Z,,, 4, ) ZFF.
JEH. B i—i' =0 modn,j—j =0 mod n, N
i+j—(+5)=(i—i)+ (=) =0 modn
=i =ij— i+ i =i =i —i)+i(G—j)=0 modn
Rl + - R RER.
Ly EIMERISS G SR, RIEMSE G, INESRIEIN A2 G S BURER AR K B Z, R REAEAE
EI0. WIoH L.
0] + [a] = [0+ a] = |a]
[—a] + la] = [~a+a] = [0]
[1] - la] = [La] = [a]
Bt (Zn, +, ) & LI O
4. 1F: SMERE m,n € Z,a € R, {OL
ma + na = (m + n)a.
JEB.
o Y m,n PEL—AN 0. ALE m =0,

LHS = 0 + na = na = RHS

o Y m,n FSE. AL m,n >0, 1

LHS=a+:---+a4+a+---+a=a+---+a=RHS

o Y m,n 75,
— Y \m| = |n| . AYE m=—n>0, N

LHS=a+ ---4+a+(—a)+---+ (—a) =0p = RHS
—_———

m (=)t

— A |m| # |n| B, AYE m > —n>0, 1

LHS=a+---4+a+(-a)+---+(—a)=a+---+a=RHS
—— —_———

mA (=) (m+n)1
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5. UE8: TR n € Z,a € R, AL

na = (nlg) - a.
TER.

e Hn=0IMK.
LHSZOR,RHS:OR'GIOR.

o Mn#0 K. AYH >0, M

RHS=(1g+ -+ 1g)-a=1lg-a+---+1lg-a=a+---+a=LHS
—_———

A

n n nA
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2 FETRE
Ex1.1 4% R,a,b € R, IFW:
. Y0 =1, B
BB n =k W&, IE n=k+ 1 B RO7.
(a+b)** = (a+b)*(a +b)
= (CRa" + Cra" o' + -+ + CLa" b + - + CFV) (a + b)
= Cla" (O +CHaF D+ -+ (O + CL)a* 0 4 (CF + CF Y adk + CFpF !

=Cpd" + Cldfb 4+ O T 4 O ekt + OF B
FHHIE. n
Ex1.2 iEM: ARHE R 2B HMY R 2.

JER. HOEFE .
WARRIE o AT, MAXMEZIITEE b e Rab # 15,
YR EM—AEH o R — R, b ab. t ETTRI o AR
BT ROEARIE, W o ARG KILIETE by # by (73 aby = abs.
AR AFAE by — by # 0 (5 a(by — by) #0, X5 R REIFFE! .

Ex1.3 iE#M]: Q[V-1] MFHAf Q flEEsy.

Y. BHRIE Q MEARGHRE QV—1] M7,
B F 2 Q-1 Mk T Q ZAMYE I, MAFHE a+bv/—1€F Hb+#0.
Wa+b/-1-—a=by=1€F, Wb 'bv/-1=+v-1€F, M Qv-1] CF, FJ&.
Bk QIv-1] T Q MeAH O

Ex1.4 702 Z[V/—1] HT3F.
it BOBAESHEER n=0,1,2---,
S, ={a+ bnﬁ|a,b €}

R Z[V—1] T

o =0 W S, B Z. B TRERIMERNAE Z T R — 2 TS S, Mg,

HBRAEIE a +bv—1 € R, Horh b #£ 0. BUH R FRTAILM bv/—1 ICEAT 710 R 5 b, Wi 3
4 S B /N R T by, — € BEWSBEBR AR T A 1T b, 5 WL RE 7 R ERVERYIE HE BE /N 0.
W R=S5,,.

BEEWIY n£m .S, 5 S, NE.

{2 o M S, B S, MFEBE. WS o BEIE Z 1A s, 1

o(nv=1)p(nV—1) = p(—n?) = —n’.
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B p(nv/—=1) = a+ bmv/—1, WA
a? = b®>m? 4+ 2abm/—1 = —

#bm =0, U p(nv—1) = a, B o NI
#ra=0, 0 v*m? =n? BA m#£n, W b*>1, M o(nv—1) = bm, B ¢ KR EFHH.
bl £ m B,S, 5 S, AFE. O

Ex1.5 iE#]: AEERFRD ¢ : Zs — Q.
TEH. RBEFAERFALS ¢ : Zs — Q, M ¢([0]) = 0,¢([1]) =1, 12

FIE ! BAEERFS ¢ Zs — Q. n
P64.4

(1) M Z[V—1] RIBALEE, FEUE B IR B E A 3.

(2) T Z[V=3] = {a+bv/=3|a,b € Z} {EFIFEL.
EF.

(1) Wa#0Hb#0, HH a+bv/—1 1 C PHEH

1 a b

- - V=1
a+by/—1 a?2+b> a?+b?

1 a
b — — 3 H3 EERS = —
ECL"—Z)\/ 1&2[\/7] EP‘H_’{E@, /\@H—j*lj jj a—l—b\/i a2 + b? 2_|_b2

MRTE s - 2+b2f4+zaﬂ§ar e Z[V—1] 1.

V-1, T

% Ja| > 1 8% [b] > 1,a21b2 i QW ST AR T 1, ST a,b # 0, AL,
Y Ja| = [b] = 1 B, FRERIISE AT &I R AL

TERIF I I, 28 5 AE 1, £/~ 1 #Fm.

it U(z] = {£1, £V-1} # Z[V-1]*, FIIHIRA R,

BT C Elﬂﬂltawn*ﬁ%fjﬂa:, TRAE Z[-1 ] IR AR A N E.
(2) A (1) MFESUERTED, R £1 A,

P64.8. SKilf Q[v2] = {a +bV2|a,b € @} ESM R T
GE.

. 1€Q[V2

o (a1 +b5V2) * (ag + b2v2) = (a1 % a) + (b + by)V2 € Q[V2)]
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(] ((Zl + bl\/§>(a2 + bg\/§> = ajas + 2b1b2 + (a1b2 + agbl)\/i S Q[\/i]

1 a b
. = — 2 2
a+by2 a®>—2b% a?—2b? Vae Q[\f]

P64.9.
(1) W€ Zy, WAEE 73 (b m A IEREHD;
(2) Wi Q A1 Q[V2] 4 T5ks
(3) HiE Aut(Q[V2]),Aut(Z,,).
.
(1) mFRMZERTHE L, TRENTEMHEIN Z,, TR ERE.
(2) 2 G UEWATAT BSR4 FAOR, A FACEE i B, A BB TR A S
W F R QV2 BT Q ZAMUE T, B QG F G QV2, IRATFTE a+bvV2eF H b#0.

Wa+bvV2—a=bv/2€F, M b 'ovV2=+v2€F, Ml Qv2] CF. F/&.
Fik Q2] TR AE Q MEAkH.
(3) ¥ o € Aut(Q[V2]), BH1 ¢ BRI Q b E FIm.
S TAEE a+ bV2,0(a + bvV2) = a + bo(V2), FILIRMT N FHEHE o(V2) K.

% o(V2) = z+yV2, BRATERIMEREN e+ dV2 151 a+ V2 #13 a+b(z+yV?2) = c+dV?2,
B a + bz 4+ byv/2 = ¢+ dvV2. 5 WIREE £ 0 A] LU 2 EsR. Kk

Aut(Q[v2]) = {go(a +b0vV2) =a+ bgo(\/i)!go(\/i) =z 4+ yV2,y # O} )
FEIB. p(V2)2 =2, TR SV, A KRB TANL SH1777

Aut(Zy,) A .

Ex2.1 % R A, & XA
0: X >R

7E X
r@z =0"10(x) +0(z))),Vr,2’ € X
-2’ =01 (0(x)0()),Vz,2" € X
ik (X, ®,) NHH 0 ZHFER.

TR
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(1) o ImEdiem

(1 ®x2) Dag =

o DIEAZ A

r@z’ =0"10(x) +0(z"))

o TFHEETT. B 0(z0) = Og, N

2o ®x=0"0(x0) +0(x)) =0 (0 + 0(x))

o FEWIE. MEB e X, %o =61

xdr =6
o JeVLEEOIE.

(z1-29) - 7

o fFAEZATT. W O(x1) = 1x, M
r1-x=0"

o JEOrPTE.

$1'$2€B$1'$3:

Pl

HO(x) +0(a"))

H(O(a1)0()) = 0

“H(0(21) +0(x2)) @ 23
-1 (0 0h~ (9(3}1) +0(x2)) + 6(903))
“H((0(21) + 0(x2)) + O(x3))
“H(0(21) + O(x2) + O(x3))
x1 @ (T2 ® x3)

=07'0()+0(z) =2 D

=0"'0(x)) ==

(=0(=)), W

= 071(0(z) — 0(x)) = 07" (0r) = x0

0~ (O )( )) 3
071 (0007 (0(1)0(2))0(x3))
0~ 1((9(931)9(332)) (x3))
07 (0(x1)0(22)0(x3))
(

Ty -T2 333)

(1rb(z)) = 07 (0(x)) = =

+ 0(z1)0(x3))
) @6 (0(x )9(333))

-1 6(9_1(9($1 6(1‘2 ) (9 L 3))))
)

xl'(xg@xg):xl-xg@xl-xg.

o ArorECH. SRR A2 BO R
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(2)
Oz@a’)=00""0(x)+0(z))) =0(x) + 0(z)

Oz~ a") =000~ (0(x)0(x))) = O(x)0(x")

Ex2.2 WHHFAE F, 5 R, i
(1) o g
(2) MEE A€ Fpa € R, X Aa:=(Na, iIEH: R BN F,-ZeiE2500].
(3) |R| =p", HH n REA IR

IEHA.

(1) BE kervy = {[0]}. REAAEIEFTT [a] 15 ¢([a]) = 0g, HAIEFEHOL I HIVA ] FIAFLE 5L
n 15 " =1 mod p, N

TJE.
SHIE. B ERA {0} AT, m Ker —2 2B, 4o R R AT, ARBMH 2 R B4
(2) Stk [ oy i A BR R R i, R Bl 2, RBUE AR T 4%
o RN A ENVE I S . ATEL X € Fpya,b € R,
Aa+b) = (N (a+b) = p(N)a + P(A\)b = Aa + A\b
o BN FREIER R AR A, X € Fpoa € R,
(A1 4+ A2)a =1P(A 4+ A2)a = (Y(A1) +¥(A2))a = P(A\)a+ P(A2)a = Ma + lsa
o MM A, N2 €Fpa€R,
A (A2a) = AP (A2)a) = (M) (¥ (A2)a) = (¥(A)Y(A2))a = Y(MA2)a = (MAz)a

e M acR
o = p([1)a = 1pa = a

(3) B8 R 2RI, W R ATTRERTRAELL 0. N R b RARYEL LS 6], B dim R = n,
W R=(F,)", W R =p".

Ex2.3 OWREH) 45E IR, WATERS {J<R|J DI} + {LaR/I}
{J<R|J DI}« {R/INFHH}
J— J/I={a|ac J}
{r € R|z €L}~ La(R/I)
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HEHA.
IR, AME RAFR L.
4 JJ/I={alacJ} W L=J/I, Bk JCc{zeRlzecL}, RFIE {zeRlzeL}CJ.

BfftEbe R\J e {zcRlzeL}, MbeL={aacJ}, Wb—acl IFE cec I f#i
b=a+c,HICJ, Ll ced, BT J REEXSINEE A, Frid b e J. drdfHiE. O

Ex2.4 432% Z,, HFEAE.
TEB .

Eig. A E—A!
W rlel,r#£0. 4 (r,n) =1, W Bezout ZERENTEAE a,b 43 ar +bn=1, W Z, C 1.
W (ryn) =t 52 n KT, WH Bezout SN [t] € I. Wi S

1= {0} ¢, 2ft), - (3 —1) 1)}

B 7, BIFRAE. AR T XTEE . SHERE [a] € Zofa) - ift] = [ait] € I BTl T 2 7, (IFRAR.
SHERE T R Z, BOEAE, B AR R NG .0 BT LS N E TR . O

Ex2.5 iE:

(1) +,- EXEH

N|

(2) (Frac(R),+,-) /&8 LI
(3) (Frac(R), +, ) %iﬁ
JEB.

(1)
b 1,0 b/ /
wror _ay +ow < ayx'y + bxx'y = d'y'ry + V2’ vy

xy :L-/y/
ab a't
iy & abx'y = ad'bzy

Y azr’ = xa' by = yb' B, EPRRBIRAL, P2 R !

(2) o DR A.

a b c ay+br ¢ ayz+brz+
<+>+:y+: yz + bz cxy’
r oy z Ty z TYZ
a b C a b + + b +
+<+>:+Z cy _ ayz+abz+ xey
r vy = Yz TYZ

o IR SR

. APEET
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(3)

#

FAEIS T
a
T
vk B A, TR,
Ty kAT I, WAR.
FAE L TT.
AN e
a.
T
a b a
—_ . — _I_ J—
xT Yy

&2 0% g 0, BARIE
x ]-R

e a_lga_a

1 = lpz =z
_a bztecy abz+acy
oz yz  xyz

ac  abrz +xyac  abz + yac
Tz TYxTZ  zyz
ar 1p
ar 1lgp’
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3 #=H
Ex1.1 % R = Z[V=3], iFW 2 2AZeHA R R,
IER. W2 = (a+bvV=3)(c+dv=3), M 2=2= (a—bvV=3)(c—dv—=3), M 4 = (a®+3b*)(c* + 3d?).

BT HRATEER a=1,c=2,b=d =0 FI4E. Bt 2 2AATZC.
H2]4=_>14v=-3)1-v=3). % (1+V-3)=2(a+bv/-3), Wl 2a =1,2b =1, TAF. Hit
24 (14 +/=3), FHEAIE 24 (1 - v/=3), Kk 2 A&, O

P71.6 W f: R — S R¥FHIFZT A J 23 R AL S WEAE, 5 H f(I) c J, % N RERHTZ
Tér] 1 Pl 55
f:R/I — S/J,a [f(a)l,

HxtT ae Rja=a+1 8 R/IHHTER, M [f(a) = f(a)+J N S/J FTE.
(1) KiE: FiRmgs Fo2nre L, IF BRI AR,
(2) KiE: f:R/I— S/J RIMFEN < f(R)+J =5 IHI=f"0J).
HEF.
(1) ZHE f 2R REM, BIIEN T ar —ax € I, WA flar) — flax) € J. XREHT f(I) C J IHH f
TE f RHFER,
flar +az) = [far + a2)] = [f(a1) + f(a2)] = [f(a1)] + [f(a2)] = flar) + f(az),
flaraz) = [f(araz)] = [f(a1) f(az)] = [f(a1)][f(a2)] = f(a1) f(az).
(2) = B f(R)+J C S, HiE S C f(R)+J, B S/J C [f(R)]. {EHL [b] € S/J, BIA f 23F
R, FTUMETE a € R/T 643 f(a) = [b], e X [b] = [f(a)], FHIE.
TUET = fN(J). BN f(I) € J, TEA T C f71(J)s RRAFHE a ¢ 11643 f(a) € J, B4 a#0,
FH f@) =[f(a)) = [0], X5 fEAHTE.
= WIE fRRXUN. 1T 1= f71(J), BBl F1([0]) = {0}, BHUL f A2t
BT f(R)+J =S, FTUSHER be S, 11E a i [f(a)] = [b], B0 (@) = [o], Ak F s,
O
P71.8 % (R, +,-) e & 4 CZ#) . AT a,b € R, E X
a®b=a+b+1,a0b=ab+a+b.
KiE: (R, ®,0) Hd& X i) 3, HHS5H (R, +,-) [,
.
o kAT

(adb)@dec=(a+b+1)Bec=a+b+1l+c+1l=a+b+c+2=ad (bdc).
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o ML HAE.
a®b=a+b+1=b+ta+1=bDa.

- HHER L
—-1®a=-1+a+1=a.

FAEITE.

(—a—2)®a=—-a—-2+a+1=-1.
o RIELGH.

(a®b)©c = (ab+a+b)©c = (ab+a+b)c+(ab+a+b)+c = abc+ac+be+ab+a+b+c = a®(bGc)

o fFELTT.
0®a=0a+04+a=a.
o WILEZHIE.
a®@b=ab+a+b=ba+b+a=>bOa.
o R

a®bdc)=abdc)+a+(b®c)=alb+c+1l)+a+(b+c+1)=ab+ac+2a+b+c+ 1
a®b®adc=(ab+a+b)®(ac+a+c)=ab+a+bt+act+a+c+1l=ab+ac+2a+b+c+1.

Bk (R, @,0) #S0E& L X 3, FIEESH (R, +, ) FM. NIERATER — A Rt
0:(R,+,") = (R,®,0). MBS 0(r) =r — 1 R ER, NIEHZ.

o AR 0 RRUR.

e fla+b)=a+b—1,0(a)d00b)=(a-1)d(b—-1)=a—-1+b—-1+1=a+b—1.

o O(ab)=ab—1,0(a)©0(b)=(a—1)O(b—-1)=ab—a—-b+14+a—-1+b—1=ab—1.

FRHIE! O
P7111 ¥ Iy, I, ¥R¥WH R, JFH L C L C---CI, C---. RiFEH GIn RIEp S
5 R M. "
TEH.

o (B a,be |1, WAETE Lm > 1, 43 a € 1,b € L, ARG L <m, BT I, R LT,

n=1

bl a € L, BT L, BRI, FTLL a+be L, fitla+be (L.

n=1

o fEfl a € U L,, WAFAE m > 1 1% a € L,. (El r € R, 1} L, /2 R WEAE, B4 ar € 1,

n=1

Kt ar € U I,.

n=1
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FHIE ! O
P78.3 5t D NHI m Ml n NEZRIE¥E a,b e D, W o™ =", a" = b", KiE a = b.
PR, W om,n > 1, HSE L.
KN m,n BE, FTUAFEREE v, v 15 um +on = 1. B w,v HATEENE, ARERS,

RHAGE v < 0 < v. AWK —u BEidRN u, M vn =1+ um.
WA o™ =a-a"™, W b-b"“™ =b"" = a-b"™, NN D %I, HIEEHE a=0. O

P79.13 W f: R — S MR, K = ker f. 3KiF:
(1) # P& R WEHEIH PO K, N f(P) th2d S HEIE,
(2) # Q /& S FEMA, W Q) = {a € R|f(a) € Q} /& R MFKIA,;
(3) S FEREEM R AT K MRIAZ ——XT R, B A" Sl “BORERAR” Tk Wy
IEB. NI RER RO CROR” BEATIER.
(1) EH ¢, d € S 15 c-d € f(P). BT f RHFESFULE a,b 15 ¢ = f(a),d = f(b), WA
fla-b) € f(P). MAFTE pe P 3 fla-b) = f(p), Wa-b—pe KCP,Wa-beP, KNP

FREM FTLEFH ac PEFH be P, AlE#H ce f(P) 8i#& de f(P), Bk f(P) 2 S &
T AR,

(2) M a,b € R a-be f7HQ), Bl fla-b) = f(a)- f(b) € Q, BN Q —FHHM, FrAali
fla) € Q BH f(b) €, AIEE ac f71(Q) B be fHQ). Wt f71(Q) 2 R MR,
(3) A5 (2) MAE XKW S, # Q & S MEMM, M F1(Q) BEE K MR,
fE S PRI R PSS K MREEZREES 0Q) = 71(Q).
KAETH ONAHER R FOE K B, t1 (1) & f(P) B2 S MEHE, W f1(f(P)) =
P. B3R P c fAUf(P)), HiE f'(f(P)) C P. #471E R LK o 15 f(a) € f(P), NAFLE
p 13 f(a) = f(p), Wa—pec KcCP,WacP, 5.

BRAAE WA I Q1,Q2< S 2 f1(Q1) = f1(Q2). WXHMERITEK ¢ € Qu, T f &,
FITUMEALE p € R 43 f(p) = ¢, FTlh p € f71(Q1) = f71(Q2), HIXEWE f(p) =q € Qa, I
PLQ, C Qq, FIFEAE Qo C Qy, B Q) = Qa, ATV HLI.

B TR IR BN “HOREAR” EHHE) (1)(2) PN, WISRAE, SR LT A
fER]#32) S HhRRHEAER R S K HORHEEAE —— X N .

(1) % f(P)CQ<S, M PCfYHQ)<R, H P RAHFKIHEH fF1(Q)=R, N f(R)=Q, H1 f &
WA f(R) =S BT Q = S, W f(P) W KHEAE.

(2)/ e f—l(Q) C P4R, ) QC f(P)qS’ | Q S AR AR f(P) =5, nm p= f_l(S) =R,
F(Q) KA.

P79.14 & [ <R, KilE R/I hRBEABHA G P/I, Horh P & R hERBEEIFHES 1.
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. f:R— R/I,avw a ZlAE ker f =1, H E—/AIE.
P79.15 m > 2. RAEIR Z,, = Z/m7Z W14 3 HARRIAR K HE AR,

M. 13 8, RATAFEGE Z T EE mZ K2R AN POCE AR,
Z AR E AR (a). &5 mZ = (m) C (a), W a | m.

o« BT (0) B Z WREMSEY o BB, FHX m BITEETHR m = po - po

(p)/mZ R Ly, Ho2 RIS,
o BT Z EBEA Z O R, O E RE

Ex2.1 &YX R = {Q: (ao,a1,~-)|ai € R,a; =0g fori>>0}. & X

Q+b:(ao+bo,a1+b1,"')€R

a-b=c=(co,c1,"),¢ :Zaiblﬂ‘ € R,VI

i>0

IR R 2. UEB: R FMT Rlz).

101

-y

IER. x 2 Rlx] BAERTT, XTA Rlz] 25— S KIMFEZS, FIE T o MFEESR 0(x) 24
&, AV 2ME 7 XAFES. BAR,0(az™) = 0(a) - (0(z))", Hh a € R HH 0 [REIE R

Ewiy R 2 S ) IHFE.

SESCRAZ 0 R[z] — RO(z) = (0,1,0,0,---),0(a) = (a,0,0,---),a € R, FUNIRATER 0 2

A, R L AH
00> air’) =) 0(a;)(0(x))
=0 =0
= (a:,0,0,---)(0,1,0,0,--- )’
=0

:Z(a“o’o’...)(o’... ,0,1,0,---)

it
n
= (07"'7070'72707"')
et e —
=0 i~
:(G’Oaal)“' ,CLn,O,"')

P NORIUEE 2 — AN XUR

o B XITF (ag, a1, an, ), HHEX Q(Zaiazi) = (ag, a1, ,an,0,---).

=0

o B DD ant =) bl HE LRB o 5 by XRARE. FUCEATR A,

i=0 j=0

Ex2.2.1 fEEHES X, R ¥, Map(X, R) HIREIA.
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IEB. B RUHUE L Map(X, R) b RIIEAIR:, i Ansedk s 2 K B 4k & 5 R, I Map(X, R)
SOSELS O
Ex2.2.2 ev : R[z] = Map(R, R), f(z) — [ =HFZE.
TER. BAEPAN AL ev(f(x) + g(x)) Al ev(f(x)) + ev(g(x)) MEE, RIEEATTERE S AL T HUE A .
eva(f(x) + g(x)) = fla) + g(a) = eva(f(x)) + eva(g()).
[] R A IE
eva(f(2)g(x)) = fla)g(a) = eva(f(x))eva(g(x)).
MXA ev(l) =1, JAHH 1 8D R HITsmBUK 1 BB
It ev IR ! O
Ex2.3 Clz,y] #, & p = (z), Wil p £ REAEA SRR,
. AR f(z,y),9(z,y) & (x), W f(z,y) F g(z,y) HEDAFE—ANDBLIURE o, EEIHHF y BIK
o, A
f(z,y) = f(z,y) + any™ + lower terms,
g(z,y) = g(z,y) + bpy™ + lower terms,

)
F(@,9)g(z,y) = fg(a,y) + anbnuy™™ + lower terms ¢ p,

Bl p 2R HHAR.
H p ARMWAKHEAR, ZKZEN p C () + (y) <Cla,y] H 1 ¢ (2) + (y). O

Ex2.4 iE#: XT[EEN a €k,
klz]/(z —a) = k.

WAL ESL 0 k[z]/(z — a) = k0([f(2)]) = f(a).
o WAFRFEM. 7 (z—a) | (9(z) — h(z)), W g(a) — h(a) = 0, B g(a) = h(a), FEILZ R 5E K.
o UEWIRIRFIR.

I RS A E B0 S 3 A4 !

Ex2.5 % 0: R — S WD, W 0 [REHBIAFL 0 : Rlz] — S[a]

PER. EX O(r) = 0(r),Vr € RO(z) = x, IEWMRAIE E2x2.1 PRI H—EE, i

azpﬁwziﬁ@mamVZE:%mﬂ

1=0 1=0

SESCHORIT 0 SR IRIA A, XA T BLIOUE, KA S 75 B0 2 i M o 2 3RAT 52 3 O
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P101.1 Wk D NEEMMEARE, KiE D] A2 3 HAREEIA.

. WAEEW T a € D AR, Wi F (a,2) A2 FHAR.
B (a,z) = (f(x)), A () C (f(x), W f(z) |2, W deg f <1, # deg f =1, M f(x)|a, F
J&. Ik deg f =0, B f(x) =bb|a O

B, WAREN T o € D A, WS (a) 4 (z) ARTFAE

B (a) + (x) = (f(x)), B4 (2) C (f(2), W f(z) |2, W deg f <1, %7 deg f =1, M f(x) | a,
FE. B deg f =0, BI f(x) =bb | a. W (x) C (b), W b |z, W b &, W (a)+ (x) = D[z], HiX
RTER, BN 1 ¢ (a) + (). O

P101.2 iHfiE 3 Z[z]) f1 Qx] K H [FIRIEE.
o AutZz] = {Id}.
o AutQ[z] = {plp(r) =7,Vr € Q,p(x) = qz,q € Q}

P101.4 2z + 2 £ Z[z] FH Q[z] HRET N L)I0?
2% + 1 76 Rlz] F Cla] HRGNARLI0?

B 2z + 2 1E Zla] HONTTLITE, BONETT LS 22 +2 = 2(x + 1), T 2 Al @ + 1 7 Z[z] FEEAR
AL 22+ 2 7E Qz] TN ARAILIE, T 20+ 2 BIRECH 1, Bk 22 4+ 2 HAEM S AR B85
5 WE AT, T Q hidE B HE R T T, B 20 + 2 78 Qz] T AT AAHE, i AR
CIEAb

2% + 1 7€ Rlz] FOARATLITE, B E AR RS R A — R RITRAL (2% 4+ 1 7E Cla] 14
W47, BN ERIEF SR 2° +1 = (v +1)(z — ). O

P101.7i&f:2a:ciez ]%ﬁl%lﬁﬁpﬁj%%{ Lha %R a € Z EAXWARAS 2 — 2, =
Z)pZ 2 FHIE, T4 =Y @’ € Z,[a]. KilE:

(1) WESRIHAZREL p, f (@) FE Lpla] ALY, W f(2) E Zla] HATTLY;
(2) WR fx) A Zx] PHRE 1 2T, WK (1) PRSI0 S RAL?
PEH.

(1) # f(x) T Zla) DL, W f(2) = gla)hlx), B f(x) E—TTHEH g(z) B h(a) H—. FI g(x)
R () 2EERAA TR deg KTET 10 F(z) = gla)h(a) AT RIMR,T 7E Z,[] &
AT, I

(2) AHOL. e Z[z) FIATLIE f(z) = 2z + D) (z +1) = 22% + 32 + 1, EEHARAE Z — Z,
T f=2+1 R4,
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4 FEEE
Ex1.1 9(%fc]1(f, 9)) = g{c[rog(H(f), 0(g))

EH. W d(z) = %[cc]i( f.9),D(z) = %‘ﬂ(e( £),6(9)), TATIGE 0(d(2)) | D(x),D(x) | 6(d(x)). EiE

EX IR R RAE K z] FIES e,
7y d(x) BB f(x) M g(@), Bk 0(d(x)) B 0(f () M 0(g(x)), #HRA B E XL0(d(2)) |
D(x).
i Bezout %3, fF7E u(z),v(z) € k[z] M5 d(z) = w(x)f(z) + v(z)g(z). BIHE Kz] F
A 0(d(z)) = 0(u(2)0(f(x)) + 0(v(x))0(g(x)). FN D(x) | 6(f(x), D(z) | 0(g(x)), FrEk D(z) |
0(d(z)). O

Ex1.2 iEBZ R & 12 2 nE—1k.

TER. FRATER 6 06 = 6, XFERMNFATE T 6'(\) =0(N\), HH ek

AVER 6'(u) = o BT K 2 E-ZME20, IR EA —HE {Tuu?- - w7, Hdin =
deg f. 1 &' (u') = (6'(u))',1 <i<n—1.

DU FRATT R k03 1 6" FEFTA TR BRI AR, I 07 2 2 20— 7). O

Ex1.3 iE#: R[z]/(z*+1) = C.

BB 5B W 0 : R[z]/(2? +1) = C, f(z) = azx + b= au + b+ ai +b.
H i REREE, R ax + b ME—, FIHZBUEE R ER.

o fRhnik

9(@11} -+ bl + Qa9 + b2) = 9((0,1 + CLQ).% + (bl + bQ)) = (a1 + ag)i + (bl —+ bg)

=(aii+b1) + (agi+ b2) = 0(a1x + by) + 0(azx + bs)

° ﬁtﬁ?ﬂg‘ i/%_l: ElééiIEHJaﬁ (alu + bl)(agu + bg) = (a1b2 + agbl)u + (ble — a1a2), LH:

9((a1u + b1)<a2U + bg)) = 9((&1()2 + agbl)u + (blbg — a1a2>> = (a162 + agbl)i + (blbg — CL1CL2)
:(ali + bl)(a2i + bg) = H(alu + b1>0(agu + bg)

o HYf.f(z) €ker® HHAY f(z) =0 mod (z° + 1), Bl f(z) = 22 + 1 = 0. K2 HG.

o . XHMEE ai+ b e C, BHIIE 0(au + b) = ai + b, FHIZHH.
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Ex2.1 Fy M3,

i
0 1 2 U 1+u 2+u 2u 1+2u|2+2u
0 0 0 0 0 0 0 0 0 0
1 0 1 2 u 1+u | 2+u 2u | 1+2u|2+2u
2 0 2 1 2u [2+2u|1+2u u 24w | 14+u
u 0 u 2u 2 24u | 2+2u 1 T4+u |14 2u
T1+u |0 14+u |24+2u| 2+u 2u 1 1+ 2u 2 u
24u |0 24+u [I+2u|2+2u| 1 u T+u | 2u 2
2u 0 2u U 1 14+2u| 14w 2 242u| 2+u
14+2u|0|14+2u| 2+u 1+u 2 2u 2+ 2u U 1
242u |0 |24+2u| 1+u |14+ 2u U 2 24+ u 1 2u

Ex2.2 iE#] U(Z[w]) = {£1, +w, (1 + w)}.

PEA. FRATEH— M — B4 8. @R size functiony Wi 2 p(ab) = p(a)p(b), M z AL E 4
R p(r) = 1. GRIEGIXMAZAE — DN REKM, HaatRASIE
B p(ab) = p(a)p(b), & a =16 ¢(1) = 1. & zy =1, W p(x)p(y) = 1, W o(z) = (y) = 1.
BARBIARE R, % 2 =a+ bw,y = ¢+ dw, I

o) =a®> +b* —ab,o(y) =+ d* — cd,
o(x)p(y) = a*c® + a*d® + b*c® + b*d? — a*cd — b*cd — abc® — abd® + abed.
ry = ac + bdw? + (ad + cb)w = (ac — bd) + (ad + cb — bd)w
o(zy) = a®P+b*d> —2abed+a’d®+c*b*+b>d* +2abed—2abd® —2b cd—a® cd—abc® +abed+abd® +b* cd—b* d*
o(zy) = a*? + a®d® + AV + b*d* — abd® — b*cd — a*cd — abc® + abed

W o(zy) = o(x)e(y). Hit z AR NEZMAZ o(r) = 1.

War=a+bw W o(x)=0a*+b*>—ab. %5 a* +b* —ab=1, W] (a —b)* =1 — ab.

BHEH UZw]) C {1, £w, £(1 + w)}.

BHWIE1-1=1w -’ =1,1+w)(~w) =1, Wit UZw]) = {+1, +w, (1 + w)}. O

Ex2.3 W] Z[v3] R LRAGEHE Z[V5] T2
EH. B =a+bV3, XL N(z) = [a® - 30?|, RFEEIXT r =m+nv3, Hf jm|, |n| <

1 N(r) = [m?® — 30% < z < 1. Bt Z[v/3) BB L A
FHIE Z[V5] AR LR, HTERE 2 £ AL 00, HERERG, BN 2 | (VE-1)(V5+
1,524 (vV5-1) H2f(5+1). O

, &

N | —
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Ex2.4 iE# Q(v=3) = Frac(Zw))

B, H V-3 =2w+ 1, BRE Q(W-3) = Qw), AL R FTFIE Q(w) = Frac(Zw)).
B2 53 SIRZ . CRHIFFE HRIRA ¢ @ Zw] — Q(w), BAFERFEZ ¢ : Frac(Zw]) —
Q) BIESE ¢(2) = o(y)(p(=) 7" TEH A FIERECRIBN. AR ¢ = T+ “w e

b d
d+b ~
Qw),z = (I—;)_Tcw, Yy = ad + bew, z = bd, N (p(%) = 7. 0
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5 F£hLE
Ex1.1 % p=a® +b* 40 4k + 1, 2 a,b > 0, IEHH
Z[i]/(a + bi) ~ F,.

. WS, Z0) = Z + (a+ bi). WS ROL, B8 R e 2,
Z L+ (a+bi)

= Zrtarm = (ato) - Zlil/la+bi).
TNUEWT S, AFRUE i € Z+ (a+bi). T (b,p) = 1, /#1E u,v 13 ub +vp = 1. FHH S(u(a +
bi) +vp) =1, Il i € Z + (a + bi). O
P92.2 53 K 60 Al 81 + 8v/—1 1E3K Z[V/—1] "/ il Al £ 2 AL

fi& .
60=2*x3x5=(1+i)21—-1)*x3x (2+1)(2—1i).
T N(81+8i) = 5% x 53 = (2 +1)*(2 — 1)*(7 + 2i)(7 — 2i).
M 81 4 8i =1(2 +1)*(7 + 2i). O

Ex2.1 Z[v/=3]/(2) ~ Fy[z]/(2* + 1).

. _ Z[)/(=*+3) o Zlx] o Z[)/(2) 5 7
BRIV @) = o e ) S e s S ma o) S /et D 0

Ex2.2 ¢ € R, WEW] R[z]/(c) =~ R/(c)[z].

. HARFR ¢: R— R/(c) 5% THFZE ¢: Rlz] — R/(c)[z].
H o WA ¢ 2.
f(z) Eker g <= f(z) = 0 <=c BHETARY <= B f< f(z) € ().
H A EE A B BN Rz]/(c) ~ R/(c)[x]. O

Ex2.3 FE klz,y]/(y* — 2°) = A, K A (1 k-F£, A & UFD?
IEBA. BIPAEHBA e 4 SR U
Ex2.4 o : Z[z] — Z[x),f(z) — f(z + 1), iEB o & H [,

. WS, MMEE a € Z,o, : Z]x] — Z[z], f(z) — f(z + a) NHFZ.
AW E AL, 00 00 = 0_q 00, = idg, FTEL 0, AR
TUET .

c o(f)+olg) =fle+a)+glx+a)=(f+g)(r+a)=0o(f+g)

e o(f)-o(g) = fx+a)g(z+a)=(fg)(x+a)=0c(fg)

P102.11 ¥ 2" — 1(3 < n < 10) 7£ Z[z] FERKF T 7.
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2 —1=@—1)("  +2P 2+ +2+1)p=23,5,T.
— f@)=a? '+ aP 2t x+1g(x) = f(z+1)=2P"" mod p.Eisenstein.
1= (- 1)(x+1)(2*>+1)
— 2” + 1 E R WEMRMIGTE Z TR, IWiiA T2y
1= D+ 1) =@ -+ (@ +z+ 1) (2> —2+1)
-2 +r+12° —x+ 1 7 R PERAIGTE Z hLR, WA,
2P —1=(z—-1)(z+1)(=*+1) (" +1)
— f(x) =2+ 1,9(z) : f(x +1) = z* + 42° 4 622 + 42 + 2.Eisenstein.
2 —1=(x-1(@*+z+1)a°+2°+1)
— f@) =2 +2° + 1,g(x) : f(z+1) = 2° + 62° + 152" + 212° + 182° + 9z + 3.Eisenstein.

2 —1=(z-D@+)@@"+2°+2°+z+1)(a" —2° +2° -2 +1)

P102.12 % D H%3IF, f(x) € Dlx],c € D. Kilk:

(1) f(z) £ Dlz] AR <= f(xz + ¢) £ D[z] TARJR;

(2) f(z) {E Dlx] FANY) < f(z + ¢) £ Dlx] FAT L],

TR

(1)

o ETRARZ AR, Mk D Ny UFD.
o WEIE p 2 f(x) MRBAET <=p 2 f(z+c) WREIAF T, NI f(2) 5 f(z+c)

HHARAE. AFREE =, 75— ¢ = —c BIf5.

XFf BREGHAT VA 9h.

Hdegf=1H, % f(z) = a1z + ao,f(x +¢) = ez +aic+ag. £ p|ar H m|ap, W
pla H plac+ ae.

WY deg f =k > 1 W@, BHE deg f = k + 1 BHAOL. W f(2) = appra™™ + g(2),
Hrfdegg=k. flz+c)=arm(z+)"™ +gl@+c). & p|ary HEERR gx) FIETR
B, WS p WERR f(z+ ) METREL

[z + ) REREIRITAEN api1,p | apsr

MEE f(x+ c) BIHARRIN RE, SATHPIBUNERHARNK, £—IEAHET appq, NTH
p BERR, 5 I g(x + ¢) MR RIRITHT R AL, hIHgNERG, fli p R, M Py I ik
Wy p BER.

(2) flx) RIRRERNDL f(x +c) KD TS o, £ TBAER A Jrel f(o) RA

NI HANE f(z+ ¢) RAEF .
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6 LA

Exll® @& 0:k— K 20 :k— K FEYKEW, EHA: o e K 17E k EARECSHACY
ola)e K £ k EARREL H o 5 ¢(a) AMHFEMENZ I

. RFIEH o MEHZ IR o(a) BEAZ T
% f(z) € kz] & o FERZT, W 0(f)(a) = Ok.
14 o 1 BB, 550 0'(f)(0(e) = 0k, B f(a) A o(a) MIEALE TR,
FEEATIE o(a) MEHZ AN E o NEAZ T FIE. O

P111.1 % F/K NPk u e F £ K E&FRRBOCER. RiE K(u) = K(u?).
iEH. B K(u?) C K(u), ATIE K(u) € K(u?), AFIE u € K(u?).

RBGIETEEY. & f(2) 2 u BN Z I, WUl f(a) P MEERIHE N g(x) = ¢'(27),
B f(z) BT & BORI0EN - h(z) = o - W (2?), W f(z) = ¢(2%) + o - K (2?). BT f(2)
R, I K (22) # 0. F f(o) READZHR, UL K (W?) # 0. 4 ev, (ERTFIIEE]

F(u) = g'(u?) +u-h(u2) = 0, W u= —Z/EZ% € K(u?). 0

P111.2 g sy 5k F/K BB, 15 F = K(u,v),u Mo 352 K FEEGEK, B2 F 2 K(2, 12).

EH. FE K = QF = Qe,2e) = Qe) = Q(z1).Q(z1,72) = Q(z1)(w2). K ¢ : Q) —
Q(1)(w2) EFH, Wi S AT 7K 0 : Q1) — Q(z1) A K 0" : Q(x1) — Q(x1)(22) 1T ¢ 52
O 0" Z AN kAR, RFEH 0 ATEFEBUY 0 = po 6. Bt o AL EFEW, 2 Q(x,) 1E
N Qo )-ZRMHERFRARYE (145 [19,Q(21)(22) BN Q(a)-EME RIETCIRAER), 7). O

P111.3 ¥ p NEHL, 2 HIRT K Q(e2™/7)/Q Al Q(e>™/%)/Q kL.

B 2P o+ LR 2t LRI TP R 2SR Q RIS AT Z IR, AT A AN
PIREIRE 59 p — 1 F 4. O

P111.4 3RICHK o 7E3 K RN 2T, Hb
(1) a=vV2+ V3 K =Q;
(2) a=V2+V3,K =Q(v2);
(3) a=V2+V3,K =Q(V6).
ft. B a8 K BIRNZIEA f(2),Q(V2+V3) = Q(V2,V3) = Q(v2, V6).

(1) deg f(z) = [Q(V2,V3) : Q] = 4, 1 2* — 102 + 1 & V2 + V3 HE®ZHNR, W f(z) =
z* —102% + 1.

(2) FH f(r) =z* — 102% + 1.

(3) FH f(z) =22 +2V6 — 5.
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P1115 & u BT K FENM I, FH o 78 K EARE. Wi f(2) N w £ K B2 T
fl@) A K] PATLZHR. k2, # f(z) £ Klz] 1 1 ATQL2HR, 3FH f(u) =0, 1
fx) N ufE K _ERIN 2.

EH. #F f(z) BufE K LR Z0. W f(z) = g(z)h(z), WEH g(u) =0 5% h(u) = 0. A5
g(u) = 0, W g(ax) | h(a), T f(x) | g(a), BIE f(x) = gl). AT f(z) TATE.
Rz, B g(x) A utt K ERRNZIA, W g(2) | f(z). T Klz] 2& UFD, % g(z) = f(z). O

P111.6 ¥ u 28 K MFEY s, 70 2" —a & v £ K LR Z 00 5T m | n, 3R o™
T K Ltk /2 1.

FEH. B ™ BIRNZ RN f(2), W f(z) | 2™ —a; T f(2™) 2 u BERZTR, Fik 2" —a |
f(z™). #a™™ —a | f(x). Wk f(z) = 2™/™ —a. O

Ex2.1 iF# Q(V2),Q(V2w),Q(V2w?) {EHN C IR B A, (BAE A 5K 2 [ H 1.

PER. V2,V 2w,V 2w & 2 — 2 [=AMR.

BARA V2w, V2w? ¢ Q(V2).

Wi, V2 ¢ Q(V2w). HARRQ(Y2) C Q(V2w). BT K Q — Q(V2) — Q(V2w), BT
[Q(V2) : Q] = [Q(V2w) : Q] = 3, FTLL [Q(V2w) : Q(V2)] = 1, Ik Q(V2) = Q(V2w), TJ&.

A ATE V2 ¢ Q(V2w?).

B V2w e Q(V2w?), M w e Q(V2w?), T V2 € Q(v2w?), FJE.

FIELANE V2w? ¢ Q(V2w).

I Q(V2),Q(V2w),Q(V2w?) 1A C KT A . 0

Ex2.2 Q(vV2,V3) = Q(V2 + V3).

Y. BARH Q(V2 +V3) C Q(V2,V3).

1
ﬁﬁ\/iJr\/g:f—\/ieQ(\/iJm/ﬁ), B Q(V2,V3) = Q(V2 + V3). O

Ex2.3 2° — 2 € Q(w)[x] ANFT#.

B Wa+bw Nz -2 R,abecQ N (a+bw)? =2, 15

(a® + b* — 3ab® — 2) + 3ab(b — a)w = 0.

_ _ 3 3 3 2
T aP+5° —3ab’—2 — 0, 3ab(b—a) — O, fi#fE { © N Q4T V2 V2] V27, a=
b= V2/V2w/V2w? b=0
b= V32 — 2w/ — V2w WAL, PR, MR T4, O

Ex2.4 Q =2EUA .

B9 LR f(x) € Qla]f(2) 7E Cla] L5 %, 0 f(x) = [[(@— a:). T f(2) € Qlal, # a; € Q.

i Q 76 Q FARKLQ 76 Q AR¥L, % Q 76 Q LAREL #h a; € Q, B f(z) 1E Q2] L5e4aNE. O
P112.9 % K A¥fu € K(z),u ¢ K, 3KiE x 138 K(u) B
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Y. W ou = %::ZZJ; A apby # 0,m +n > 0, M ioax —u (jf;bjy) =0, HF
u € K(x)\K, W LAIEZZ I AZLZ A, Bt o 78 K(u) EREL O
P112.10 % u &2 Wi 2® — 62 + 9z + 3 —NLAHR.

(1) RiE [Q(w) : Q] = 3.

(2) B uh, (u+ 1) (u? — 6u+8) "t KRk 1,u,u® ) Q LkitkAE.
TEBA.

(1) FH Eisenstein FIANERD 2° — 62% + 9z + 3 A2y, 1T [Q(u) : Q] = 3.

(2) o u'=27u® —57u — 18.

1 7 16
° 1 -1 - - L P
(w+D)™ =gmw - put
O
. 3 .
P112.11 ¥ u = T i [Q(z) : Q(u)] =?

. fly) =9 —uy—u € Q(u)ly] & = £ Q(uv) EMENZ I, HT Qu] & UFD, H Q[u]/(v) ~ Q,
Bl w BATTZ)70. H Eisenstein HIAIVE f(y) £ Qully] FAT L. WFIAE Q(u)ly] LARIL. #K
[Q(z) : Q(u)] = 3. O

P112.14 ¥ M /K 5K, M 8K u,0 252 K LI m KA n RBOTR F = K(u),E =
K(v).

(1) 3RiE [FE : K| < mn;
(2) WH (m,n) =1, W [FE : K] = mn.
TEFA.

(1) % u,v £ K IR ZIES 008 f(2) M og(x). HT f(z) & u E E=K(v) FIZEHEZD
X HY [FE;E) <degf =m. Wt [FE: K] = [FE : E|[E : K] < mn.

(2) m=[F:K]|[FE:K|.F# n|[FE: K]. HT (m,n) =1mn | [FE: K|, i [FE : K] < mn,
M [FE : K| =mn.
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7 EtHE
Exl.1 f: R— R ZWFRM,I<R, N f S R/TE R/f(I) FI—NIRFM.
JEB.

o HEIRINE f(I) & —ANEEAR

— XMEE f(a) + f(b), H a,be I, BT T A, fZHFW, el fla+0b) e f(I).

— MAER f(a),s, Kth ael,se R, T f W, FIUGFE re RIERS f(r)=s. BT T
A Bl ar € I. T f(a) - s = f(a)- f(r) = f(ar) € f(I).

o K& o R— R/f(I),r— f(r)+ f(I).

— BRI RIFE S SMEZE r— " € Lf(r) — f(') € £(I), B2 R4 5E L.
— o #WFEM f: R— R MBARYS = R — R'/f(I) IMEE, NIZHFEZ.
—rekerp=f(r) e f(I)<=rel.

— HASHATHE ¢: R/T — R/ f(I) ZIFRFM.

Ex1.2 Fy ~ Fy ~ Fy
IER. Fslz] HHIE AL ZIREHARA =1,
file)=2"+1,fo(z) =2 +2 -1, fa(x) =2 —x — 1.
FHRIHE, FATAT ARG H =4 Ty,
0, :Fy — Fsfz]/(2® +1),u:=2+ (2® +1),u®> + 1 =0.
Oy : F3 = Fsfz]/(z* + 2z —1),vi=2+ (@ +2—-1),* + +v—-1=0.
03 :F3 — Fifz]/(2* —z - 1), w=2+ (2 —2 - 1),w* —w—-1=0.

RIAIE F(u) ~ Fa(v),u 7E F3 LRERDNZIEE 22 + 1, ERIPEBOL L IE 2 2° + 1, 78 Falv]
NEG 2+ 1=(x—v+1)(z+v+2), T2

o :F3(u) = Fs(v),ur—~v—1
& Fa(u) 3 Fy(v) BIFERIBES. FIEAHE Fi(u) ~ Fy(w). O
Ex2.1 3K Aut(Fy).

it 2?2 +1=(z—u)(z— 2u).
BRIt Aut(Fo) RAMWANITER, —NEFBR, — K u B 2u. O
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Ex2.2 k =F,(t),2" — t € k[z], UIEBI'EARA 4.
TR

S8 7.1. XL F MR IEAEZRK pac F. W 2P —a REE Flz) PRTY, AEAL Flz]) +—Kk %3
Koy p RF. FAMAFAT—MHEH 2P —a £ F LORTH SmK

WL W E N 2P —a fE F ERSRIE, W E RRHERA p.
W b,ce BN’ —a MM, WP —c? = (b—c)’ =0=b=c, \fi 2”7 —a = (z — b)*.
HobeF, W 2P —a N (x—b) € Flz] B9 p K.
Hbg F,WE a? —a 1£ Flz] WAWY, NZ F ERAT 7 2T
WATE Flz] WA DR 2F —a = f(x)g(z), ERIE Elx] FREFERAL, BT f(2) = u(x —b)* € Elx].
BA f(x) € Fla], bl u(z —b)* € Flz], TUAEBAL v € F, HEI +ub® € F, \ifi v* € F. H

bW =acF,kp) =1 MNilibeF, FJE. O
FIBIAM, B b e kR B = ¢ RBR b — %) B mP(t) = tnP (), LBem DK
p(degm — degn) = 1, IRMNAFAEIXFERT b. BRIk 2P — ¢ AAT 4. O

Ex2.3 1F Fyo[z] H 0l 2% — 2.
. SefE Zlx) T 2% — o BHATVIE i
2% — 2 = 2(2'® —2) = 20 (2)P3(2) D5 (2)D15(2) = z(z— 1) (2> +x+1)(z* + 23 + 22 + 2+ 1)DP15(2).

T Folz] HETA R 4 RE— 200, AN 0 A T, i i 4R 7, SR v a3
—I 2 AL ZIAZE 22 + 2+ 1, WHFTTE 2 + 22 + 1. LR ®5(x) ZAME 4 IRAW 4%
WA 2 o+ 1 f2* 4+ 2% + 1.

FrUATE Fy[x] H

2 —z=2@+])@*+r+ D" +2° + 2 +r+ D@ + 2+ D)(a* +2° +1).

Ex2.4 dy,dy | n, IEM Ey4, N Eq, = Eg, ay)

PEH. 8 d = (di,do), WAELE a,b 153 d) = ad, dy = bd, F71E u, v 15 udy + vdy = d.
W e € By W a®(e) = (0")(e) = e, MMl e € Ey,. ¥ e € Eq,, FI Eg, 4,y C Eq, N Ey,.
W e € By NEy,.0%e) =c"“1%2(e) = e. Kk By N Ey, € Ey. O
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8 H/\RBABE/UXEIFET

. % g(z) = f(2)h(x),h(x) € Qlx], W h(x) = ah/(z), H a € Z,h (x) € Z]x] RAJR LTI, 1

t Gauss 510 (2) £ () = P70 B0 0 = 1, 9L 2] 1 f(2) | o). 0
Ex2 2" — 1 = f(z) - g(z) - h(z) € Qlz], AHE h(z) € Z[a].

Y. PERE o0 — 1 RARLTR, t E A, .
Ex3 i Fo = Fola]/(e? + 1) R 7 0,1,2,u, 2u 4h, A TTEHITH 8.

ST BN FL R 8 WHESRRE, M08 0(9) — 4 A~ 8 BT, ML BN 8. 0

Ex4 #i&—A~ )\ .
B BHIE 2° + 2+ 1 7E Fy LA L), L Folz]/ (2% + 2+ 1) &2—/\Jti. O

Ex5 FH Fy EAfBRA < 4 AT 22300

TERF.
e —zx,z+1
— 2+ 1,284+ 22+1
— 2+ttt e+ 1
e —zz+1l,x42
— 2?4122+ +2,22+2x+2
O
Ex6

(1) BT f(z) & Fyla] PRE - ATAZIF,[u] 2 F,ylz]/(f(z)) /& ¢ =p" Jtik, H Frobenius
H [

op : Fplu] = Fylu],a — a”,
H o, BIBECH n.
& flx) = aa’, WY au’ =0, AIfi
i=0 i=0

> ai(od(w) = o) (> au’) =0,7j > 0.
=0

=0
B o) = u' S f(z) AR, T oy BOBEA m, B oo R f(a) PR RN,
(2) HI (1) 1 ol (u) € Fifu] 2 f(z) MR, BT Filu] ZEARE (07 (w)) HR Filu] MAERIT.
(3) th (2) 1, —AKEETAA n A Fye MREBOEHTT, 0T B 4 o(p — 1) AMERE, 1
£y, ks A0 U 4
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9 HifhEid
—. %J& Gauss BHOF R=Z[i] L& K = {a +bi|a,b € Q}. BIF 5k E/K i
(1) B K AT R 5 R88.
(2) B R HOFTA TR, B0 ILL T-BF R0 — o R 4237
(3) £ R ™, IHREHE K AK T ged(4 + 71,4 — 3i).
(4) TFEREH R/(4+ Ti,4 — 3i) MIBNYEL
(5) ZIERFF S = R/(4— 3i). IR& S MO HAR, HEH5 L Ay Z A,
(6) HIWIHFIRIE: ZHRK o' +2° +2° + 2+ 1 € K[z] RBEATA.
(7) IHHYEE dimg £ = [F : Q]
(8) HIWFIFSIE: 3 E FIMEE Aut(E) £755 Abel B
EH.

(1) FIEARIRAN ¢ R — K, By REHEBHAZ T, FracR — K = Q[i]. {H K T AH Q
M Qli], B HHE i € FracR.

B AT DLIE A A il
(2) S, = {a+ bni}. BIE S, A1 S, &EFH?
UFD Rf 7 Ml Z[i].
WAEEUL S, A& UFD,n # 0, 1.
(ni)(ni) = —n® = —p?---p}
(3) 2 +i. HyE?
(4) R/(4+T7i,4—3i) = R/(2+1i) = Fs.
(5) HIXSRLER,S B ——X N T R LS (4 — 3i) BIFTA ERAE.
(6) “F#,2 +i H Eisenstein #5172
(7)

(8) 1 RPUUCRRIR, ¢ AU RIR Aut(E) C Aut(Q(és)) (TSZ LIS . 3P Aut(Q(én)) f2
ST

L ER)\ U Fy = Fyfz]/(2® + o+ 1). ik u=z. T2
(1)
(2) Fslz] HIAEZDANE — I ZIRATAZTIEL?
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(3) BZIA 2® + 2+ 1 7F Fg T AT L1500 fR, 45 HRILE.
(4) K2 2'° + 2 75 Fg[x] FAT AT L0, 4 HRIE.
(5) WL (u2+ 1),
(6) HEEWI R = TFyly]/(y® + o2 + 1). iHFRIEIH BAMIER M R ~ Fs.
ER.
(1) BEEsERR b AL ARUE A BREEIN 2 K. [Fs, Fo] = 3, IFHA 1,3, 2HIX N Fy fl Fg.

(2) ZkZ W 2 + ax + b HH 64 4. WAL (2 — o) (z — B), FH CF +8 =36 1, FA
AR 64 — 36 = 28 4~

Hik: 2 —x =] [ flo) ZIHORER F, L1, F92 00 F,. BIEH.

d2 dRATT

(3) B%1 v s& 2° + 2+ 1 B, FH Frobenius H MR H] v Fl u* HAEAR!
(4) o WH2'+2° +2° + 2+ 1 7E Fsla] TATL. HEAMR
(5)

(6) Fen)me
%-LIE: Fz[y] — IFQ[Q?] — Fg.

= HE- AR K =Q().E =Q(tY) N K g ¢ R/ Tk
(1) iEW: B B AT K.
(2) HHEEY K K/E K44 dimg K = [K : E).
(3) WHEEY K K/E AFRME Aut(K/E) R4
(4) FIWOIFLIE: Q(t*) LRMEMT BRI TN K LR ERE?
TE B
(1) o3 RIZ PRI, SHUE: B4 oK I 4 4 e 2.
(2) Mfta t* RFE? A QY]/(t*) = Q, ATLLRMKHAR, ALl % .
(3)

MU. % R NEIR, i R* = R\ {0g}. WRIEWI LL R4
(1) ¥ R AEHAEEIL PID.

(2) FFAEWU ¢ : R — N2 Motk X T1ER a,b e R, EHA4 b a, BALF{EE MK 6,7 € R
13 ¢(ad — by) < ¢p(b). GFE: PiFE AT AR A & 4ED
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10 FTEBE/URGEHEED
Exl.1 fE& n,m € Z,a"™™ =a" - a™.
PR, X ARG, AR T .
Ex2.2 5H X(0O) FIERRHRIITCE.

(4 % C 0) C v (0 —j
. : ; ; :

o 1)°\o —-1/'\1t o/’ \-1 o

P11.17 iEBIA BEOINAE Q FAEREHERIER Q° AFM.

EA. WAERICR a € (Q,+), FAE b 7 b+ b=a;
EXEEILE a € (QF, x), N1 b 3 bx b=a.
Ex21# G=| |Ha;, W G =] |a;'H.
el el

B, HATAEY ;' ¢ a; ' Hi # j.

% a; ' € a;'Hyi # j. WAFE h € H f#13 a7 = a; 'h, i a; = ha;, TJE.

Ex2.2 % f MRS & ac G, f(a™") = fla)".
Y. f(a')f(a) = f(a™'a) = f(1) = 1.
Ex2.3 ¥ f BRI, W f~" W B

B ATH o/ b € G, 771E a,b 13 fla) =d',f(b) =V.
f7HY) = f7H(f(a) f(b) = f~(f(ab)) = ab= f~'(a) f~ (D).

Ex2.4 % G =Z#, iEW 0 : G — G, g — ¢ ' RERISYHNY G & Abel B
JEBA.
o W o BBAS. ML a,b € G,ab = (a b~ ")~" = ba, M\l G 5& Abel #.

o W G & Abel B N (ab) P =b"tat=a "0

Ex2.5 /£ G x H ',
<ga h) = (1Gah) ' (galH) = <ga ]-H) ’ <1G7h)

iERH ord((g, h)) = lem(ord(g), ord(h)).

. % d = lem(ord(g),ord(h)), WEIR ord((g, h)) | d.
Fy—7J7 M ,ord(g) | ord((g, h)),ord(h) | ord((g,h)), MM d | ord((g, h)).

Ex2.6 iEW] V, ~ U(Zs).

ER. (1,1) = 1,(=1,1) = 3,(1,—1) = 5,(=1,—1) — 7, FZWIUFZ[FH.
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Ex2.7 IEH C* ARG

. C* 5 Z ZMAFAERNU, Bl C AR RE 2R O
P17.5 &% A, B £# G KA T8 RiF: AB < G 3 HALY AB = BA.

IEF.
« W AB <G.
fEHL ab € AB, W (ab)™' € AB, BIMZTE o't 113 (ab)™' =a'b/, M ab=0""a"' € BA.
fEEL ba € BA,(ba)™* =a™'b"! € AB, LA ba € AB.
e % AB = BA.

albl,agbg € AB.a1b1a2b2 = ala’lelbg € AB.
ab="ba,(ab)"' =a W' € AB.

O
P18.13 ¥ a,b /&t G MEEFAICE. WiE: o M o 'ab Al ba BHIFKIH
TEHA.
o Wa A dia™ IR do.l = 1% = (aa™ ) = (a™h)h, Kk dy | dy, FEE dy | do. R

dl - dg.

o Bab MBA diba A do.(ab)™ =1, 5 o', Fi5 a, 133 (ba)™ =1, T do | dy, [FI2E
dl | dg. .[H: dl = dg.

P20.3 Wik: AEAINEF Q AZAHRE, (Be FTEA IRAE K TR 2 AR
TR

o (EREATESL o, (EAEEEL b (67 2 = a. & a 2 Q MRS, I b R Q M RIE. AR
Wb £a B bt —a X SEREHRBIE R o B —a T8,
. {fgl 122} BB H ERITE. 4 d = scd(prgs, paqy), M Bezout L:f—;thdq c 0. Bif
1 2 142
d d

o P —m P < > 1 4 5 W S A
q1 4192 g2 q142 4142

O

P20.10 ¥ p R—ANEMG R o = 1,27 =1, 2" =1, MHTERIESETRE FIOBE
iE G IR TR A IR PR

. AL G, BT 27 = 1 MIREREERE TR, WAESEH Gic G Cc---C G, C -+, B
{Gn} IR G AT g € G, FFAE—DRAN n 15 g £ G, PH KL, BHEW g 2 p"
Broc, & G, KA. RN EERES S KR, LK EX G FERR TR H, fAEREHNIT,
TN H =G. frbh H §iean G, BZE BRI rIIa3ARE.

O
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11 B+—EABENX

Exl.1 N <G, N ~aNa ', F& a € G.

L. ¢ : N = aNa ',n+— ana .
o HEFIE.©(m)e(n) = ama tana™" = amna™" = p(mn).
o G AR

o Bt & on)=1, 8l ana™' =1, W n = 1.

Ex1.2 N<G, #FZ& f: G — HN Cker f. €3 f:G/N — H,f(aN) = f(a), iFW f KIE.
L. /TR aN = bN,ab™ ' € N Cker f, Wl f(ab™') = 15, W f(a) = f(b). O
P25.1 & G Z&EEXS (a,b),a # 0 HH Fe%
(a,b)(c,d) = (ac, ad + b)

B, WiE: K = {(1,b)|b e R} & G MIEMFHH G/K 2 R".
IEH.

o IF G 2HF.

— 455

(a,b)(c,d)) (e, f) = (ac,ad + b)(e, f) = (ace, acf + ad + b)

(a,b) ((¢,d)(e, f)) = (a,b)(ce,cf +d) = (ace,acf + ad + b)
— XL (1,0)(a,b (a,b), (a, b)(l o) (a,b).
— (a,b)(f —f) (1,0), (5 —f)(a b) = (1,0).
o FJERMLE 0 G = R, (a,b) = a. BHWIE ¢ RHES kerp = K.

Ml K 2 IERFH#E,G/K = R

—~

)
)=

P25.4 IXIERE G ITRECN 2 TR — 22 G IETHE.

e, W H<GH [G:H] =2, B4 a € GE1F G=HUaH.
BHE H< G, RFIEXMERE b€ G,bH = Hb.

e Mbec H, BA bH = H= Hb.
e Yb¢ H, REE bH = aH = Hb.
Eit H < G. ]

P25.6 % f: G — H B#FFSM <G WRiE f~1(f(M)) = KM, X8 K =ker f.
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TEH.
o« KM C f7H(f(M)). AEM km € KM, f(km) = f(k)f(m) = f(m) € f(M).

o fTHAM)) C KM AEH a € fTH(f(M)), /745 m € M 13 f(a) = f(m), W am™" € K, %
1E k f#18 a = km.

P25.7 & M Al N 728 G RIERMT#E. iR M NN = {1}, MXEE a € M,b € N,ab = ba.

JER. RN N <G, FTASH TR a € M,aN = Na. fEHU b € N,ab € Na, f#14E ¢ € N 53 ab = ca.
Fie=0b, ABEE. & ¢ £ b, FEEELMN a,bc. BN MG, Fiblaf EHiEE® b e N A
bM = Mb. Ik ab € bM, F77E d € M 8113 ab = bd, MTTi ca = bd, JoHh ¢ £ b. BT b e = da™?,
Her b 'ce Ndat e M. RN e#b, BTl b le £ 1. X5 M NN = {1} FJ&! O

P25.8 W f: G — H ZHFZE. R g & G —MERMITE, U f(g) IR g Y.
. W geGIMAd M g =1, 0 f(g)" = f(g%) =1, I\ITT f(g) BIFNEERR g HIBR. O
P25.10 IR G/C(G) =ZaHEE, M G 52& Abel #f.

PR, WERE] #F G A& Abel B, W C(G) = G. XFAL 7 HSRI(E S, LEIRATAE Q] 3 H P & !

1 N =C(G). W aN =& G/N WAERMTG, AP aN # N, 0] G 42 Abel .

KN a ¢ N, FTUMFELE b € G 15 ab # ba. %FE bN, RN G/N ZIEHEE, FrLAFE m 15
bN = a™N. HIAFAE c € N {13 b = a™c. HILH ab = aa™c=a™" ¢ = a™ca = ba, FJE! O

Ex2.1 XN & #

EA. A EHRFES
p:G— G/N,

AT f1(K) = p(K), fo(K') = o (K'). =
Ex2.2 # K/N<aG/N, ll K <G.

EB. b —, BATE TR ——X B, & K/N<G/N, W f1(K) = gfi(K)g™" = fi(gKg™),
Fil K =gKg™!, # K<G. O

P30.2 it B

a1
1EBH.
(1) "n=2k+1,Moc=>1n)2,n—-1)--(k—1,k+1)

o W k=2l N HFEER, N n=4k+1
o Wk=20+1, MHEH, I n=414+3
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(2) n=2k Wl oc=1n)2,n—1)---(k,k+1)

o W k=2, N AMMER HE n=4k
o W k=20+1, M AFEH:, K n=4]+2

P30.5 BlE—> EH A5 T8 AR HRoR SN AR B R R AL

EHL WEM o WA d, BENRIRER o1 - 0, PEMBREKERENAEEOY d.
L RHRE R )8 A0 2 1 R PO 7 5.

’ / ’
e 0¥ =0t -"O'Z =1.

E AT PASS R U R R A Rt d |

121

e ofon =0t =1L R of # 1, WHRERENY, EEBERWHAL, X6, Fit

o =1. \Ifi d' | d.

P30.6 Wi Sy MAFIER 1.
fiE.
o Sy MBI

—1*1d
— 1221 (12), (13), (14), (23), (24), (34)
— 1'3%,(123), (124), (132), (134), (142), (143), (234), (243)
— 22,(12)(34), (13)(24), (14)(23).
— 41,(1234), (1243), (1324), (1342), (1423), (1432).

o S, FILHEKF/p N 24=1+6+8+3+6 L5 %K

o HITRMXHAER S, FrEAERARE LIERTRE, Ar 80 .

o CERIE Ay« Sy, ERITAMER, MIESE, WX =55

o H1 Lagrange 2,5y AP FLIEM T RERIBHUA BEN 12,8,6,4,3, 2.
o BOHE MM 12 B TRE, AAELE 8,6,3,2 I T HE

o Ky a8y, BRI RN .

o EAPLEM TR {1d} A1 S, AL

P30.7 WliE Ay %A 6 Br7H#.

ER. Ay 6 TR H, W [Ay - H] =2, NI H 2 Ay BIERETRE, ETHE R Ay FISLHEE
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o [1Y 24 1A
o [22] AL 3
o [1'3'] BUM—FBor: 4 A
o [1'3'] MM H—#: 4N
B 6 B IERLT#E. O
P30.8 iXiik: 2% n >3 W,C(S,) = {1}.
. C O(S,) <8,

o M n =35 WIEMTHRAA {1}, A3, 5;.
¥ C(Ss) = As 5 S, W] S5/C(Ss) FRFREE, M Sy A Abel B, 7/ !
L4 % n = 4 H#,SLL E‘]IE%R?E¥R% {1} ,K4,A4,S4, ﬁ@ﬂ%ﬂ 0(54) Kj"j A4 Ez S4.

T
(13)(12)(34)(13) = (14)(23) # (12)(34),

FrLh C(S,) # Ky.
o Mn=>5MNS MIEMTHAA {1}, A,,S,, FHAE.
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12 F+ZEBE+X
Ex1.1
(1) iE H 1 (1234), (13) A=K

IEF. HO((1234)) ] = 4 H (13) ¢ ((1234)) %0 |((1234),(13)])| > 4, H Lagrange &A1
[((1234), (13)]) | | [H| =8, FTEA [((1234), (13)[) | = 8, BIIL ((1234), (13)[) = H. L

(2) ((1324),(12))
(3) ((1243), (14))
Ex1.2 KFTH o € S5, 13 (12) = 0(13)0 ",
EH. (12) = 0(13)0 " = (0(1)a(3)), #h o = (23) B (123). O
Ex1.3 # G #& Abel B, W G 2 HEE <G & p MEAEE, b p &,
TEHA.
o = GAbel ff = 8 N < G #MEIEMTHE, BT G RERF, Ll G MTHRAF TR,
B 14aeG, N (a) <G, M (a) = G.
# la| = oo, M a ¢ (a®), M (a®) C (a),(a®) = {1}, FJA.

!
P20.3 5, Ay 12 MBS o A Y
i=1\i*

1
> o L
n APV
;=0 Hi:l AZ!Z

A1+2A2+-FnA,=n

JEB. SRR 120 oM BB o BRI E LR R

o= (al) T (a’ﬂ) (a/\1+1a/\1+2) T (a>\1+2>\2*10’>\1+2>\2) T
A1 A2
s i # 4, W oa; # aja; € {1,--- 0}, 5 N, = 0, WIALFLE ¢ Hear, - a, WATERIUEA n!
Bl BHTAE N A fedled ) BEATRIRT ECEAEW o, BREAS @ A (biby - b;) = (boby -+ biby) =

= (biby by, o A LZA A TR 56 2R 1 — S 2, [t

[[i=; ai!

—_— = N!
n . )
A
;>0 lel )\1'2
A1+2h2+4-4nA,=n

NI .
Z H:L:l Ailii -

Ai =0
A1+2X2 4 +nA,=n
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Ex2.1 RFTH o € A; 13 0(123)07'(132).

124

B, 0(123)0 ! = (0(1)0(2)0(3)) = (132), 5 o = (23), (13), (12), MAFHE 0 € A3 L% O

Ex2.2 i p 2R FEE.
B R g, heG TR ze X
p(gh)(x) = (gh) -z = g(h---x) = p(g)(p(h)(z))
W p(gh) = p(g)p(h), B p: G — S(X) ZHEFIZ.
Ex2.3 G &8, WiERBE GP = Gaxy =yx 28, H G5 G [AH.
. (1) lgo = 1g
(2) fEE v € Gz~ BN o 7E G i

(3) & x,y,2 € G,
xx(y*2)=(2y)r = 2(yz) = (x *xy) * 2.

(4) ti&

) -1
p:G—=>GP x— a7

SEAF TR x,y € G,
o(ry) = () * p(y).

Ex24 H < G,H\G = {Hala € G}, Wi (H\G)"G.

B FiE
H\G x G — H\G, (Ha, g) — Hag.

Ex2.5 BF & H T

iEH. 1 Aut(E/k)™ Rootg(f) #10 RFZ, fEE o € kerf,0|, = Id,a‘{u1 )

B {ug, - u,y MEIRE, B o = Idg, B ker 6 = {1d}, Kt 0 S 5k,
Ex2.6 5 Hi%k!
iER. Al 2y = (1,007, 20 = (0,1)7, 23 = (1, 1), Wi

¢IGL2(F2) XX —X

() ()= (0 0)

oy = I, HES] 5 o
O
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W ¢ ZAFEH.

1 a=1,c=0

a b a
< )331:(): zo a=0,c=1
c d c

z3 a=1,c=1

X bzl,dzO

a b b
¢ d To = d = T b:O,dZI

T3 bzl,dzl

1 a+b=1lc+d=0
a b a+b b= 0 g1
xr3 = - = =
¢ d 3 c1d To a-—+ ,C+

x3 a+b=1lc+d=1
XS THFAR ¢ GLy(Fy) — S, Hf

0 1 0
w<1 0>—(12), w( 1>—(13),

W Imy D ((12), (13)) = Ss, M o R, 1 |Ss| = 6 = | GLy(F2)|, AT v fEHI. O

|l B |

Ex2.7 #GEHAH R Sy — Ss.
B, HRE S, (EH T4 [27) LIEEiEH,
¢Sy %[22 = [2%, (r,0) — ToT !
BT [27] & Sy — AT, bl ¢ 2 RIFE W, FES T — MRS
W} : Sy — Ss.

0 1 = (23)(14), 22 = (13)(24), 25(12)(34), M 4((12)) = (12), FHE ((13)) = (13), Mifi Ime >
((12), (13)) = S3, Mifl Tm¢p = Ss. O

Ex2.8check ZE/EM !
. EL ¢ G x G =G, (g,h) —g-h=ghg™", BHRKIE
(1) (99') -h=gghg g =g-(¢' h),Vg,9,h€C

(2) 1-h=hheG.
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13 F+=RABE+—KX
Ex1.1 ¥(O) = {1,7’, 2,73, 0,70, 720, T30}, IOk
Z(2(0)) = {1d, 7%} .
B, HTEE ol rhel e 2(O), HF i,k =0,1,2,3,5,0=0,1, 1
il (thal) (tie) ! = rir(CDk—(=Dtic?
(1) 4 k= 0,28, XA w00 rhel € 2(2(0) HHEAS 1 =0, JH th0! = 1d 8 2,

(2) k=131, ExX N Fih=(V'igh £ kgl HN 2k = i — (=14 mod 4, FTLA 1 = 1, Mifi
2k = 2i mod 4, FJ&.

Rk, 2(2(0)) = {1d, 72). O
Ex1.2 % |G| =p*g € Z(G), H ordg=p. it H={g), ¥ ¢ € G\H, it K = (g'), K
¢ HxK — G
(¢,9") — g'g"
JEHA.
D9, 971)-(9",97%)) = ¢((gn 772, g1 192)) = ghtizg itz — ghghgizgz = o((g™, g"))o((9%, '7%)).
O

P34.1 & G AFHIMESES X b, XMER a,b e B, HAFE g € G i1 ga = b, W G, = g~ ' Gog. #HJI
G R 7/ = b ive ] P i s 1 s

. WoeGy, M g loga=glob=gb=a. B g7 'Gyg C Ga, RZIFA.

P34.3 Wt G fE4EG S EREM RSN & G RIEN T, W X /£ N AEH FTRENMuE DR
FZHTR.

PR, ATE a,b € X, BT G £ X ERERZERIER, FTUAFETE g € G {153 b = ga. H_L—@50
G, = g 'Gpg. T

N,=NNnG,=Nng'Gyg=9g"'Ngng'Gyg =g 'Nyg,
Bl a5 078 N FTHRENT EAHIEE, BPEfReEt A2 |0, = |0y O
P34.12 % p /& |G| ME/NERT. & p T A<G, Il A< C(G).
IER. A2y, ERAEAE O
Ex2.1 (K4, (13)), (K4, (12)), (K4, (14)) BHIAFE.
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IER. B (K, (13)) = (K4, (12)), W] (12)(13) = (132) € (K4, (13)), M1 ord(132) | 8, 1H ord(132) =
3, FJE. HAbFEEAE. O
Ex2.2 78 S; HITE L

. S5 =6=2x 3.

o Sylow2-T#f. W Sylow2-FHEMANECH v, W r B 26 +1 H » | 3, W r = 1 8 3. #&
ro= 1 WZFRONIEM T8, FIE. Bt Ss M Sylow2-TFHA =4, IE2& Ss M=AZ7r
# ((12)),((13)), ((23)).

o Sylow3-T#f. ¥ Sylow3-TFEMIANECN v, W r W 3k +1 H r | 2, BTBL r = 1. Fk S3 )
Sylow3-FH#RH As.

O
Ex2.3 B G /& Abel |G| = p3' - - pir R T 70, N
(1) fFEME—1) P, < G, fli13 | P = p}".
(2) fFAE[FRH
p:Px---xP.—G
(hla"' 7hr) ,_>h1...hr'
L.
(1) Sylow EHKE T P WAEENME, BN Abel BERIFTE T HEES 2 IE A3, Bt CARE—.
2) . o RA
o((hyy s he) - (oo 1) = o((haly oo S hely))
— hlll e hrlr
—hy-hly -1,
= @(hl, T 7h7')¢(lla e alr)'
e WH=pP x---xP), W pl*| H, fiLh H = G.
O

Ex2.4 C1: & H < AP < A #& Sylowp-T#E,|A| = p*-m,(p,m) = 1, WAFHE g € A, f#i1§ gPg ' NH
& H 1 Sylowp-F#f. iz A E55, U

(2) A1 Sylowp- TR BLILHE.
(4) & P & A [f—A Sylowp-T8f, Ul A ) Sylowp-TFHEMMECN [A: Na(P)].

TR
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(2) % P Al P AT M A I Sylowp-T-#E, WSS, 71E g € A, {13 gPg ' NP & P
) Sylowp-T-#E. 1 P’ i Sylowp-FRfME—H 2 H &, Bk gPg ' NP =P, # gPg™' D P/,
FIBEAEE h € G flif§ hP'h™" D P, i

hgPg 'h™' D hP'h™* D P,

M
|P| =hgPg~"h™"| > |hP'h~"| > | P,

ik P=hP'h~t Wl P 5 P I8

(4) AXIER (4) U4, FEHE T,

O
P40.2 ¥ G 22— n EEp & n MERET. BUE: 7 22 = 1 58 G FRNNE0E p IR
B EER S = {(er, - ,e)|er €26, =1,6, € G} M |G| =Pt
B Z, (ERTESES S b, EMASN A |So| 1B o = 1 [FfiE, A
1S| =[S/ =0 mod p.
O

P40.4 iiE 200 fhRE G —E&H — M IERTE D 11
JEBA. H Sylow-5 TEEMIANEIEL 5k + 1 H AR 2, L R EEH 1 4 Sylow-5 F&, BFIEEM. O
P40.7 % N ZAMRE G F—NIEM TR, Wi p A1 |G/N| R, Il N 88 G AT Y p-TiE.

JEBA. TR G 1 Sylowp-T#E P, F/F g € G, ffifF gP¢g ' N N /& N ) Sylowp-T-#, 1M
(P,|G/N|) = 1, iltbh gPg ' N N = gPg~*, \ifi gPg~* € N, \ifi P € ¢g'Ng = N. Hlk N
e G BIFrA Sylowp-+#f. O

P40.8 &% G RMEE—NHWRHE,N 2 G WIEMTH,P & G fJ— Sylowp-TF#f. 5liE:

(1) NN P & N i Sylowp-T#f;

(2) PN/N /& G/N ] Sylowp-TH#f;

(3) Na(P)N/N = Ng,n(PN/N).
HEH.

(1) f#1E g € G, 1543 N ngPg™" /& N [f1 Sylowp-T-#. [t

NNP=g ' (NNgPg')g
& N 1 Sylowp-T-#f.
1P|

(2) |PN/N| = |P/(PON)| = . 8 |G| = 7, Joob (o) = 1, WP = 7, % |N] = p*n,

He (p,n) =1, W [PON| =p*|G/N| =p
H] Sylowp-T#t.

=k Wi [PN/N| = p'~*, #7fii PN/N & G/N

)
n
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(3) BAHRX AV 4.

P40.13 # P & G [ Sylowp-T#f, H Ng(P) & G MIEM T8, Wik P 2 G MIEM TR

SE. BT P C No(P)|G/No(P)| 5 P i%, 8 No GAFA Sylowp-T, 1 Pa Ne(P), #
Sylowp-THE R A, Mili P aG. -

Ex2.5 REZ)7mfE—
E. WHAFTES X ERNITE LA T HRINESR Q, FE 2 e X, X
00— Quw—TO,Vw e Q,

BN w 2B, B o, 2 Q 21 5 RXUS, NI o, & NEHR X THER AT

— N1 N2 e
U =T Ty~ * Ty

e
Oy =010, oyt
IS
H = {o,|lweQ},

M H % 8 e sk oy — AN, I B R — AN L w, W o, = oy,
WA= w FHPAASE B 7 A B LT w, weo, R IR0y, = 0 = 04,. BT 0, 17
?H%EE W1,0w, ?E'ff?ﬁ%)ﬁ wa, ﬁﬁu w1 = Ws. O
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14 S+TEZEE+TIX
Ex1.1 iE#:
N(ry, o) = {wrw 1 <i <myw € Flay, - z,)}) .
IS AN =Ny, ), N' = ({orw L <i S mow € Flay, - 2n) ).
« BN NaF(ny,-,2.), FIUERN w € F(z1,-- ,2,), H wriw™ € N. il N’ C N,

o THEN C N, HA N e XGRtE ry, - ry RRADFIERTEN BREE r, - 1,
WHFTUE N Z2IEM3E, BIUE N7 X HE5e .

fE y € N', fEHL v € F(21, -+ ,2,). R y U wiri,wi  wari,ws ' wprg,wp b, N
lerilwflc@rizw;l i wlrilwflv_l = (Ucul)n-l(vwl)_l(vwg)ri2 (Ucug)_1 - (vwy)ry, (vwl)_l e N’
O
Ex1.2 iE#]: f£ F(a,b) ,
N(a®,b?, (ab)®) = N(a* b* abab 'a "0 1).
iEH. id N = N(a? b%, (ab)®),N’' = N(a? b* abab ta 10 1).

o« HT N'<F(a,b),
b(abab™ta" b7t b*)b ! = babab 'a”' € N'.

HEEXANDIR, 15 (ba)® € N'. Bl
(ab)® = a(ba)®a™' € N,
M N C N'.

o RMAAMHE N’ C N.

O
P44.2 ﬁ[]% n %Eﬁ%&, E"QiE Dy, =2 D, X Zs.
kM. D, = <a,b}an =b* = (ab)® = 1),Zy = <C|C2 = 1), IATH BRIHFRS
m: F(x,y) = D, X Zo,

Hob (@) = (a,0)m(y) = (b, ).

B N (2™ %, (zy)?) C ker 7.

R 7 i R 2

77['1D2n—>DnXZ2.

M |Day| = | Dy X Zs| = 4n, Ht 7 ZHSF, Wi Dy, = D, x Z°. O

P44.3 ¥ n >3, ikl A, x Zs 5 S, EEFH)
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1E C(Sn> = {1}7 E& Sn ;A An X ZQ-

P44.4 & Gy, G2, Gy N, N

(1) G1 x Gy 2 Gy x Gy

(2) (Gy x Ga) x G3 2 Gy x (Ga x G3).
JEH.

(1) (91,92) < (92, 91)-

(2) ((91,92),93) < (g1, (92,93))-

P44.5 & G, AEE, M
(1) C(Gy x Gy x -+ x Gy,) = C(Gy) x C(Gg) x - x C(Gy).
(2) Gy x Gy x ---x G, N Abel B4 HALY G, N Abel B
TEBH.

(1) (g1, ,gn) € C(Gy x -+ x Gy)

= (91,5 gn)(ha, - ha) = (hay o ha) (g1, 5 9n), Y (B, o ) € Gy

<> gih;, = h;g;
= g, € C(Gy).

(2) Gy x -+ x G, N Abel B
— CO(Gy x -+ x G,)={1}
— C(Gi) ={1}
<= G; N Abel #.

P44.6 % G; ABEN;, < Gy,
(1) Ny x-+-x N, <Gy x---G,
(2) Nix X NyaGy x---Gp <= N; <G

(3) I Ny x---x N, <Gy x---G, B},

G1X"'XGn/NlX"'XNngGl/le"

TR

(1) AER (1, @0), (Y1, 5 Yn) € N1 X0 X Ny,

(xlv"' 7xn)(y17"' 7%)71 = (x1y1_17"' 7xny7:1) € N1 X

-G /N,.

x IN,.

131
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(2) F& (21, ,20) €EGL X -+ X Gy,
(w1, T0)(Ny X -+ X Np)(@y, -, 2,) P =2 Nyopt x - x 2, Ny, b = Ny x - N,
< z;Njz;' = N;, Bl N; < N;.
(3) A HARWFZ
m:Gy X+ xG, = Gy/Ny x--xG,/N,
(91, ,9n) = (N1, -+ gnNy),

S5 kerm = Ny X -+ X N,,.

Ex2.1 iE:

TEB.
(1) f: X 5 Z" x5 e
(2) HEBBZWR.f B2T f: F(X) > 2",
B3) BT flriz)) = ei+e; =e; + e = fzja), Fibh fHRER ;= 22,1 <i<j<n.

Bl f 55T
f:F(zy,--- ,:vn)/N(xixjari_lxj_l|l <i<j<n)—»72"

(4) ik f 2P, I y € ker fry B0 22" -2, B fy) =0, Bl
k’1€1 + k262 —+ -4 k‘nen =0.

M oer, e, & Z" M—HE Fib k= =k, =0, 8 g =1, \\Ifi f /2o

Ex2.2 & G 2, N <G, # N fl G/N #2EERARN, W G 126 FRA .
iEA. WU = {ug,ug, -+ ,u.} AR AL N,V: {171,172,"' ,Us } A PR Ak G/N.
W p:G— G/N ZEHARFAR. I v; € GEE p(v;) =0;,1 <i < s.
WS {ug, - up, v, 0} FE G IAERZEE.
E g e Gplg) =05t -0, Hf ee{1,-1},1<i; <s1<j<nneN
JTUAFAE n e N 15 g = noj! - 0f" = ul! --~u§mv§11 TN O

J1 m in
Ex2.3 W A € Z™" M| A € GL,(Z) <= ¢a : Z" — 7™ JE[FH.
JEBA.
o = droda1 =Id,pa1 0ps =1d.

o «—H paopg=1d %1 AB=1
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Ex2.4 ¢pp(Impp) = Impa

iEH. KA B = P71AQ, fitbh PB = AQ, FITUA ¢pop = dado.
MM pp(Im¢p) = pa(Impg) = ¢pa(Z") = Im ¢ 4. O
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15 F+RAZEHE+=X

P49.7 WRi: % (m,n) = 1 B Z,, & Z, BAEHETH {mn}: W24 (m,n) > 1 6 L, & Z, HF%
BFH {(m, n), [m, n]}.

SE.

o M (myn=1) B2, ® Ly ~ Loy, 12X 52 E R 22 H
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7 — R BKLE

1 BiRE

1.1 PUTEE
2Rz
o U(Z[i]) = {+1, +i}, id8F2EHERE, £ MUt i
o Zy ={0,1,2,3}, isFRFRIINZE, EHoT2E 1.
Klein PUTE¥ (SEPRERME)
. Z[i]/(2) = {0,1,1,1 +i}

o Fy=TFolx]/(z* +2+1)={0,1,u,u+1}
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e E/ANHIIT
o E Abel

e GLy(F,)
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2 AALMEFIE
o Eisenstein, FK T A
BARE p J5 AT Z N JE AT 2.

— [BEGIEA L Z B R p 4.
- HE 2+ 1 BEERS p FWA.

P PRS2 A

— fla)y=aP 4P 2+ a4+ 1g(x) = f(x+1) =2P"' mod p.Eisenstein.
— f(x) =2+ 1,g(x) : f(x +1)=2* + 42° + 62% + 4 + 2.Eisenstein.
— f@)=a2%+2%+1,g(x): f(x +1) = 2%+ 62° + 152" + 212> + 182% 4 9z + 3.Eisenstein.

AER = HL— kKA.

— AR E A

— TREERBZ TR 2® + 1 HHRNT 0= 7£E R ETMR, WFITE R &R 718
Q(vV2) L.

— FIWHE B 5K Q(w) EA LR BRI a + bw ANRE.
o Qlz] FRATTAMESERT Zz] FHIAATLE.
fH 24 R -

— TR E A R T A S R
« W = WRBE — R — £t = A4
— EREMECTFEZ I, JFHBY KT KRS SR TE .
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3 Ty

BHIERE, 58 Fslx] PE AL ZRZHAR G =N + T2 +2 - 1,27 — o — 1.
Fy LR,

fi#.
0 1 2 u 1+u | 2+u 2u | 1+2u|2+2u
0 (0] O 0 0 0 0 0 0 0
1 0 1 2 u 1+u | 2+u 2u [ 1+4+2u |2+ 2u
2 0 2 1 2u 242u | 1+2u U 24u | 1+u
u 0 u 2u 2 2+4+u |24+ 2u 1 1+u |[14+2u
1+u |0 14w |24+2u| 2+u 2u 1 1+2u 2 U
24u (0] 24w | 1+2u |2+ 2u 1 u 1+u 2u 2
2u 0 2u U 1 1+2u| 1+u 2 242u| 2+u
1+2u|(0|14+2u| 2+u | 1+u 2 2u 24 2u U 1
242u |0 |24+2u| 1+u | 1+4+2u u 2 2+u 1 2u

o u Ml 2u WE/NZT R 22 + 1.
e u+1F2u+1MENZHAE 22 +2—1.

o u+2 M 2u+2 WERANAZHHRE o* -z — 1.
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4 Zorn 3|EBRHENH

4.1 &
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4.2 WMKIBENEEN
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4.3 EHHZMTEENFEM
FRATTEr S A PR A 2 12 7 ) o B (P R A e R )
EX 4.1. XV ZB k L&E=EY CV.
(1) &Y ZHAE R Y GIEEHRTER KM LY,
(2) FRY KRV e RENMveV HAY FPARIATEGAMEASL, TEV =(Y).
(3) V #y—mARKR V HBRAETE.
£V b, REBRARE RN, KRFEN V EEAE SR, BRI T 5SS,
Bl 4.2. Y = {1,z,2% - 2", } &V =k[z] 494,

EIE 4.3. HERF LEMTRA—HEA FTELEV BHEEEMAXTE B HEOAEV 93k a
A& PP, & B 13 BUB RV #g—mik,

JEHA. O

—/MBIFH notes: http://www.math.lsa.umich.edu/ kesmith /infinite.pdf


http://www.math.lsa.umich.edu/~kesmith/infinite.pdf
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4.4 HEIEFEZIE Noetherian If



CHAPTER 6. % —4Wk# 143

4.5 WHRHBFE



fogi=Ffog= g1 =ga
TEBA.
WL 1.2, % f RHRE, W f REB R, PiEE Z FFRS g S~ Z, A
grof=ge0f= g1 =go.

TEHA.
B51.3. 1 Z > Q REEENERZHRL.
TEHA.
Wl 1.4. & f RIERAS, W FTHAEN

(1) f ZA#HRAS

(2) f —RAFE K, B f REFLT.

B 1.5. 11 Z — Q RER SR AFT.
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