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Chapter 1

TSR ELS

Alr

1 FER
e ring, commutative, with identity
domain: ring without zero divisors
e.g. Z,R,C,Z|x],Clz],Z/nZ

field: any nonzero element is invertible
o ideal: R =ring, I C R

—Vabel=axtbel

—VreRacl=racl

Then we call that I is an ideal of R

R/I ={r+1|rcR}
e R, S =ring. A map f: R — S is called a ring homomorphism if f preserves 7 + 7, 7.7 717,
« RS R/I

FACT:

(1)

{JaR/I} <L {a<R|aD I}

Homping(R/I,8) < {¢ € Homying (R, S) | I C ker o}
RIS S wor

e An ideal I < R is called prime, if for any a,b € R
a-bel=acl or bel.
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CHAPTER 1. 1R %

An proper ideal I < R is called maximal, if for any ideal J

IcJCR=—=I=J o J=R.

Fact:I <« R

(1) I =prime <= R/I =domain
(2) I =maximal <= R/I =field
o characteristic R =ring
Z -5 R,n— nlg
dn s.t. kerp = (n), char(R) :==n >0
char(R)=0<—=7Z — R

Z —— R

char(R) = n < l /

Z/nZ
PR R E S char HIEFAERA AT, M 15 MNCONF RN

¢ R =domain

ad + bc

bd

¢
b
WG R — Frac(R),r — %

ZMHF, R =domain, K =field

Hom, j,(Frac(R), K) RN {¢ € Hom,,,4(R, K) | pinjective}

e R =ring

R[:L'h e 7:I:n]

{ Z a;x’ | a; # Ofor finitei € N”}

i€Nn
Jorb ot = ol iy, deg(XY) = fi] = )i
k=1
V F € Rlxy, - ,Zy),

F=Fy+F +---+F,

F € Rxy,- -+ ,x,, F is called homogeneous or a form, if 3d > 0 s.t. a; =0 for i s.t. |i| #d
FE 0 KIRECHIER IR,
Vi :={F =form | deg F = d}

dimV, — <d—|—n—1)

n—1
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Fact:R — S ring homomorphism.
Homp_q4(R[x1, -+, 20], S) PLLNG

’(/) = (¢(x1)7 w(l‘2)a e ﬂ/’(l"n))
o A field k is called an algebraically closed field, if for any non constant polynomial F' € k[z]\ {k},
F has zeros.

Va € k,VF € k[z]

F=ay+a(z—a)+ay(zx—a)*+-- 4 aq(z — a)?
Fla)=0<= (z—a) | F
Fact:k = k is algebraically closed. Then

(1) VF € k[z])\k, F = aﬁ (z — a;)"

i=1
(2) deg(F) =) L

i=1
Fact:k = k = #k = oo

1EBA. Suppose not, k = {ay, -+ ,a,}

flx)=(x—a1)(x —az) - (x — a,) + 1 has no root. Controdiction. O

e Unique factorization domain

R = domain. r € R. r is called irreducible if » # 0,7 ¢ R* and for any r = rirs, we have
71 € R* or ry € R*.

r # is called prime if r [ ab=r |a orr | b
prime=— irr

R is called a UFD, if for any r € R\ {0}, there exists r = amyme -+ - m,, @« € R, m; = irreducible

and if r = amy -+ - m, = a'7) - -, then m =n and 30 € S, s.t. 7 ~ 7, (.

Fact:R = UFD

(1) Vry,7re € R\ {0}, we may define ged(rq,72), lem(ry7a).
(2) R[z] = UFD.(= Rz, - ,2,] = UFD)
(3) f € R[], f = irreducible <= f € R and f irreducible in R or f ¢ R.

f=ro+mrz+- - +re? and ged(rg,r1,--- ,7¢) = 1 and f irreducible in K[z] where
K = Frac(R).

(4) ¥ri,re € Rlz],ged(r,72) = 1 in R[z] = ged(ry,72) = 1 in K[x]
()
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2 f{REt=E) A EEE

affine n—space A" := A"(k) :=k" =k xkx---xk
—_——

n

k=R
VF € k[zy, -+, 2]

V(F):={(a, - ,a,) € A" | F(ay, -+ ,a,) =0}

hypersurface, deg(F) = 1 = hyperplane
VS C kl[zq, -, my]

V(S):={(a, - ,a,) € A" | F(ay,--+ ,a,) =0,VF € S}
(affine) algebraic set
Fact:
(1) V(S) =NresV(F)
(2) S1 C Sy = V(S1) DV(S2)

(3) I =(S5)<aklzs, -, zn], V(I) = V(5)

(4) NjesV(S;) =V (U;85))

(5) Uy =1"V(L) =V(I--1,)

IEH]. C L1, Ccl, — V(Il Im)supV(Il)
m—1

DHEM pe V(I ---1,) assume p ¢ U V(L)
i=1

TNiEpe V()
WA p¢ V(L) i=1, ,m—1HEF el {3 F(P)#£0i=1,,m—1
T Fel,, HEEF-F, Fel, I,

(6) g = V(]-))An = V(O)yv(ala e aan) {(ala e aan)} == V(xl —Q1,T2 — A2, " , Ty — an)

S = AR VR EANT A R AR I I ik R 75 ZE5 SR AT (KB AR, 70 RACHEERT S IO TRIALIR 2.
CAUE S-S A NENE A6 S o SILpativ Ve S

5 2.1. A' =k affine line
A% = k affine plane
Al

Fact any proper algebra set in A is finite.
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iEH. V(S) € A
JF#£0,FeS
V(S) C V(F)
#V(S) < #V(F) < deg(F) < oo

C R REARARH T4
R? rh ) B A H 74k

il 2.2. A% = A*(R)
r=sinf ARERKTHE?
EERTGTREENA v,y T
x=rcosb,y=rsinf

r=sinf < r> =rsinf < X’+Y?=Y

5] 2.3. y =sinz ATRAXRKTE?
X :={(a,b) € A*(R) | b=sina} C A*(R)
X = V(I),¥YF € I <klz1, @), (k7,0) € X = F(kx,0) = 0
F = fo(z1) + fi(x)zs + - - + fala:)zg
= fo(x1) has infinite zeros—> fo =0
= x5 | F

EN 2.4. VX C A"
I(X) :={F €klz1,-- 2] | F(p) = 0for any p € X}
X ={(a,b) | b=sina} = I(X) = 0.

ZIAAMEZ, = MREBASRE 2 00E SOk
U] AR fife A ol Biohey i
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3 =REHIERE
B4 X C A™(k), BAiTwE X X 3

I(X):={F €klzy,-- ,x,) | Fla) =0,V a e X} <k[zy, - ,z,]

W 3.1. X CY = J(X)D I(Y).

il 3.2. T Z(V(I)) L X CV(F(X)).

@ 3.3. V(L (V1) =7(I) L IV (F(X))) = I (X).
EMX 3.4. K R AS LMK, I<R. =X

VI:={recR|3neNst r"ecl}.

BHBIE VIR, AT 64, 4R T =1, WA I HAREA,

4
&

3.5. J(X) AR,

{74} {zEx}

7
Im? «+—2 5 Im.7%

]

{#R3uk) [iRTe)
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4 Hilbert £ EIE

FAVCOARBEE M 43 28 . CELARTRATTIAE SE AN T A4 B R P AR EUEE RZ A A [R] D

REER T 2 7(S), BITH R E AR FRAT, ALEEBERMTE S C ko, z.], R
THETA M T aklry, - 2., BFANP(S)=7(Is), b Ig &l S LRI

AT B FRRAT, EEEE T aklr,, -2, ZARERN. HERU, HEZERELE,
WAH W LA R 24 2 DAk &L,

EIE 4.1 (Hilbert ZE#). % R & Noether &, W R[x] 4.5 Noether .
IER. ATHL T < R[z], XMEERI m >0, &X
T = {TTH B Z M E R} U {0} C R.
BHE
e J.<R.
o Jpn AABERBEET Jogr. iEEATREA S — T XA FHE 2 H AT BER A
H%HE Jo etta, Jo R INR<R INRZ RM™W? A—E. EMuilaT. &be RMHE
beINR, WRA br € [——IX5Ea W Ul—IR A Jy Hi"Ht Jo KT
EERATVR PSS —H#AT LW A%, BN R 52 Noether H).
PATVXAE SRR T MIARoT 1, A ale? [HZ3RAHE B — e 2 W3t 2 PID fid
T, JATRE T — MR HERRM 2, RETHREE ZRIEMK 20, N ABR7ERE—E /e

AR ? KON AEF e AR I, — ] DA R BRI
XEFER DLE RO kS 2 AU AT LA, KN R & Noether HIFRIE T

JoCJiCJyC -

AGETCPRTEEE, i) AT IR Z A Je R AL ATHWOR — 0, BREAER Jo MARZ TR, 4
Sy FIARZA TR, —HEEREAD Ty MARZADIOR, MR IXEITE IR RS L
Ji W)X A AR DO, AR BeR 1 A A 2, ERA A E R 2, A
BRI 1 B E R J;, (HEE J RUFTRER B 2 s R . JATAEHE N 1Bk
ML ax ARG BL. FAT AR LT U R A OT AR BUE —ANEAE T RS B 2 T
BT R —AZHE f, BER m RE. JATEET J;, A 0<i <min{m, N}. &
BAS T AT MK 2 I X2 I, AT PR E A2, BRI E AR ST DU
B f RETRE, FEER f ZFERANDIE f RREBEE TR T, RE XM, JATHAE f AR
TN T A PRAE R O
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Chapter 2

7 — R BKLE

1 FHEEYEXK

MBI, SRS, AR TR NN,
TR, 4 7 (A" (k) = {0}

10
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