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Chapter 1

Fourier R#AVER 4

=l

1 Fourier I AIMHE—M

Stein Z51X/NEEA Y “Fourier ZEIME—1E”, AL EAMERARX D2 TR T, HEZK
AR —NEERL T
Stein fERTE A2 IXFE UL

If we were to assume that the Fourier series of function f converge to f in an appro-
priate sense, then we could infer that a function is uniquely determined by its Fourier

coefficients.

B8 “Fourier HEHIME—1E” AN %2 Ui A — AN eREL f ASaTREA AR Fourier 3T,
AT X AR 2 A RS SR Fourier ZUEAHIE], B4 BATI N HUR A — > R 2. 502 Ui R
AR 2] Fourier SR IFIX AN WL & — N

B EANKT R £ (R SRAT A BLR 5 00 DX A1) 16 AR 2 # 1. Fourier REMITHE &R 5012
S P R FRATUNA RS SR B A E A R s A, AR Fourier REUILE R, HE, K
AW I RR S5 R

FEE 1.1, % f ARA LG TR, H#EL f(n) =0 EE necZ Rz, Nak fHE—E8 R
0o RA f(60) = 0.
IR FATE SR f R SHER.

ANR— e, ¥ f @A [-m, 7] b, 6 =0, FFH f(0)>0.
DERRNE R IIE — IR =M 2T {pp} 7£ 0 & peak, fHi13

/Tr pr(0)£(0)d0 — oo, as k — oco.

S RERIL A 7 A AR 5 TR R4 55 0 0 5 B 6 % 0, )
g ] 6 0 ALk, RAAERIBH 5 < (0,7) (1% 0] < 0 WARA 1) > @ G BT B
BT HBRNERER § >0, BF 6 < g HIEF &2 GBI
_‘[/)X'L
p(#) =€+ cosb,
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Horr e ERBS E 8 /MER [pd)] <1 - % X8 < |0 < m AL CB— N At A 3ATRE % X R )
e. H5E p(0) £ [0, 7] LRBPHERL), FIEATATERE T p(0) £ § A 7 LKA, |p(r)| =
e—1=1-¢e< 1—% TERET.|p(6)| = |e + cosd| = €+ cosd < 1 — %, Bl cosd < 1 — gs, ES ]
cosd < 1 B2, B AFRATAT DLEEE 25 R /MK e, B R RN TR B BREZ T 6 < g gt
KIP) cosd = 0 BIFEZLENHER BJ7 8, HIXIFEAZ AN

B, Iy € (0,0) B3 |6 < W p(6) > 1+ .

EEE, [—m, ] BB R T =35, 10) <nym < 0] <0 A1 S < |0] < e, 5, n BHERUELR p(0) 15
HE 1 MR — AL RS 1 AN, BARXMEESAZ, (HREE G

T DB I MR/ 22 7 R BIR K.

%r%&mﬁ%ﬁﬁﬁﬁ/‘ﬂmmwwﬁz%ﬁima
B, FEBEA L, BT p(0) H 1R — R, p(6) SBEE k (RIHEIET 0 T,

/5<|9<7r f(9)pk(9)d9‘ < 27B (1 _ %)k

Hrh B & f(0) B—A B
H, B L, BT p(0) b1 MK—5i, pe(0) BEEE & BIHKER T 400 T

£0) [ ek
0 0)dg > 2n——= (1 + =) .
[, 1m0 > 272 (145)
S U RV = A TR TR T i (FR AR A T8 — M R, T A 6 <
T MR SR A p(0) 15 (0] < 8 RALERD, T 6 AIERERIET £(0)
%10 < 5 RAEEM, FEik
/' F(O)pr(0)d0 > 0,
n<|0]<d

BATAIARHX IR AR E A T oo M5T4E, RAEEAZH G
(Al 1t i
/ pr(0)f(0)d0 — oo, as k — oo,

KFERLTER T f A SR R U FRIE .
— it s f BAE £(0) = w(0) +iv(0), Hrh o Rl o RSHEEREL mREATE L F(0) = f(0),
A

NORIGES (G (L ()

2i
i}

~ 1 T _ .
F = 5o [ Fme e
:;/:ﬂwwmm
LT AT w B v §0 Fourier RECBANE, SREB SR 7LD, 0
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2 EiH
YEPA 2m-FEHRT AR R AL £, g, AT SCEATRIER
(Fx )= o [ Sl -y, s l-mal

BRI R 7 B R AR HBLE Fourier (P18
N

Sn(f)(@ ( / e dy) / f(y) ( > et y’) dy = (f * Dy)(x)

n=—N

Hr

N N
ina sin((2N + 1)z/2)
Dy = Z e :1+22COSTL{E: sin(z/2)

n=1

WFRVE Dirichlet #, HEEEUE W T s

Dirichlet Kernel for Different Values of N

50
N=1
N=5
40_ N =10
N =20
30
S
=z 20
()]
10 R
Or o >
_10 1 1 1 1 1 1 1 ]
-4 -3 -2 -1 0 1 2 3 4

PRI AR B A S (f) HIAT T AFAL N BB f « Dy BT M.
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WEL 2.1. & f,g A= h AR 20 KA TAREZ I A4
(i) fxlg+h)=(f+g)+(f*h)
(ii) (cf)xg=c(f*g) = f*(cg),VceC.
(ili) (f *g) = (g*[)-
(iv) (f*g)xh=[fx(gxh).
(v) frg RESHH.
(vi) F#g(n) = f(n)g(n).

IS, AT AR T BAGREH R A, RE, 45K,

FRELHRT—5TRGRN, BB frg b f R g 69 EN AT

% 55 % 4& Fourier B9 P A KA. — k3L, KR /AR fg E Rt ZRIFARA
[ He g B9 Ret ZRARAR. (2R, FXFEFEN RAMNAHA B R AG 2 5 RARB A HA B
A9 EAR, A XA R LY.

A, R 2 ARG T AR R AR A — AN KA TR, AR A KRG B AR R Fe o F8 K
AR AEFF B — AN 2 A B HIAGYTT AR, RRAR-RZ&BR TN L — AN nizf, #FZ&H%
FI A TRE GRS EEBXAN LB HALA RIFOMRR, thde Xk, ZoMF M, 245
R4 Fourier 2P A HE L ELMNA L.

ER. (i)

) = 5= [ = veway

= 2177/_: f()g(z — 2)dz
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4 Cesaro XF15 Abel k&0
4.1 Poisson #%

o

f(e)’\/ Z aneina

n=—oo

A (f)0) = i r"la,e™ re0,1)

n—=—oo

e a, B4
ol = | [ 10100
<o [ 1@
— 5 [ 1=

o A(f)(0) daxTUsL

oo

Z T\n||an||ein6|

n=—oo

o0
= Z r™la,|

n=—oo

<M i ri"l < 400

n—=—oo

o RIS IR —E, B A, (f)(0) BBk

Py = 3 Al

A(N)©O) = Y ria,e?
S In| 1 " —ine ing
= Z r o flp)e do | e
I < [ :
_ 1 In] yin(6—¢)
w2 / Hpplene-ag
S :
_ |n| in(0—¢)
L[5 o
1 i > i
_ = In|  in(6—¢)
o7 /Tr 7o) n;wr ‘ e

= (f=P:)(0)
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5 #:7]

6.Left f be the function defined on [—m, 7] by f(#) = 6.
(a) Draw the graph of f.

(b) Calculate the Fourier coefficients of f, and show that

R g ifn=0
F =1 Zie e it n 0

(¢) What is the Fourier series of f in terms of sines and cosines?

(d) Taking 6 = 0, prove that

1 w2

=1 2
A LD P

n odd >1

IER. Y =0 PIRE, .
foy= o= [ 1olan =3
M on #£ 0 BIRHE,

f(n) = - / Ble~"0dp

o

1 (7 1 /0
fe 040 — / fe""?d0
27r

= F(0) = F(0) + F(=m)]
_1_|_ n =2k
71_(21{:_1 n=2k-1

Stp F(g) = om0 4 ©
R

o J 0 [

10.Suppose f is a periodic function of period 27 which belongs to the class C*.Show that

f(n) = O(—) as |n| = oo

n
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JEBR

fn) = 5 / f(z)em=dx
1

| sty
= g o] [ eas)
1

— _ / inmd
2rin J_, flw)e™da

2rin

S

VAN AT HIE. O

11.Suppose that {fi},—, is a sequence of Riemann integrable functions on the interval [0, 1]
such that

/1 |fx(z) — f(x)|de — 0 as k — oo.
0

Show that fi(n) — f(n) uniformly in n as k — co.
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6 [a]
1.0ne can construct Riemann integrable functions on [0, 1] that have a dense set of discontinuities
as follows.

(a) Let f(x) =0 when z < 0, and f(z) =1 if z > 0. Choose a countable dense sequence {r,} in

TR

(b)

[0,1]. Then, show that the function

Fa) =Y 5/~ )

is integrable and has discontinuities at all points of the sequence {r,}.[Hint;F is monotonic
and bounded.|

Consider next

F(z) =7 37"g(x —ry),

1
where g(x) = sin— when = # 0, and ¢g(0) = 0. Then F is integrable, discontinuous at
x

each z = r,, and fails to be monotonic in any subinterval of [0,1].[Hint:Use the fact that

37>y 37

n>k

The original example of Riemann is the function

Py =3 "),

n2

n=1

11
where (x) =z for z € (—5, 5] and (z) is continued to R by periodicity, that is, (z + 1) = ().

m
It can be shown that F'is discontinuous whenever xQ—, where m,n € Z with m odd and n # 0.
n

(a) 9IA L Fe N T IRIEE ) — B8, B Weierstrass € 2 5 1iE.

n2

FEER] F(z) 7R3 r oAES:, R FEUEH
1
Fy@) =3 [ =)

n#k
TE ry, AbEEZE, MBI R EHE, X2 BRI
ZKH F(z) AR RERE, FIEAREEG E—im—FSuEnf B0, Aol DR E—i—FE ik
WE F(x) 78 {r,} TR RAEAES:, MEE {r,} FAGRESR. BT {r,} T8, SEW,
D DU E B B ORI AR
{EE [0,1] I—MFHFFIXIE, H {r,} BEAEZFX AR RO — A r, TATER F(2) £
B 3 g(x — ), BERTE vy MARHIF T, NEE r, 210, FRETUIREIEUE 377 A1
—37F [,
W, S IFFRBEARIE 2 M IX A Hint ZE4H. RESEWEELIERA 37 g(x — ry) MIRIER
AW TA R, KIBIRG, (ARIE A IEFOMPR. H 2§10 OB AR iEYe ? AR
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(A2 GE AU T OX LS TRAE 7 AREESE, IRFAE AT AR BL W /N XTR], AR5 3X AN 852 bR B AR X A
DX 8] b AR 2 0% /. (BRI AN TEETE X 5 T A TS AS RO 1 2 B hE 45 50 T il

()

2.Let Dy denote the Dirichlet kernel

N sin (N + 2> 0
DN(H) = Z eika = 0 )

k=—N sin —

and define ) -
Ly =— D .
N =5 77T| ~(0)]dO
(a) Prove that
Ly = clogN

for some constant ¢ > 0.[Hint:Show that |Dy(0)| > ¢ , change variables, and

0]
prove that
NT | sin 6
N-1 (k+1)m n 1
Write the integral as a sum Z / . To conclude,use the fact that Z Z > clogn.]JA more
k=1 7k k=1

careful estimate gives A
s

(b) Prove the following as a consequence:for each n > 1

TE B

1 s
) |Dn(0)|d0
>1/ |sm(N—;—| 1/2)0|d0

=
7T'

_2/ |sm(N+1/2)9|d9
0

—T

T 0
2 [N+1/2)m | sin 6|
/0 :

™

N .
_2/ [sn6l 40 4 o)
O 9

(k+1)m | o3
/ sl 4 o)
kT 0

dé

N—-1

1 (k+1)m

s
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-1
4 1
3 oW
2
— k+1

s
4
> log(N + 1) + O(1)

4
> log N 4+ O(1)

12
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Fourier Z828H9 N FF
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Chapter 4

R _FHBY Fourier T

1 Fourier AV EKRIF L

1.1 SEEZ R
EN 1.1, AR LR f AEETHEG, R fRESY, FLELETR A> 01243

@l <o

MHFHEE 2 e R R

AR FERE, Lk 2 B8h 14+ LRAZFAMGAY, L e RAETRTEYHER.
SIVEERHTE R LU R B4

el 1.1.

(i) &H: % f.ge MR) ¥ B a,beC, M2

oo

/_Z(af(x) +bg(x))dx = a/:: f(z)dx + b/ g(x)dz.

— 0o

(i) FHEAREM: FTHEE heR, £MNA

/Z flz— h)dx = /Z f(x)da.

5/0; F(6z)dz = /Z f(z)dz.

(i) % : & 6 >0, HA

(iv) &% & f e M(R), RZ

lim |f(z —h) — f(z)|dz = 0.

h—0 oo

SEID. A (iv) 891590 Ae A5 0k 2 B R AN LA f 4 K% B AL 0 ROR AR B B K

15



CHAPTER 4. R k&) FOURIER % # 16

1.2 Fourier ZTHHE X
W f e R, FATE LEM Fourier 25K

f(6) = / f(z)e2minedg.

28R, e 278 = 1, FrLAWLEN BB R IE B R R, R AN A .

FHee b, FHEEXADMWERH T fRARN, HFH, —ARERAIRIERES I fRES, IF
HXY € BT co T E, 202 5. (HAE, Lﬁﬁ@%ﬁ(f?ﬁﬁT%iE f s R e B
SERREE QR R, B H RO A EE R T LA / F(&)e*™6d¢ FIAHRIF) Fourier S 2
KA Z . N THEL BATFIN—/NH Schwartz %f@ﬁ@%ﬂﬁ%éﬂiﬁ@@iﬁ?fﬂ, BB RIE S H R T
Fourier 253 () ¢ 4] o) P4 53 1Y)

4% Schwartz X [HIZIHLE — D f ORI £ BOIE N PR ok 5B, £ A IE
Ve, f BERRA AU, — NSO AN B TAESR ST 3 P
1.3 Schwartz Z|g]

EX 1.2, =A% f Z&Ea), mR

sup |z|*| f(x)] < 0oV k=0
Tz€R

BT § HOAR R IR T B A9 R B kA R L8Y Schwartz 21, 24k S = S(R).
FiB. B HIIE S(R) sk C Ly R M. R, R feS(R), A4
fz) = % € SR),zf(z) € S(R).
ZRMT Schwartz = M4 —NERAFLE: X T RKFEH A 50 XREHM,

S(R) F—NEERREELE “WEHRE”, eEa R XEINAE, %2 4.
1.4 S EH Fourier T

f € S(R) 1] Fourier A8 #e & XN

fo = [ re
£ N By FRA15128 7 Fourier A8 ff)—Lbfaj s i, A0S
flz) — f(©)
For f & f I Fourier 454
&8 1.2. w2 fcSR), AH2
(i) f(z+h) — f(€)e*™ " ¥ h eR.

(ii) f(z)e ?™*" — f(&+h),V heR.
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(i) f(6z) — 6 1f(671€),V 6 > 0.

(iv)
)
ER. (i)
Fl@+h) — / T Fo 4 h)e2minedy
:/OO f(:l:)eiQﬂ-i(Iih)ng
— ( 00 f(x)e—27riz§dx) eQﬂ'ih{
:f(é- e27rih§
(i)
fle+n) = / T f@)e ey
— /OO f(x)e—Qﬂ-ixhe—Qﬂ'ixfdx
— f(x%—\%rimh
(iii)
(iv)
(v)

EE 1.1, % feSR), A4 feSR).
1E R 57 A% B0 = HIT oF B R
WIS E A ERIEY f(2) = e ™ ¥ Fourier Z#H AT H . Hirh Fourier 285 LA
fo = [ swe

TR

/ e—?m:2 e—QTrixﬁdx
— / ef[wz2+27riz§] dl‘
/ o (VAR 2 vFeEiEH (VRO - (VTiE)] 4

:e—mg?/ o= (VEzvmie)’ 4,

— 0o
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1.5 Fourier &J&
gk B — AN E I AR iR A U A L
W 1.3. &% f, g€ S(R), R4
| t@ias= [ fowa

TE B

[ @ ([ swermay)ae= [ ([ e

/ f(x)g(y)e *"*¥dyda = / / f(x)g(y)e ™ *vdady

/.
ERL G I 1 [ e A SA i _E SR R 23 A8 4 I i) A
1.6 Plancherel &3,
M 1.2 (Plancherel). %% f e S(R), A2 ||f] =f.
TEB. ARUEMIA PR N N
| e = [ i@
% feSMm), EX

W

B

h=fxf = / FOFE = 2)dt,
Vet
h(0)

/ AR = (]

| e

/_ T P Eae

1]
h(0)

- / F()a
— Ifl

18

z”i””ydw> g9(y)dy
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2 Poisson XKFAI
2 —ANEE R f, AT ARG

+o00
R@= Y fa+n)

n=—oo

1
i f(x)gm

o Fi(z)=f(@)+ Y fle+n)+> flz—n)

+o00 +o0o
— Fi(z) —BMECH LS > fa+n) B fo—n) —Bolsk

n=1 n=1
1 1

— —A, A] B, < <

Y axel[-A A B, flz+n) T e neE ST o A?

+o0o +oo

1 1

- Y <Y s <

71>A+11+(n_‘4>2 m:11+m2

19

— ML EIESRE T ORI Fy () 228X W, PRI AT BAESO3e sRANIRY . AT 2 1 F (22) BA

1 A
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3 %3]

3.The following exercise illustrates the principle that the decay of f is related to the continuity

properties of f.

(a) Suppose that f is a function of moderate decrease on R whose Fourier thransform f is contin-

uous and satisfies )
f(f)_0<|5|1+a> as [¢] — oo

for some 0 < o < 1.Prove that f satisfies a Holder condition of order «, that is, that
|f(x+h) = f(z)| < MIn[*
for some M > 0 and all z,h € R.

(b) Let f be a continuous function on R which vanishes for |z| > 1, with f(0) = 0, and which is

1 .
equal to m for all x in a neighborhood of the origin. Prove that f is not of moderate
og(1/|x

P 1
decrease. In fact,there is no € > 0 so that f(§) = O <|f|1+8> as |§] — oo.
B, (a) M Fourier &iH AT,

ﬂw+m—f@ﬁ=/mf@k%m(¥”*—nd§

F AR T ,

WV EeR.

|e2mhE _ 1| = | cos 2m&h + isin 2wEh — 1|

= y/cos2 27éh 4 1 — 2 cos 2néh + sin” 27éh
=+/2—2cos2méh

= \/4sin® éh

= 2|sinw&h|

flz+h) = f(x)
ha

o omihé
<1/ Ale 1|d£

SRl S LA
:4A/+°°|sm7r§h|d§
bl Jo 1+
4A [T |x|"Fesinu
=7 )y e
_4A [V |n[*esinu 4A [T |x[tesinu

T 0 |ﬂ-h|1+a +u1+a T 1 |ﬂ-h|1+o¢+u1+a

du

4A [V |w|*tesinu

T o |7Th‘1+a +u1+a

du

1 .
o sinu
du < 4Am /0 ita



CHAPTER 4. R k&) FOURIER % # 21

1 - 1
— 4AT® / SY L qu

o u u“

1
1
< 4A7TO‘/ —du < 400

o u®

4A [t |x|"tesinu . [T sinu
T |7Th‘ ta 4 g lta 1 ulto

+oo 1
< 4A7T°‘/ du < 400
1

u1+oz

(0]

f(h)—f<0)‘_ 1
’ B | T “[hlFlogln]
OJ

4. Examples of compactly supported functions in S(R) are very handy in many applications in

analysis. Some examples are:

(a) Suppose a < b, and f is the function such that f(z) =0if x < a of z > b and
f(x) = e V@0 1/b=2) 4 < g < b,
Show that f is indefinitely differentiable on R.

(b) Prove that there exists an indefinitely differentiable function F' on R such that F(z) = 0 if

x<a, F(x) =1if > b, and F is strictly increasing on [a, b].

(¢) Let d > 0 be so small that a + ¢ < b — J. Show that there exists an indefinitely differentiable
function ¢ such that gis 0 if x <aorax >b, gis 1 on [a+d,b— 4], and g is strictly monotonic
on [a,a + 6] and [b— §,b].

0.2
/‘\
-1 -08 -0.6 -04 -0.2 0 02 0.4 0.6 0.8 1
-02

K 4.1: f(x) = e FTe TR —l<a <1
5.Suppose f is continuous and of moderate decrease.
(a) Prove that f is continuous and f(£) — 0 as £ = oo.
(b) Show that if f(€) =0 for all £, then f is identically 0.
TE B
(a)
o= [ swe
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