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It is both a blessing and a handicap.
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EMX 2.1. An atlas {(Uy,z4)} on a manifold is called differentiable if all chart transitions
zgox,t 1 2,(Us NUg) — 25(Uy NUp)

are differentiable of class C™ in case of Uy, NUg # 2.
A mazimal differentiable atlas is called o differentiable structure.

A differentiable manifold of dim d is a manifold of dim d with a differentiable structure.

I8, dim< 3 differentiable structure is unique.
Milnor 1956 exotic 7 sphere.
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(2) # f £ p RAE—ANEAIR Af, : T,M — Tj,)N ZF4.
FAE [ R—ANER /BN B SR SR
o MR fR—MEE, A dimM > dim N
o W fR—MEN, WA dimM < dim N
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Uy NUz % U, N Uz x R /
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R (mp, F, M), SRR EHO IR {gF,} A1 LgF, ), W52 BT LIS it L7 6 45 3 Ok
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G138 2.1. % M RABAK, m: E— M Zi#HH, ke N, &
(1) =& pe M, B, & k &I,
(2) H& pe M, Ak p AR U ABH py: ' (U) - U x R 25T B

) — 2 U x R*

(3) BE peU, pup: B, — {p} x R¥ REMERH.
(4) oy oyt A X FBA
N EAVT AR T B — AN e EMfe— AN B LEMIER 70 E - M ez b,
NHBAESA BARPIRIE FIGIE op o @' BRI, X0 LALBIIGIE goy G HE.
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B
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SKER

$Up: By — {p} xRY, ¢p,: B, — {p} xR
pupi=E,@F, — {p} xREQR, v@wr— ¢f,(v) @ ¢p, (w)
guv = 9iv @ iy
Heig M IUERA A PAE Lawrence Conlon [1) Differentiable manifolds 55 k15 # 7.4.1

EE 2.2, KERGB@EM T HR@OKER.

Hom

EIE 2.3. N E 2 F 69ARAE LS Hom(E, F) 698 & Z 18 A — AN US4
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Wr: E— M EZREN f: N - M 2wy, &ileX N EmEN o f*E — N, #1E
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3 E=EMWEE

HEE A R A B EE

tan: (=, 2) — R UEHIAEAE SR8 L 16 R BUCTE E4h B EEANRUY. (A A IR R .
Wil 3.1. R sel(U,E). ME& pelU, BEW #HLpeW CU # 5 (E) 4 5|, =5,
BEET
EX 3.2. % a:T(E) = T(F) & R-Z& B4t

(1) # a R=ARBIHETF, &R 5|, =0=a(s)|,=0. £F seT(E), Uc M ZF%.
(2) R a R—ANEHLTF, ok s(p) =0=a(s)(p) =0. £F sc'(E),pec M.
@l 3.3. X a: (E) - [(F) & F-&Wé), A2 o ZEIET.
. Wos|, = 0. AEH p e U, BEKTRE f e 7 Wi f(p) =1 HsuppfCU.
fs=0=0=a(fs) = fa(s) = a(s)(p) =0 = a(s)|, = 0.
O

BEMEFIREZIFE L

AP EATHE TR RS T o BREZITSE U L B8R a(s) E U LWERTH s £ U LK
ETEARE, BFFERARX ARG, KA DU, E) PAAAEE — LA e B A R PR H1 R A5 2 1 =)
PRI, FATTLZTR ] o BRR I EIX LT _E QT fE .

EHE 3.4. R a:T(E) > T(F) 2—MNAIHET, MAMEANTE U C M HAE— R-&MERS
I'(UE)—T'(U,F)
iR

=a(t)|,, Vtel(E).

TEBA. O
F -t M5 MGt
R 3.5. K a: T'(E) > T'(F) & F-&kt), R4 o REHLT.
JER . FATEAEINE s(p) =0, A a(s)(p) =0. & E £ pc U FHREHWE {e1,--- ,e.}. &
=Y de;, a'€C™().
B s(p) = 0 FTLAA o' (p) = 0, HE4
a(s)(p) = au(s],)(p) = av(D_d'e))(p) = (O d'av(e:))(p) = > a'(p)av(e)(p) =0
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ep(s(p)) = a(s)(p), VseTl(E).

TEBA. O]

T 3.7. HAE——HE

{hBeSt o1 E = F} «— {F-&hst a: T(E) - T(F)}
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https://math.stackexchange.com/questions/2760371/why-do-i-care-that-smooth-vector-fields-over-

a-smooth-manifold-have-a-lie-algebr
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EX 3.1, % o: M - N REBBEMH, X cX(M), Y €cX(N), ff X o Y & p-40%8, m R

CupXp =Yoo, VpEM.
5138 3.2. X X A=Y & oKXy, 2 THRE ge C°(N), £MA

X(gop)=(Yg)op.

X(gop)(p) = Xp(gop) = (pupXp)g = Yomg = Yg(e(p) = (Yg) o) (p)

S 3.3, % X, A Y, B o ABEE, R4 (X1, Xo] v [V1,Ys] R oAl K.

iERR . BB
@*m([leXQ]p) = {Ybyﬂso@)'

FH N _ERIeREL f,
ap([X1, Xo]p) f = [X1, Xa]p fop = X1, (Xa(f o)) — Xop(Xi(fop))

X1 p(Xao(fow) = X1,((Yaf) 0o 9) = (@upXip)(Yof) = Y1 o) (Yaf).
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2 KEH
KT IR B ELE — AR I 18w AAE A2 A U B il R 4R B SRR R IF AN B A RIR KRR,
EX 2.1 BRV,W,Z #AZ R-GZZEH. daR [ VXW = Z #HE
(A1 + vz, w) = Af(v1,w) + f(va, w)
fv, Awr +wa) = Af(v,wi) + f(v, w2)
WAR f R R-SUE MBS, Bk 4569 SR M st 2kt Z2(V, W, 2).

EX 2.2. ZUV,WHEZR-@EEZE, {1 VWU 2 RREHBS. wR LT R-GEF
B 7 Fo R-EMBA g: VX W — Z, ARAEAEE—8 R-EMMRI h: U > Z 18F hof=g

WA f AV 5EW £ R E&KREAR.
LMK EAR A E A, BATERERTEIR 215 2 -

o SKEBPZERRA S T A AAAENERIE SO, BTN U e Ve w, % f(v,w)
IL1E v @ w. HEERIEATF AN, VoW M oew #iE+r AR,

o L(V,W;Z)=Hom(VeW,Z), K, 24 Z BCN R i, BAVEE] L (V,W;R) = (Ve W)*.
e VW)=V eW* N\l L(V,W;R) =V @ W* I\l Ve W = 2(V"W"R).

BHIAE 2V, W R) B8 2 ik &R S, FIRATE Vi W #EAG BR 4k 1% 7 18] 1)
BN VoW BASIICh Z2(VWHR).
PRIt — 645 (BN T FIACERAR P E D 23X B e S5k S A

EX 2.3. X feV,geW, 23
f@g: VW =R, (v,w)— f(v)g(w).
RHFEE fRg AV xW @& IH, #1E f 5 g 89FKE.

FEIE v @ w WRIVREMERBIXMW AT, BHED V@ W = Hom(V, W).
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G E R EN
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CHAPTER 6. #45# X
3
GSEES e LT
EHEEN

EX 3.1.

SSHL AR
SRR R AR T A AR R

19 iR 2 B9 HEAA
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CHAPTER 6. #%%% X

4 WoEX
85 4.1. QM) =QM) e Q' (M) & - & Q"(M).
EX 4.2.
A: QP(M) x QU(M) —s QPFa(M)
w o, N o wAn

QM) £ N TR RAEL
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5 SMES
ABUEN

EIE 5.1. X M RARARN, N AEE—L R-K LB
d: QM) — Q(M)

i

(0) d(QF(M)) c Q1 (M).

(1) df(X) = Xf.

(2) d(df) = 0.

3) d(anB)=daAB+(-1)PaAdB, a€ Q' (M).
EB.

o S6F M AR RE I
BB IR KA d,d, BATEY] d = d. XHERET w € Q(M),

dw =d (Z ffdx1> =Y dfiAde! =d (Z f,dxf> - dw.
I I

I
NHEATRBEN d ZAFER), E X

dw ::delAdxl.
I

SR SR P 5 AR R S A bk AR

Ei ey, d 2E— 1.
o RIREANTRE B M. FATEEANLArF EE X dw.

37

o FHSSEIAEE RN dw BEPFR]—E. XEM B, U EE R d e IRH 2758 vV L.

— R, FATER LR E T d ZRRFMET. W w,w, € QM) WHEEU C M Fw = ws,
FHIEE U A dw, = dwe. H1 d BIEMNE, RGN T RAEWNRA w e QM) £ U E1ERNE, 4
dw £ U EHIENE. AFIUEMER p e U 5 dw(p) = 0. Mi&E— A% o £ p miftiTiEA
1, 7/£ U #MEFEAZE, MM pw = 0. I4 0= d(pw) = dp Aw + pdw = dw(p) = 0.
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o JERERET, WA MBS T R &L . € X
dy: QU) — QU).

EEE QU) THTCERIFALIRE QM) KRS, EXTAEFE— QU) BHITER, SFTEL
FE A QM) PRICR EHAERE RIS, 456 d RRAET, TATHT LR 42 L
dy. &5 F HXFEE LHRE dy W2 e B g d w2 s

d2=0

Rl 5.3. 5= ik



Chapter 7
ZE [

1 EEZERER
BV RATRGERIE . KV WA (e, en)” A (E1,- -, 80)T, SH LI

€1 €1

AR (e1,- en)t ~ (6, ,6,)T, WHE det A > 0. BHBIFIXEEM KR, HHBAFHANEME.
%~’|‘ﬁ£1‘$ﬁ@%1ﬁ%i’y V =N ER.
Bw#0e \(V), s

w(eh... 7€n) :w(Allé“ ’A;éz)
o(l) ~ o(n) ~
— Z W(A1( )60(1)’... ’An( )eg(n))
oESR
o(l oln ~ ~
= Z ATW AT (g1, o))
oceS,
S oA Aty )
oESy

= (det A)w(éy,- -+ ,€,).

P 2 w(eq, -+, en) > 0 A FRERER—>5E .
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CHAPTER 7. %19 40

2 RTEER

B b, AE R TR R BRI M YT TM, JATATLARE] M — A IHE
H A TM FEREANITE BF L R — MR U B TM |, R U xR, Fit, R #—
MERZ G, BATATLX U A AV R T — A —BE . £ARK U MHsSrer, €
) B — B A . U, BATRER I RS — A U _ERE R CRGEOR 2 B mEi N D |
FEAG A e E B DX A A — 20 7 RATHE AT LU EX A G MIRUE M OARIE R E M. EiRE
RAARE L R BRATT R TR 21 B34 (R — % 2 T A .
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3 FIREN
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Chapter 8

iz LRVER 4
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CHAPTER 8.

1 n-FEREXBR

FIS LR AR

1t

ErIFA
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2 Stokes AT\
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Chapter 9

deRham _F[=

n YEBKRTH_E 12 A 1

par
IH]
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https://math.stackexchange.com/questions/12453/is-there-an-easy-way-to-show-which-spheres-can-be-lie-groups

Chapter 10

=2

1 =
EX 1.1, FREELS G REH R L LA RBLEM A LM, S+
pw:GxG—=G, (g1,92) = g1 9o

PR S

}Am

:-“>

f 1.2, 54 s R R, R AR AR B 8RR

(it

EIE 1.3. A& RIaHFH B [Gleason and Montgomery-Zippin,1950’s]: X G AR, LK
F A —ANEINA, R4 G EH—NRBLEMETCR-ANFTH.

I

z>

W14 FELEENEBHNREMNTN. LA, £EZH G L DPABEMOLS TE——
/\J:ﬁat#ﬁ'%?f’?.

5] 1.5. H— 2K Ka95)F:
o ELHMHANKT T BB 642
I RIZHFLRESTHY, MACARBEETH, FEHKTH.
o R", huik#f,
o R* =R — {0}, fek?.
S, ik,
o HWEE EERE

Gum ={X e Mn,R)|det X #£0}, —AMA&MEH
SL(n,R) = {X € M(n,R)|det X =1}, HFR&MH
O(n) {XeM' R)|XX"=1,}, EX#.

o IR Gy Ao Gy REH, MACHAMAMR Gy x Gy LAFZH,
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JEIE.
(2) NRBANRBATAA FHLEM. Plde, AEHLEMOGRAR SO S 42 S3; BRGNS Y

Y HEHEMGAHA T? =S xS, THEMBEG AR LWIEITLFR 1, (G) LAZ
Abel #9.

PAERE G 2 —DFRE AMER TR a,b € G, AW ARG, £ 3fe
L,:G—G, g—a-g

A 3
Ry:G— G, g—g-b.

L, &Y B RN E v AR E Y i T i B &
L,:G&axaG2Sa
gr— (a,9) —>a-g.

Kt Ry, = pod, RGN, BE L' = Lo M Ry' = Ry fTBL L, M1 R, #BRHS FIAE.
WA, Ly A1 Ry BUEAEHR, Bl LoRy = Ry L.

5138 1.6. FEBS 1 G x G — G YA
dtap(Xa, Ys) = (dRpy)a(Xa) + (dLa)p(Ys)-
EMEZARAT PSet2 $HRAH 0: T,G x TyG ~ Tup)(G x G).
TEBH.
(dpap(Xa, Vo)) f = (Xa, Y5)(f o p)
= Xao(fopoiy) +Yp(fopoja)

= Xa(f © Rb) + Yb(f o La)
= (de)a(Xa)f + (dLa)b(}/b)f
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2 FERERS

EX 2.1. 8 G HZRFH. XS o: G- HRALFWUHRE, Wi o —ANFTHRE.
WA ¢ : G — H &—NERFES, WAELE e T TV ¢, : T.G — T.H.

Wk 2.2, X A7 o, (X) & p-Aa% 9.

JEA. EHIE
e pXp = [Pue(X)]o(p)
(R R W 30 8 A 2o ANAR ) B 3 A i A B BRUAEL, B DASEANY TiE

Pup © L p(Xe) = L () © P e(Xe)
KA @ REREFZ, FTLA o(pg) = o(p)p(g), #AJTEDE

polLy,=Lypop: G— H.



CHAPTER 10. %#

3 EAEEES
AT RIG5E S,

o

EX 3.1. XV REqETH, #L EHA-A_xiE
[, ]: VXV =V
i#h
(1) (&M [aX) +bX,, Y] = al[X1,Y] + b[ X5, Y]
(2) CRAAR) [X,Y] = -]V, X].
(3) (Jacobi 2% X) [X,[Y,Z]] +Y,[Z,X]]|+ [Z,[X,Y]] = 0.
MARV A—AERE K[ AV LeyTHE5EE

Bl 3.2. HEAT R & = 1] EARAE —ANFALay ERELEHM: (X, Y] =0.

5 3.3. REAM M LeybHEEBmES I°(TM) B —NERK.

5l 3.4.
3.1 BESYFEEARSHTHE

veT.G XEREZREY)

|

Pp:R>G+——p:RxG—-G

5. GREHE X AGEIHNAREREY, N

o
=
&
w

(2) L p:RxG—G A X kZOELFTIE O() = o(t,e), 24 o(t,g) =g- ()

HFHH,g:R— G RE—HL ¢0)=X, WEHRL.

TE . FRATVRE AR 7 w1 2k =) #0047 AE P SR BROL Y, TR A B AR AN AN AR R B IR IR 2 A AE T
FATTAT LAA A 22 ety BEAL A AR 70 T 2R 2 53— Ab U2 AR i 2k A R IRA THR A Kz, B AR
Iy HHERARAZ, A8 BATTRT LU FH I — P W 5 3 P AR 2 i 2 mT LB 21—, AT AR AR 7 i 28 18 3 X
BRAAZE Ro A M e AR R E KRR L, BATRIIZ AR T R AR 73 th 2 A =
MEKRZ, RE-NEFR, MRBAIUED e FPRKRRD ML o(t) FEkdE, Mol g PR
k2 g - o(t), TR EARF e AR B S B et R ] s AR 7 W R g 1), IR 2RI ¢ X M

Iy RIARRIE AT 3R o(t).

49
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3.2 1E¥RRGt
o FRECMRSSLEIRA TR LANZEAEAT B 1) SR F A
o TREWILT BAFAE M AR AR BN R ) TR — AN AR A
o FUHTR TR BT R G N IE LR LB R R I T
THE TR R £ %
o WIWHHE G, B SAEL g, (EBUTR X eg
o Mt ¢ :R— G, iR

— ¢(0) =e
- ¢'(0) =X
— ¢ RFREAZ, B 6t + 5) = ¢(t)p(s)

. exp(X) = 6(1).
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4 ZFFEE

o1
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5 HEFEE
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6 ZFEH{FH

B M ORI, G R B g R G IR
WA T, g HUTERAWERIE A, B, . HUEESS, EOISWAIE G LA RERRHR 7.6
.

6.1 TEEME



CHAPTER 10. %#

7 HFBERR

@Rl 7.1. Ad: G — GL(g) RF#HR &,

'A[:TEE 7.2. AutLieg ﬁ%?‘a’}%

0,
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8 FF4=[d]
EN 8.1. % M ZXBAM, G REH. A M AL EH—ATiE G ERH—AFHE G-ZH.
EIE 8.2. X G AEH, H A G WHATH. R4

(1) £/ %501 G/H & dimG — dim H %4641

(2) G/H LA E—ty kB EMEF 7. G — G/H RABEX.

(3) X G £ G/H Lt £4R g - (goH) == (g192)H, W G/H R A FMH G-F .
JEF. O
EIE 83. KRG AFH M AFMW G-ZEW,pe M. A2

(1) p &#9FELTF G, & G &IHF#.

(2) B F: GG, — M, gG, — g-p RF T HMHFE.
JEH. O

EIF 8.4.
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9 5F

E(n)
U(n)
H WA ) E 2R DURK, Bl U(n) AR

S

#E.
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Chapter 11

Maurer-Cartan 3\

1 Maurer-Cartan 3\

2

1.1 X
dw + i[w,w] =0

IEH . RN AR B
dw(X,Y) = Xw(Y) = Yw(X) - w([X,Y]) = —w([X,Y])
Hp w([X,Y]) & G EIUFAE (X, Y] 1 g HRE
[w, w](X,Y) = [w(X), w(Y)] = [w(Y),w(X)] = 2/w(X),w(Y)]

Hrp w(X) M w(Y) ZIHEE X MY, B8, B Rl s G r e iEE (X, Y] fRE.
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Chapter 12

=M _ERYERLE

1 mEEM ERVERLE
EX 1.1, 3% (m,E,M) R@EA, £ V:T(E) > (T"M @ E) # X
(1) V(s1 4 s2) = Vs1 + Vsa.
(2) V(fs)=df @ s+ fVs,Vf € F(M).
MR V & E Eey—AFss, B LA mesMmmEsiih AE).
5] 1.2. L E=M xR ZFLR-A, N d: C°(M) — QY (M) 23 Eagass,
i 1.3.
i 1.4.
il 1.5.

513 1.6. & (m, B, M) RAEL, V' € A(E), fie C*(M), Y fi=1M V=3 [V eA®E).
i=1 i=1

W 1.7. % (7, BE,M) 2&a=h, W AE) =,
IER. W AU} & M —MTE&HMSE U, £ E AR L
Go: T H(Uy) — Uy x R,
W {fa} RINET {U.} ML R £ 7' (U,) bE X
V% = tdpss, Vs €T (Uy;m H(Uy))

W Ve 2 a (Ua) EE—ANBES. B 1.6 H V=) f.V* € A(E). O
R 1.8. % (m, E,M) 2&®A, % Ve AE), N

(2) % V € A(E),a € Q' (Hom(E, E)), 1 V+a c A(E)

(3) & V,V € A(E), WM& ac Q' (Hom(E,E)) 4 V-V = a.
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CHAPTER 12. =M Eoyakss

BX4RHY BaR a7
B e} RAHEN 7 E— M 11— NREIRZE. W Ve, Vyal A {e;} &i&

.
Vei = wj ®€j.

V(el en>

A FHEFE AT R
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2 FITHE
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3 [EEM LEERIAIR
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CHAPTER 12. =M Eoyakss 62

4 EEMEMSTER

25 4.1. ,
O(E):=T(\T"M @ E)
4.1 SR
— I,
A QP(El) X Qq(EQ) — Qp+q(E1 &® EQ), (w,n) — w A,
/\I:':‘

(WAL, V) = Y 580(0)w(Vs1)s Vo) @ N(Vo(pi1), - opta))-
shuffle

—ARRIE LR T A EEMY MOERE LA, B
A QP(M) x QUE) — QPYY(E), (w,n) — wAn
— MR IE DR ¢ = 0, MRS
WAN=w®n.
4.2 WHEIMES

EX 4.2. L VA1 E—> M E—/ %, 7L

p+1

dy: QP (E) — QPTH(E), dyw(X1, -, Xp11) —Z(— VIV xw(Xy, e Xy, X )

+Z 1) w( Xz,X]Xl,--~,f(i,---,Xj,~--,Xp+1)

1<J

B GO AT I E SCH SR I AR T (K O
Wl 4.3. & w e QF(M),s € Q°E), N

dy(w® s) =dw® s+ (—1)Pw A Vs
IER.

dv(bd ® S)(le T 7Xp+1)
p+1

= Z(_l)iilv){iw ® S(Xla T aXi) T >Xp+1)

+Z z+]w®5 XuX]Xl,"'7Xi7"‘7Xj;"'7Xp+1)
1<j
p+1

_Z l 1VXW (X1, Xy, Xpa)s

+Z Z+]w XHX]Xl)”'in?'”?X'"'7Xp+1)8

1<J



CHAPTER 12. w2 MA _E&gERsk
=Y (1) X w(Xy, -, Xy, Xp)s

+ Z(_l)iilw(Xla e 7X’L'7 e 7Xp+1)in5

+Z(_1)Z+jw([X“X]]7X17 7Xia"' 7Xja"' 9Xp+1)8

W 4.4. X we QP (M),a € QUE), N

dy(wAa) =dw A a+ (—=1)’w A dya.

A

dyv(wAha)=dv(wAn®s) = (dwAn))®@s+ (—1)PT(wAn) AVs

(
=dwAn®@s+ (—1)PwAdn®@s+ (—1)PT(w An) A Vs
=dwAn®s+ (—1)PwA(dn® s+ (—1)In AVs)

=dw An®s+ (—1)’wAdy(n® s)

=dwAa+ (-1)’wAdva.

Rl 4.5. K a € QP(E),n € QY(M), 0|

dy(ann) =

63



CHAPTER 12. =M Eoyakss 64

5 BXEAVEIERTN
el 5.1. XV A 71 E— M Eay—Ams, 0l
di: Q%E) — Q*(E)
A F-Bhe, Kbk ik Fy € V(E*QE), %43
dys = (Fy,s), Vse QYE)=T(E).
TEHA.

A2 (fs) = dv(df @ s+ fVs) = d®f @ s —df AVs+df AVs + fdyVs = fdLs

O
EMX 5.2. & Fy € B} (E*®@ E) A%% V 4y £ K.
W 5.3. ¥ T a=w®scQ(E), A
dba=wA (Fy,s).
TEBA .
A3 (w® s) = dy(dw ® s + (=1)Pw A Vs)
= (-1)PMdw A Vs+ (—=1)Pdw A Vs +w Ady Vs
=wA (Fy,s)
O
HE A JLITE X

W (U,2s) N M R AL,

Vs = idxi ® V;s

i=1

dy(Vs) = dy (Z dz! ® Vﬁ) ==Y da'AV (Vis) = = > da'Ada’/V;(Vis) = Y da'Ada?Vi(V;s)
=1

i=1 i,j=1 i,j=1

(Fg(0:,05),5) = d%s(0:,0;) = Vi(V;s) — V;(V;s)
DALk 3 S e T YR A 1) AR S AT S R

HIRBHERRIA



CHAPTER 12. =M Eoyakss

6 ekt

EX 6.1. & (m,E,M) AmEh, &L

N,

G = D(Aut(E)).
G R (m, B, M) $HLE, G F TERAREE .

&5 6.2. X ge G,V e AE). 2L

g=)

Vis:= g 'V(gs).

M VI e A(E).
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Chapter 13

FMN

1 EM

EMX 1.1. REBHEH 1: E - M ZVAF HFRGTFHRL, R GE
Go: T HUy) — Uy x F
RRABRGMH RIS, B {U) Mk M OFELE 4R B L2204 M ARZH.
EN 1.2, B GAFH 1: P M ZLG HeFhEeydph 5 G H#ERE P L, W}
(1) ZE AR AWE, B P HA &M F 2T HR 2T LY.
(2) R4
Yo: T H(Uy) — Uy x G
RETM, B4R oo (p) = (2,h) W ou(p-g) = (z,h-g).
WA m: P — M BizA&ERAE G-I,
f5 1.3. & M AN, G AFH, W MxG— M EZE G-A.
Bl 1.4. 7: C"T1\ {0} — ST 2 £ RT-A.

5l 1.5. 7: St — CP" 2% SI-A.

TR
(Yoi i 7T71(Ui) — Ui X Sl, (20," . 7Zn) — ([Zo,' . ,Zn], %)
25
0|,
P UIXST s ), ([ ) oy 02
Zil%

$) 1.6. w: C™*1\ {0} — CP" &% C*-A.

Bl 1.7. TAGELR TN,

5 1.8. % G AF#H H A GOWTHE M. G—G/HRE H-A.
TEBH.

FIE 1.9. T A LEHEAREE, BIET A F LA,
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https://mathoverflow.net/questions/74611
https://math.stackexchange.com/questions/611037/if-there-exists-a-global-section-then-the-principal-bundle-is-trivial-problem

CHAPTER 13. £

2 AERANELREED

B G HEHHE P L, X TEA Aeg, NTEXAES AWT

d

A, = o p-e e T,P.

t=0

Wl 2.1. A T>(TP)=X(P).

ER. N TFAERE f e 0°(P), RATE Af € C=(P).

ety = &

Af(p) =A,f pr

T dt

t=0 t=0

fou(p,e?).
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3 EM ERIERL
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4 EM EBREHIAIKR
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Chapter 14

SR AR &5

1 Frobenius EIERILEUEE
FI L1 XM RABAH, X A M LOEBAES. R X, £0, RAALE p RéL4EF (U, o)
73 Xy = %.
TEH. O
EIE 1.2, A M & n ERXBRH, Xp,-- X, R M LRAREHRAXOLTOES. R

X0, X,] =0, Y1<i,j<I
WaIHERE pe M, A p RiGLIRF (U,) B X, = %.

JEH. [

71
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2 DHNARSNE

ENX 2.1. 2

v

EMX 2.2, DA M ERBESH. MRIEZEZNTFRY NCM R D GRYR, ok

T,N = D,, Vp¢€ N.
EMN 2.3. % DA M ESRBENA. A D RTIRG, R M PAHEHALE D YENGRT .
EX 2.4. % D RAFSA. AR D 23S 604 % T(D) 34534,
R 2.5. D A A S AR EEZ U A [(U, D) F4E53H.
JEHA. O
Rl 2.6. TR SATE.
JEHH. O
Rl 2.7.
EX 2.8. % D RAFRNH. Ak we QPU) BIL D 4R

w(Xy,---,X,) =0, VX,---,X,el'(U,D,).

5

R 2.9, 8 D & n EXFRY M L& kEBEXRBSH. we QP(M) i D ZARSERIFLER

n—k
i=1
AP w R DEU LSBHRAHK, B e (U).
GEH. -

WEL 2.10. % D RABEBSH. D ALY LREEMNEL D & 1-H X n 8955 dn £ EL
D.

TR
= dn(X,Y) = X(n(Y)) = Y (n(X)) = n([X,Y]) = 0.

R—



CHAPTER 14. 4 FiAnet k4

3 Frobenius EIE

M
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Chapter 15

YW
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Chapter 16

ZEflr
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CHAPTER 17. 4k 7

1 21FPSet2Partl

(2)[Extending polynomials to S?]

Let pn(2) = anz™ + ap_12" "+ --- + a1z + ap be a complex polynomial with a,, # 0 and
n > 0. By identifying C as S* — {N} via stereographic projection, the map p gives us a map
p:S* — {N} = S* — {N}. Define p,(N) = N and thus we get p,: S* — S*.

(a) Prove: p,, is smooth.

(b) For which points x, do we have (dp,), = 0?7 In particular, prove that there are only finitely
many z with (dp,), = 0.

TR

(a) R LM p, £ N mALITE.

S\ {8, N} S\ {S, N}
SN\{S}, N —— S\ {S},N
Cz ————— C",pa(2) l l
l l C,0 — C,0

1 w"
(C*,U) = - *7

z apw™ + -+ -+ ay,

FAARRE L)

v |
o S\ {S} AN KA, WA 2 - ~ ReE RS 0 1) — 4Rk
i

. we v 650 MHIE S8R 2 1.
apw™ + -+ ay,

(b)
O

(5)Let M, N be smooth manifolds with atlases A = {(¢n,Us)} and B = {(¢g,Up)} respectively.
Define an atlas A x B on the product space M x N to be

Ax B={(¢a x ¢p, Uy xUp)}.
Prove:
(a) A x B is an atlas on M x N, thus define a smooth structure.
(b) The nature projections m; : M x N — M and my : M x N — N are smooth.

(c) If P is any smooth manifold, then a map f: P — M X N is smooth if and only if both 7 o f

and m o f are smooth.
(d) Tip,q)(M x N) =~ T,M x TyN.

TR



CHAPTER 17. /& s
(a) o {(UaxUs)} BRE M x N T %,

o 4 (Ua x Ug) N (U, x Up) # @, N

(0 X ) 0 (o X 0p) " = (¢ x ¢') 0 (¢ x ¢57) = (o 0 05") X (S0 65")

MxN——"— s M

ld’a X ¢)B lﬁba

Qba(Ua) X ¢B(UB) L ¢a(Ua)

P M x N

¢+ (U5) ba X P5(UB)
(d) PRILYERAHIE, BARFERY (5
ATERATTAT LGS R i 5 S R R g
0:T,M xTyN — Tp,q)(M x N)
(u,v) — w
Hrwf =uf(,q) +vf(p,-), BAHWUEZBG REFE X.

o BHIIE 0 LA,

o kerf = {(0,0)}. % u #£ 0, MATLIFRE] f, : M — RIHL ufy #0, Al ufi >0, f1(p) >
0, BN, HJE —f1 + C, Hrp C BRI RIFEIEEL X v # 0 MFEFHRBIAE A —
fo, v =0 fo=1. X

f:MxN-—R
(p,q) — f1(p) f2(q)

M wf = fa(q)ufr + fr(p)vfs > 0.
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2 21FPSet2Part2

(1)[Submersions are open maps]
(a) Let f: M — N be a submersion. Prove: f is an open map.

(b) Prove: If M is compact and N is connected, then any submersion f: M — N is surjec-
tive. Conclude that there exists no submersion from any compact smooth manifold M to any

connected noncompact smooth manifold.
TEHH.

(a) AEEL W c M 2T, TATEIEH (W) BIFE. TR g € f(W), ITLARE] p € W 1§ f(p) =
q. B f R, BTLLRATAT RS p Al g (A5 (o, U, V) A1 (4, X,Y) {645 o fop™!
R, RIS I, IR THE pe U cUNW BW/INE g€ f(U) C f(W)
(¥ F(U) RIFE. FFLL f(W) ZFFE.

(b) o H (a),f RIFWES, BTl f(M) T4

o f(M) RE&E, BN N & Hausdorff (11, FTLL f(M) 2 HI4E.
o EMEMBEIT A TERAEEEMELE, FTLL f(M) = N.
|

(2)[Compositions of submersions/immersions/constant rank maps|] We assume all maps

are smooth.

(a) Is it true that the composition of two submersions is still submersion? What about the

composition of immersions? What about constant rank maps?

(b)

(3)[The fundamental theorem of algebra] Let p,,(2) = a,2" + ap_12"" " + -+ a1z + ag
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(2)[Morse functions| Let U C R" be an open set, and f € C*°(U). We say a critical point p € U

of f is non-degenerate if the Hessian matrix

Hesss(p) = ( 8fi28ij> (p)

is non-degenerate. A function is called a Morse function if every critical point is non-degenerate.

Prove: Given any f € C*°(U), for almost every a € R", the "linear perturbation” of f,
forU—=R, x> f(z)+az +-- +apz”

is a Morse function on U.
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(2)[The commutator of two vector fields|

Given two smooth vector fields X,Y € I'*°(T'M), we consider the commutator
[X,Y]:=XY -YX.

Note that neither XY nor Y X are vector fields. In this problem, you are supposed to use three

different methods to prove that the commutator [X,Y] is a smooth vector field on M.

(a) Show that in a local chart (¢,U, V), if X = X'0; and Y = Y79, then we have [X,Y] =
(X'0;,Y7 —Y'9;X7)0;, which is a vector field.

(b) Check that X, oY —Y, 0 X is a tangent vector at p which depends smoothly on p.
(c¢) Show that [X,Y] is a derivation on X*°(M).

(4)[Examples of smooth vector fields]

Construct smooth vector fiedls satisfying the given constraints:
(a) A smooth vector field X on S*"*' such that X, # 0 for all p.
(b) A smooth vector field X on T" such that X, # 0 for all p.
(c) A smooth vector field X on S? such that X, = 0 for exactly two points.
(d) A smooth vector field X on S? such that X, = 0 for exactly one point.
(e) Three smooth vector fields on S® that are everywhere linearly independent.

(6)[The Hessian]
(a) Given any X, € T,M. Prove: there exists X € I'>**(T'M) so that X (p) = X,,.
(b) Let f € C*°(M), and suppose p is a critical point of f. Define
Hessp: T,M x T,M — R, (X,,Y,)— Y, (X[f),

where X € I'*°(T'M) is any vector field so that X (p) = X,. Prove: Hess; is well-defined,

bilinear and symmetric.
(c) For M =R", what is Hess;?

(d) A critical point p is called non-degenerate if Hessy is non-degenerate at p. f is called a Morse
function if every critical point is non-degenerate. Prove: On any smooth manifold, one can

find Morse functions.
TEH.

(a) JaEf EEEREIE R, SR 5 F ARk bR B 4 2.
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(b) o REM AFIEHE

o XWZEME. BAR.
o TR

(c) Hess;(X,,Y,) = XY/

(d)

X(p) =0, M Y,(Xf)=0.

v = x| vx (k) o

POt

K?(Xf) - X;D(Yf) = [Y’X]pf =0.

0*f
OzidxI”

82
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(1)[Plenty of diffeomorphisms]
Let M be a connected smooth manifold of dimension m > 2, and let {p1,--- ,p,}and {q1, - , ¢}

be two sets of points in M.
(a) Prove: there exists a diffeomorphism ® such that ®(p;) = ¢; holds for all i.

(b) Let X; € T,,, M and Y; € T;, N be nonzero vectors. Prove: the diffecomorphism ® above can be
chosen so that d¢,, (X;) =Y; holds for all 7.

TR

(1) & X ANE@EMHEHTE~ 8 X EREN KRR HEE 2 € X, AR U 8L E p,q e U
Hp~q B2EE pge X B p~q.

(3) B
~={p ~q| I s.5. o(p) = g} .
B (1), BAESHER p,g € M A p~ g, AREIETRE pe M, FHEAR U, SHEREM g U
1 o € Dif f(M) 158 o(p) = ¢. WU & p WHERIAFASSRIER U B RAET B, T U

BT BT BT p, g MLB, ERBR—AME, EHE SRS Y (p - qi)%

(3)[p-related vector fields]

(a) Let ¢: M — N be a smooth map. We say two vector fields X € I'*°(T'M) and Y € I'*°(TN)
are @-related, if for any p € M,

dp,(Xp) = Yo(p)-
Prove:
(i) If X and Y are p-related, then X (¢*g) = ¢*(Yg) holds for any g € C*(N).
(i) If X; are p-related to Y; for ¢ = 1,2, then [X;, X»] is ¢-related to [Y7, Ya].

(iii) If X and Y are p-related, v: I — M is an integral curve of X, then po~y: I — N is an

integral curve of Y.
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(b) Now let p: M — N be a diffeomorphism, one can define a "push-forward” operator ¢, : T*(T'M) —
I°(T'N) by
(s X)o(p) = deop(Xp).
Prove:
(d) (9 X)g = (¢~") X"y for any g € C=(N).
(e) f X, Y € I'*(T'M), then ¢.([X,Y]) = [0 X, 0. Y].

(6)[Commuting vector fields]

(a) Let (¢,U,V) be a chart on M. Prove: [0;,0;] =0 for all 1 <i,j < n.

(b) Let X, -+, Xk be a smooth vector fields on M that arelinearly independent on a region W
of M, so that [X;, X;] = 0 for all 1 < ,j < k. Prove: For any point p € W, one can find a
local chart (o, U, V) near p so that X; = 9; on U for all 1 <i < k.



CHAPTER 17. 4k 85

6 21FPset7Partl

(2)[The canonical symplectic form on R*"|

n
Denote by (z*,---,2",y",--- ,y") the coordinate functions on R*". Let w = Z da’ A dy'.
i=1

(a) What is dw?
(b) What is w”" =w A -+ Aw?
(¢) Find ¢*w for the following three cases:

(i) ¢: R*"7? < R*" be the embedded submanifold of R*" defined by z" = y" = 0.
(ii) ¢: R™ < R®" be the submanifold of R*" defined by y' = --- = ¢™ = 0.
(iii) ¢: T™ < R®" be the submanifold of R*" defined by (2%)* + (y")> = 1,1 < i < n.

(d) For any f € C*°(R*"), find a vector field X; so that tx,w = df.
(e) Let Xy be as above. Prove: Lx,f =0 and Lx,w = 0.
TR

(a) dw = Z d (dxi A dyi) = Zdei Ady' —dz* Ad?y' =0

=1 i=1

(b) w" = Z dz® Ady"D A Adz®™ A dy™ = nldat Adyt A A da™ A dy™.

o

n—1
(¢) (i) 'w= dei Ady'.
i=1
(ii) t'w=0.

(iii) o* (2'da’ +y'dy’) = 0,1 <i < n. FiLh do’ 5 dy’ AAEEMERER, FEL cw = 0.
(d)
(e)

(3)[Cartan’s lemmal]
Let wy, -+ ,wy be 1-forms on U C M that are linearly independent point-wise. Let 0y, -+ ,
be 1-forms on U so that Zwi Amn; = 0. Prove: there exists smooth functions A4;; on U, satisfying

A;; = Aj;, so that n; = E:zAijwj.
TR O
(5)[Orientable manifolds]

(a) Prove: For any smooth manifold M, the tangent bundle T'M is orientable.

(b) Prove: Any Lie group G is orientable.
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(c) Suppose M is orientable, f: M — N is smooth, and ¢ € N is a regular value of f. Prove:
f'(q) is orientable.

(d) Let f: R® — R" be the map f(z) = —z. Is f orientation-preserving?
(e) Let f: S™ — S" be the antipodal map f(xz) = —x. Is f orientation-preserving?
(f) Prove: For any k, RP* is not orientable.

TR
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(5)
(a)

(b) Let G be a Lie group. Prove: G is abelian if and only if g is abelian.

(b) =
— Y G EERHN, BE X = -X.
L m:Gx G — G Rk, A% 5%k

dm(@e) : T(e7e)(G X G) 2TGeT.G —T.G
(X, Y)— X+4Y

I8 R At

0:G— GxG—G

gr— (9,97 ") — e
1E e AbTHE o Wy, mEE=UENE
0 = dme.o (id X, i, X) = X + i, X,

M i, X = —X.
— 2 G & Abel #ERT, 75 5 AF BOL WU BRI, 72 0T HCECE AR Ex2.4.
— WM G 2 Abel 258, SLH UL @ OB BRI, BIZRERA, W i, 2%
REFIZS, H4

[X,Y] = [-X,-Y] = [i,X,i.Y] = i. (X, Y]) = —[X, Y],

HEAHEAY 2 I, i (X, Y] =0.


http://home.ustc.edu.cn/~tysun/Abstract_Algebra.pdf
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