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the beginning
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1 $—8&

JE RS SRS AR B P13 AU 1. 2. 3 f
L f:R=R, A8 fi(z) = f(x), fa(2) = f(facr(@)(n=2,3,- ). BHILE ng, H1G f,,(x) =z,
m R E FR) ER——mi.

TEBH.

o WAL EAFLE 21 xos B f(21) = f(ee) = @ A fug(@1) = fug(2) = frgr(@s). B
fno( )_xlafno(x2)_x2’ .JJ:[: Ty = T2.

7B, (Map(R,R),0) #& 2 X8, MALARGELAN " =10 f T,
2. NEAE R FIESREL f, EfELHEEZE R\Q FE&——m, M7t Q AR ——Bu.

IER. BORAF R AR SR IF IR f, WIAFAE pg € Qs WAL p < q H f(p) = f(q).
RN f S AL Ll fAE [p,q] LREMBIRIAEMGRME. 15 f DRERLHENREZA
PIAS, B, AP TR KA R EE A B R ME R, X f R R\Q B —— WU P,
B [p,q] THARRE A LHEL =, RFENMEEHE, —ETLUKB S Dy € [p,g, T
f(x) = fly), ARy BAEEHE. HAFRRLEE o AREXNARFR y (E, RIS T [p, qf
FIEEEEE (BB EZ AR A HEBENENTEZEN— XN, ZXRAFRER. O

L BRBAE f R R FRESRE, R fleo RN, flQ EAR, WAHE a,be Q, i1
fla) = f(b) = yo» EX

A={z€a,b], f() =yo} =[a,b] N f {wo}

oo
U A,y ﬂk
k=1

3f X =Y BHMEHYHMNYMIENETHE BCY, i
f(f=1(B)) = B.
EB.
o HY RMpLE

- EMETERAT=SE, HTEEmE f(f1(2)) = o =K.
— A Y WA f X — Y RISTAE o

o MY AR,
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-«
FABGIET:, ¥ f ARG, WAEE yo € Y, 18 f (yo) = @, T f(2) =2 # {yo}
ZidEy!

fTH(B1UBy) = f71(B1) U f71(Ba), f(A1 U Ag) = f(A1) U f(Ay).

AL FESHMER y € Y IERA
FU W) =v,
ME f AR X A2 BT .

JRURA TR T AR AT BN AN S T X 8] (4.

E. AT R FHE U, Bz cU, & J,={lopenjz € ICU} # @
(J., Q) HmTEE, SMER S C J, THERTF &, £ U I &S J, m—4LER JFRE

IeS

FeITIXIE, o Zorn 51H, fAE—NRAIC Ix, HEFREWMY I, 5 1, AWM, EAAHL. &R
Z, I, Ul, D1, 51, #IKITTE. O
P20, 1 12 f:R - R, E = {xER: lim:—l—ooy}

Yy—x

iEH. & g(z) = arctan f(z), E = {x € R,;iir:lﬁg(y) } M55 E <

n ) 1. -
E—{xe[nn]ylrrglc 2}

N g(.’IJ),l‘ € [_n7n]\En -
EX gly,z) =< . Ktk B, 72 g,(z) 78 [—n,n] BPRERKRE S, 55—
5.’1) € Ly,
B R f o la,b— R], W f R EAS R ORAE KU T

SHMERM 6 >0, &
={tea,b]: f(t) > f(z),x €[t —0,t+ ]\ {t}}

Wrs BEs — €A MRE
k2, Wty & Es BI—MHRBR A, O

oo

1% z € (0,1), %x:ZZ—" Z FPAE N 513 an # by, W2 H —MREARER.

n=1

a, —
EH. Z 2n _Z =0, ¢, ={%1,0}

1
2m0




CHAPTER 9. 43k
2 HEZ[F
LW f: XY, ACX,BCY, Rin: FHIZER R ?

(i) f7I\B) = [ (V)\fTH(B):s
(if) F(X\A) = F(X)\F(A).

Py

(i) AOL.
TRz € f~HY\B), W f(z) € Y\B. Zif z € f YY)\ f 1(B).

59

BRE ze f7U(Y), RFIEx ¢ f~Y(B). iz € f~4(B), W f(z) € B, X5 f(z) e Y\B

T

Bz e I\ TH(B) W f(z) €Y H f(z) ¢ B, B fz) e Y\B, Wae fTH(Y\B).

(ii) AL
REAFE v € A2’ € X\A, 115 f(z) = f(2') =y, &AL,
BEHBAE y € F(X\A) H y ¢ fF(X)\f(A).

2. % ECR EZIFFZEE REWNEER 2 E, ffEyec B, 15 2 —y NIEHH

. R EE s e B, WEEN yec E, i v —y NAEBEE. Yy Ay B, o —y1 # 7 —yo. IXHE

AL TN E Ron R BEEE RS il 49 T0F 1 AT AETS LN EEII N ¢, TE.
3. Wk z = 11 J&T Cantor £

4’13
2 1+i+i+ —1
9 92 93 4

2 i+i+i+ —i
27 272 278 13

TE B

O

O

4.Cantor sets of constant dissection. Consider the unit interval [0, 1], and let £ be a fixed real

1
number with 0 < & < 1(the case £ = 3 corresponds to the Cantor set C in the text).In stage 1 of

the construction, remove the centrally situated open interval in [0, 1] of length . In stage 2,remove

two central intervals each of relative length £, one in each of the remaining intervals after stage 1,

and so on.

Let C¢ denote the set which remains after applying the above procedure indefinitely.

(a) Prove that the complement of C¢ in [0, 1] is the union of open intervals of total length equal

to 1.

(b) Show directly that m.(C¢) = 0.
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N
k—1
(a) B k 548 21 KN (155) € WP, KRy
o (1T N e
Y2 ) g=e) 1-9tt=1
k=1 k=1

k

(b) % k BEET 2 KRN (1;§> B, KN (1—6)F, bl
m.(Ce) < (1— &), Vk

O

5.Cantor-like sets.Construct a colsed set C so that at the k" stage of the construction one removes

2F=1 centrally situated open intervals each of length I, with

l1+2l2+-”+2k_1lk<1

(a) If I; are chosen small enough,then 221@71% < 1. In this case, show that m(C) > 0, and in

k=1
00

fact, m(C) >0=1— ZQk_llk.

k=1
(b) Show that if z € C, then there exists a sequence of points {x,, }°°, such that z,, ¢ C,yet x,, — =

and z,, € I,,, where I, is a sub-interval in the complement of C with |I,| — 0.
(c¢) Prove as a consequence that C is perfect, and contains no open interval.
(d) Show also that C is uncountable.
TE B
(a) HIUWEERIA]Z AT I,

m(C) =m([0,1]) = m([0,1\C) =1 - 28711,

1
=, %
n

G o FERPAIXI, AP ER AL o SRR o, TSI A — A
FEIR 178 F— M, IR IEEN L, (EB— o, G TR,

(¢) AHERE 2 € 6 B € C R E—Fh I, M35, W 20— 20 T C Hy5aath.
5 CAEIFIH (0b), WA 0 FAKMER o <b—a WA (0,5) C G J0b Gy R m
R TP, (AR RERAT o T

(d) ¥ C 5 C PRSESLEIUN, K5 kD gdsm i o ANIFIX IR ZC /A7 SR xT iRk, el
C A HHE s C tATTHL.

(b) 4 k 5, B 28 AMEKMARXE, KRR 2i SHERE n > 0, PRIk f78 2ik -

k

O
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3 F=A
1. WE S (AR AETRE ape™ + an_12™ 4+ -+ arx +ap = 0 FIHR) HIFEEE c

. WS BRETE a,2" +ap 12"+ - Farx + ao = 0 FIRMIZEEEGE N,.

FREAAE n RBERBOTRE. BATTREEA n MR FTRREANECE AT 5N, B DR Et 2
A BIA 1)

FEA RN R TTREIEER, AR B A] FFFIL 2 T H1 . 430k O

2. W {fu(x)} W F C R ERESRES, W f.(x) £ F _ERWRSUSER F,s 2.
TR, X ERE n,m, k 1E A4

1
E?S{f,)n = {.T eEF: |fm(x) - fn(x)| < k},
W B B, RIS FE BEF = () EW,, W ED RIE & E® = | ED, mE® £
m=n+1 m=1
F, % WA E = ﬂE<k>, Bl E & F,s 4. -

3. W f(z) /£ R FEAMEME. HMEER r € Q, S {zeR: f(z)=r} LAWE, HIEH
feCR).

B, B f NS, WAFAE 20 € R, FTE g0 > 0, LK o, 815 |2, — 0] <= 15 |f(z)— f(z0)] = eo.
RYGFEEH AT I FARES f(x,) — flzo) > 00 BEFHSNL,2,--- .0,
15 r € Q, 13 f(zn) = f(wo) +e0 > 1 > f(x0).
AT, T €, 488 16, — ool < lmw — w0l < 0 F(6) = 7 B & - w0, BN
E={zeR: f(z)=r} W%, il zyeE, B f(zo) =7, FTJE! O

4. % f(x) A XAE R LRI, BEXHTEREM t e R, S5 {x e R: f/(z) =t} 2W4E, WIEH
fl(x) & R EHIESLREL

iEH. i Darboux FEBNEEHA f'(x) /£ R LREAMEMNF, HRES LB IGHIT. O
5. % ECR, HfffE q: 0< qg< 1, fFHEME—IX] (a,b), #AHFXIEFL] {1,}:

n=1 n=1
WU m(E) = 0.

PER. N FREH m(Em (0 1) =0, WEMHZE m(E)=0 Eﬁﬂﬁmbuﬁﬁﬁk
EN(0,1) U In,Zm (b—a)q. Bk m(EN(0,1)) < (U L) <Y m(l,) < (b—a)q.

3

EX’EEE'\ IZ'; Eﬂ[i C U Im,Zm Im <m( )q, JH:HT% Eﬁ U in? JJ:[:

n=1 n=1 n=1

m(EN(0,1)) <m U Iin) < sz in <quI)<(b—a

i,n=1 =1 n=1
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FEANE m(EN(0,1)) < (b—a)g®, FHMEE k Bor. BT 0< ¢ <1, Bl m(EN(0,1)) =0. O
6. VXL A1,A2 CR", A C Ay, Ay %ﬂ%)ﬂﬂ%, H m(Al) = m*(A2> < +00, iﬁlEEE Ay %ﬂuﬂﬂ%
‘Lﬂ:—ﬂ}:] m*(Ag) = m*(A2 N Al) + m*(AQ\Al) — m*(AQ\Al) = 0.

MEMEAZTNEE, FIt Ay = A U A\ A, 2 RT4E. O

7. % {Ep} 2 R" PHITTES], HF om <U Ek> < +oo, RIEY

k=1

m (m Ek) > k@om(Ek)

k— o0

TE B

o () = (3 U )

k=n

= lim m(U Ey)

n— o0
k=n
o0
= lim m U E;
n— o0
k=n

> lim m(E,)

n—oo

8. W {E.} /& [0,1] RIS, m(Ey) =1(k=1,2,---), IEH

m<ﬁE) =

IER. XM T8 m(ED) =0, ZHE m (U E;) = 0. HHIEE B AT Z1 AT in e 4R O
k=1
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4 FEEE
L#EC01]. % mE) =1, &KW E=[0,1; & m(E)=0, RiEW £ =o.

IEH. W om(E) = 0. & E # o, WEETFIXE (a,b) ¢ E, W m(E) > m(E) >b—a. FE! Fit
E=o. % B =[0,1\E, W m(E°) = m([0,1]) —m(E) = 0. W] Ec = &, N E = (E) =0,1. O

2. % {A,} REAMZHIWNES, B, C Ap, BIEY

iER. HFE m* <

(G
=
~
\Y}
[]e

S*
C
3/

Il
-
3
Il
-

n

3-)(—
7 N
1Ce

EU
N———

[

3-)(—

s
sy

3

D)

(-

>
N——

+

3*
T~

(G
sy

3

D
PR
C =
>
N———
-

3
Il
—
3
Il
-

*

=
Sy
S

I
3*
/_\/: ~N ~
1
W
N——— —
_|_
S*
3
%CS@
W
N—————

\Y
3

3
I
-

I
M o~
3*

G

3
Il
—

L kBT, 15k O

3. WECR, HO<a<m(E), WiEHME E FHRAERAL F, 158 m(F) = .
TE B

o HAUEMAE EFIARE E, 15 0<a<m(E) <m(E).

% B, = EnN|[—tt], W E, &n %I H tlim m(E;) = m(E).
MIXHERR] e > 0, f#7E A >0, H194EE ¢t > A, W2E m(E,) > m(E) —e.
e 87 /MEE m(E) —e > a, W—MHMNT B, 28 E.
o WEHIfEAE B RIIPLE F AES m(F) = .
FFE2 B, = EN[—t,t],t € [0,t], & f(t) :=m(E,),
[f(t1) = f(t2)] = [m(Ey,) — m(Er,)| < 2t — ta,
Rl f(t) RIELSLRE. HAEEHE, 71E € € [0,t] 15 f(§) = .
M Ee = EN[-¢, & a2k,
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4. %W Ey, By, -+, By 72 [0,1] HHIATILE, HAE

k
1=1
k
RIEH m (ﬂ E) >0

k
TE B, Zm Y=k — ZmEc>k—1:>Zm(Ec)<1

=1
<QE>_1—m<UEC> Zk:m(Ef)>0. O
i=1
5. % A n[il, B cR", iEH
m*(AU B) +m*"(ANB) =m*(A) + m*(B).
JEH.
m* (AU B) = m*(A) + m*(B\A)
m*(B) =m*(ANB)+m*(B\A)
BT R4S PP IE . O
6. ¥ {By} & R LT MES], m*(A) < +o00. & Ey=ANBy(k=1,2,--+), E= ﬁ Ey, it

k=1
EH
lim m*(Ey) = m*(E).

k—o0

1EB. lim m*(Ey) = lim m* (AN By) =m*(A) — lim m* (AN By)

k—o0 k—o0 k—o0

m*(Ey) =m* (AN lim )=m"(A) —m*(An | Bf)

k—ooBy b1

HIEAE lim m* (AN Bf) = U AN By, HIANIEENE B -

k—o0
k=1

7.% ECR", H>E H H 2l & H\E YTl F4ER RAENE, K. H 2 E WS
RN

IEW. CRIATTIEE N BRI AEHOE T IAE, i AT S 431
W H=NUI[23], E=][23]. M m*"(N)#0, &l N Al

Fig. X H ORET
(|

8. WIEW] fidE E AT 78 0 Bk WAESS € > 0, fA{EITEE G1,G2 : Gy C E,G, C E°, f#
15 m(G1 N Gg) < €.

. XN TS G, W GS i3 G5 C E C Gy, 37 H m(G1\G2) <&, XIERZ E ATIK
I WELAT O



CHAPTER 9. #Flk 65

5 FhHH
L% f(o) @ XAEE ECR™ b 35 f2(x) £ E L0lll, H {z € E: f(z) >0} &[4, 1
f(z) £ E v,

k8. BA f2(x) £ E LALLM {z € E: f*(z) >a >0} ={z € E: f(z) < —a < 08if(z) > a >0}
RAME. X {z € E: f(z) >0} ML, FHIL {z € E: f(z) < —a < 0F f(z) >a>0}n{z € E: f(z) >0} =
{xeE:flx)>a>0} BUMNE {z € E: f(z) < —a< 0} HEMNE. Kt {z € E: f(z) > —a,a > 0}
SR T f AE E R AT O

2. % f € C([a,b)). #EEXLE [a,b] LIERE g(x) : g(z) = f(x), a.ex € [a,b], Ri: g(x) 1E [a,b]
SR LT b A S g 2

WAL W f(x) & [0,1]) ERIMEN 0 k%L, ¢ & Dirichlet pREL, BRI AR M. O

3. W 2 = fla,y) & B LIELEE, ¢1(2),p(2) £ [a,b] C R LESETMEE, WRiEy]
F(z) = f(g1(x), 2(x)) A [a,b] EIRIATIIEEL.

PR, RIE {z € [a,b] : F(x) > a} &Rl MI£E.

T f &SR, TUES A= {(z,y): f(z,y) > a} BIFEE.

{z €la,b]: F(x) >a} ={x €a,b] : (91(x), 92(x)) € A}.

BATATLAFRE] R? LR —RATEEEA (c,d) x (f,e) HHF c,d, fe € Q, HATHTFEX TR
1 (c,d) x (f,e) C AUEB {z € [a,b] : (g1(x),g2(x)) € (c,d) x (f,e)} &R MLE.

REANEARTTIE {2 € [a,b] : g1(x) € (¢,d)} FIAJIMEE {x € [a,b] : go(x) € (f,e)} WIZ, M
SRR, A3 O

4. ¥ f(z) 78 [a,b) FAEEA SR, RIEWA SR (x) & [a,b) ERIATINER %L
EH. 0

5. WAEATIIAE EC R L, fo(z)(n=1,2,--) JLFAWSE T f(z), BARMERST g(z), 6.
reBH KRN
g(x) = f(z), aex€E?

IEH. O
6. i1 f,(z) =cos"(z)(n=1,2,--+) & [0, 7] AW EEW S50 2

IEH. O
7. W {fe(x)} 5 {gr(x)} £ B EERNEZEECTE, UEW {f(x) - g(2)} /£ E LRSS T2,
IEH. O
8. W f(x) & R LJLPAKES: MR, W ZBE g c C(R), 17

g(z) = f(z), aexelR
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6 SN
P119.5 % fo(z)(n=1,2,---) £ E =R EARMEWRST f(z) =0, W)

nhﬁrrgom({ac € E:|fu(z) >0}) =07

. E=10,1], fu(z) = =, KMERKRST 0 H m({z € E: |f.(z)] > 0}) = 1.

S|

P119.6 X E C R AT e s { fi(x)} 2
fu(@) 2 fen(@) (k=1,2,--).
H fr(x) /£ B ERMEERSEE] 0, Wi: fi(z) £ E LRSI LFAEAEE] 07
LR, 1 Riesz AN {fr(x)} HOBAIRME: B AR
P123.1 W f(z) 2 R ERSERTIRE, olin: ZEFE g € C(R), 13

m({z € R:[f(z) —g(z)| > 0}) = 07

A

66

IER. WA 121 U423 Lusin EEH P IRARESCN “ f(2) /&2 E\Z LREsms, Hd m(Z)=0".

(B A RS R, DR A o RS T B R
H97 LA AR, By B

P123.2 % f(z) 1E [a,b] BT, WUEAAEZ IS {P, ()}, 15
lim P,(x) = f(z), a.e.x € la,b].
IER. AR 3.20, fF1E [a,b] LITELSLRES {gp(x)}, 15

lim gx(x) = f(x), a.ex € E.

k—o0

B [a, 0] MR, XASOR )L — Bl
i Weierstrass ®H#, f71E [a,b] LRIZIK {Pe,.}, F15

lim Py, (z) = gp(z), z€E,

n—oo

I Hax Ao — 2l
NERESE H 2 W LF—BUSE] f(x), MR LA Ak it

FERE 6 > 0, 1P2E [a,b] FOATHITHE B (643 m(Es) < 6 30 {go(e)) — BT f(a).
tﬁﬁﬁﬁ%mﬁﬁK R k> N, 24 |ge(z) (N<%EEM HE o> M, T4

| Pem () — gi()] <— » KIXBER P 88 Py W {P,} 7E [a,b]\Es L—808E] f(2). FIE. O

Fig. & EJEJF#Lﬁﬁ‘S/ﬁ'Jﬁ
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P189.1 % f(2) & B C R I JLTAbhb AT E A aT il s, Lk 2 / F(z)dz = 0, BIEW m(E) = 0.
E
B, & m(E)=a>0, # A={z € E: f(z) =0}, HEE m(A) =0. 1 m(E\A) =a > 0.

B, — {x cE: f(z)> ;} 1 ko 673 By, > 0, B0

m(E\A) =m([ )) <) m(E) = 0.

k=1

" /Ef(:z;)dx > %m(Ek) S0 FIE 0
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7 $£tHE
P143.9 % {fi(2)} & E LREAERATIR S, 55
lim fi() = f(z), fil#) <f(2) (€ Bik=1,2,")
Wt B AR — AT e, H
Jim e fi(x)de = / flx)dx
. R, 4 /fk g/f, WIS Tim /efk S/ef.
i Fatou 5|3, ﬁ/f<hm fr- Mﬁﬁﬁi“éo/ef’“:/ef' O

k—o0

P149.3 % f € Z(E), N

m{z € B:|f(z)] > k}) = O (;) (k — o0).

. W By ={z e E:|f(x)] >k}
/ = / fxi, > km(Ey).

m(E) < 1L, s [ 5 mtms, i s = 0 (;) ko oo. .

P1594 W f € Z(E), iE,Ek:{JJEE:U( )| < = }, RIERA

lim/ |f(z)|dz = 0.
k—o00 By,

hm/ |f(z)|dx = hm/|f |XEkd=’U

P190.9 % f(z) 72 [0,1] ERE#IG R E, WIEMx E C [0,1), m(E) =t f f(z)dz < / f(x

[0,£]

TE B O

TR

/ lim |f(z)|xg,dz = 0.
g k—oo

P159.3 & f € Z([0,+00)), RIUE I REL
_ f(t)
g(a) = /[Om) I ar
£ (0,+00) FiELEL.

P160.6 & f, € Z(E)(k=1,2,---), H fi(z) {£ B E—ZET f(z). & m(E) < +oo, KW

tin [ i@ = [ f@

P190.10
P190.12
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8 H/\A

P191.18
P191.19
P191.20
P191.21
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9 FEhAE
P189.3 ¥ f(z) & E C R* EMAESTTMREL. HE By C E, m(E\Ey) <

kli_)ngo /Ek f(z)dx

» fEAS AR

T =

175, WIEW f(o) 7 E EIRL

JERR . RIS NAZIE A B O SET B, R e RN S Sl e B
BIRATTLLE S B, 1) ERIR, AHEEMEFEEEAZHZE E. AN J18H Borel-Cantell 513, O

P189.4 % f(z) /& R LMHER TS, 4

# Fe ZR), ik /f(x)dx =0.
P189.5 ¥
P189.8
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10 E+3
P184.1 ¥ f(x,y) 7£ [0,1] x [0,1] EAIFR, RIERA

/0 (/Ox f(:c,y)dy> de = /01 (/yl f(x,y)dx) dy.
/01 </Ox f(a:,y)dy> dr = /01 /01 f(@ y)xy<adydr = /01 </y1 f(%y)d:v) dy

TR

O
P184.2 it A, B /& R™ W ull4E, ik
/ m((A —{z})N B)dz = m(A) - m(B).
an
1E B .
/ m((A —{z}) N B)dx
= ( xa(zr +y)xsy )dy) dx
R R™
= ( xa(z +y)xs(y)de )dy
R™ R
(XB XA(.CL' ) dy = m(A) - m(B).
O

P193.29 & f(z),9(z) & E CR LM MEREIH m(E) < +oo, & f(z)+9(y) £ Ex E EW]
i, WRUIER f(z), g(x) #2& E LRI R L.

iERA. B Fubini B, X y € E\Z, F,(x) = f(z) +g(y) ZXKT = BRI Rk%, Hrh Z F.
B yo € E\Z 55 |g(yo)| < +oo. B Fy,(x) FIRL, %5 XA / |f(x) + g(yo)|dz < +o0.

Mﬁ/mmm=/um+mmﬂmmm</vm+mmm+mmmwx+m O
E E FE
P193.30 i+ N AR % -

/ / dzdy
>0 Jys0 (1 +9) 1+$y)

+oo 1
(i) / Sl 1Y
0

2 —1

i

(i) Flz,y) = L

(1+y)(1 + 2%y)

dzdy teo oo O e 1 72
- — _dp)dy=2 [ ———dy=".
250 Jy=0 (L + ) 1"‘»'53/) 0 1+y \Jo 1+ 2%y 2)o Vy(l+y) 2

7 (0, +00) x (0, +00) EHIAEG AT K%L, FrLleh Tonelli &,
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(i) FEEH

dxd Foo oo 1 oo
/ / Y 5 :/ / 5 dydx:2/ ;lidx.
250 Jyso (1 +y)(1 + z%y) 0 o (+y+a22y) o x*—1

+oo 2
At mz g, -
o x2-1

4
OJ
P193.31 & E Cc R &R, H m(E) >0, f(z) & R _ERAEFA AR, 5%
:/ flxz—t)de
E
£ R _Er#E, WUEH f € Z(R).
. WE f(r—t):Rx - R, (z,t) — flz—t) ZTIEE (why?)
Fz) 5T, B X / Pla)dz / / F(z — t)dtdz < +oo. H Tonelli E3,
R RJFE
—t)dtdx = —t)d dt = d dt = FE d
[ [ xeste - naaa /(/f( ) x)xE /R</Rf(w> a:)xE m(E) [ )i
H m(E) >0, 13 / f(z)dz < +oo. O
R

P162.7 & f(z) £ [0, +00) LIEMAH, HA E C (0,400), NI

/Ef(x)dx — 1= /Ef(x) cos zdz # 1.
SE. B /Ef(x)cosxdx — 1, /Ef(:c)(l ~ cosz)da = 0. BN f(x)(1 — cosz) . ik
f@)(1—cosz) % E EJLTFRMNE, BHit £ 7 B EILTRAANE, K5 /E f@)dz =1 FJE. O
P162.8 ¥ f € Z(R), f,c ZR), HH

/|fn p)lde <

P2 Z/m ~ f(a)dz < oo, HUEIEUMEI, /Zm(x ~ f(@)ldz < +o0r MT
Zm AR, AT LT A A TR, U\ﬁ’ﬁz Fal@) = f(2)) JUPAEARHS, NI lim £, () -
F() = 0 JUTALAL AL, . O

P163.9 WA {a,} W2 |a,| <Inn, n=2,3,---. N
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PR, W f(x) = Zann_’;dx, fa(z) =a,n™".
n=2

oo

o0 fe'e) ) 1
Z/ |[fn(2)|dz = Z/ la"|n""dx < Z/ Innn="dr = Z — < +o0.
n=2 E n=2 [2’+°°) n=2 [ n

2»"!‘00) n=2

BT e B, f () ATAR E

o0 0 a
f(z)dx = g / fo(z)dz = g " n72,
/[‘2,+<>o) n=2 " [2,+00) n=2 Inn

P163.10 ¥ & X E x R™ BIERE f(x,y) W2:
(i) WA y e R", f(z,y) & E ERITIs%L
(i) W=z E, flo,y) & R LRESREL
B g€ LRY), B3 |f(z,y)| < glz) X 2 € B JUFAL ST, Tk %k
F(y) = /Ef(:v,y)dx
& R™ ISR
IEW. AT {y,} IBLE] yo, H Lebesgue 2l SE #,

lim f(:c,yn)dﬂﬁ:/ggrgof(:c,yn)de/f(:v,yo)dx-

n—oo
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11 E+ZH

P218.8 WiEW] f € BV([a,b]) H HAUHAELE [a,b] EHBIGREL F(2), {E13
[f(@') = f(@")]| < F(a") = F(2')(a < 2" < 2" <b).

TR

e = & f € BV([a,b]), H Jordan 7 fEEHE, fF1E [a,b] LREEEREL f1(x) M folx) fHi15
f=f—fo WF=fi+/f, N

[f(@") = f@")] < [/1(@") = fi(@")] + [ fo(2) = fo(a")| = F(2") = F(2').

o —fFH N Ha=2o<x1<- - Tp1<xp,=20, M

n n

Do) = flar-) <Y Flay) = Flag-) = F(b) = Fla).

k=1 k=1

b
Bt \/ f < F(b) — F(a) < o0, B f € BV ([a,b]).

b

P218.10 ¥ f € BV([a,b]). #H \/(f) = f(b) — f(a), WIEW f(z) 1€ [a,b] L2EHH.

. AL () > fla), BNCETE.
BOEAFE a < o1 < 20 < U EF f(21) > f(x2), WHZMAEL,

fb) = fla) < [f(a) = f(z1) + fa1) — flaz) + | f(z2) — f(D)].
B\ = £(b) - fla), FTLLLHEARATREERE 4 A5, HREISE S, (HIXEER

fla) = f(z1) > f(z2) = f(b),
T . O

P222.1 % E C [0,1]. #HAE(E 1: 0 <1< 1, 5% [0, 1] FAEREBIT XA [a,b], ¥H m(EN[a,b]) >
I(b—a). IEH m(E) = 1.

. xp(r) = hm / xe(t)dt > 1> 0 JL Ak aar.
H xe Rﬁ%ﬁxﬁ 0 8¢ 1. Bk xp(z) = 1 JUTARAL T O
P222.2 %§+ [0,1] [ Dirichlet Bi%L xq(z), BiH: [0,1] H1H) Lebesgue s ftA?

JEH. Wi E [0,1] HY Lebesgue s /& o3 A,

x+h
o W ATCHEL, W lim / ft) — f(z)|dt = lim ;L/ Xodt = 0.
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1 z+h 1 z+h
o W ATCHEE, N }llin%h/ |f(t) — f(x)|dt = lim 7 (1 —xg)dt =1.
- x x

h—0

P232.2 W f(x) & XAE [a,b] L. HH
[f(y) = f@) < Mly—=|, =y¢€lab],
hl
If'(x)] < M, ae. z€lab].
. W RS AT < AE 0 = 0 U Y m(fan b)) < 608 3 1 (b)—F(a0)] <

i=1 =1

MY m(lai,bi]) < e. I f'(x) JUPAMAAEEE. 3T ' (x) FEAER 2,
i=1

<M

h—0 |h|

O

P232.3 B f () A& [0, 0] LHSMEAREERHIG]. 7 S fulw) 76 [a,6] LUCEL MIFABHELE [0,1]
st et "
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)RR

1 FE—XIEE
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2 FEITRIIEIR

7
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3 FIRIWE
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4 FIR IR

EX 4.1 (FIfk).

FE 4.1 (SRiAZER).

EE 4.2, & & C P(X), BHZ
(1) 9,X € o,
(2) o AR, AMBH I,

E e 2 o(f) BRI E, B R
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5 SERIRIIMIR
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7 BEXITIR
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8 HJURIIFIR
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9 FHRIFIR
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CHAPTER 10. 3]=#
10 SE1XIEIR (5.18-5.20)

5l 10.1 (RHEREMAED). & fe LT(0,+x)), T |z =
+oo

| #tiaham(a) = nm(B0,1)

0

5l 10.2. HZ&E...

a3+, N

(r)r"~tdr.
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11 FE+—X iR
5] 11.1. E F 2 R J:éﬁﬁﬂi:*;’c, W F 3]

(1) F € BV([a, b]), sup\/ f) <400 HiEFE a<beR Rk,

@)ﬁﬁ?ﬁA,&ﬁ/umwhyfmmm<mmﬁ&%heRﬂi
R

|/ D <A, L o BEAH suplp(e)] < 1 6 EAE L8 TR 5.
xER
JEBF .
c ()=
(J+1)|h]
/WFx+h 2)\dz M“TEZ/’ f@+h) — f(2)|de
jez Jlh|
[h|
=§j/ @+ G+ DR) — fx + jh)|dz
jez /0
MCT ‘hl . .
/ S+ G+ Dh) — fla+ jh)lde.
0 JEZ
TR F|
N z+(N+1)h
Y lf@+G+Dh) = flx+ih) <\ f<prU'<+w
j=—N x—Nh

e (2)= ) 1IE p &L, suplp(z) <1,
reR
1 , e ,
nF(@)(p(x + ) — p(a)) <= Mg llaxn € L' (R).

/R F2)¢/ ()de

lim n/RF(:t)(gp(a: + 1y~ (@) dz

n—00 n

= lim
n— o0

n [(Fla = 1) = F)e(o)ia

< Jim [ P = = F@)llpta)ldz
< A.
e (3)= (1) H1 (3) &1, /£ ¢ € €7 (R), /RF(ac)go’(a;) < Allelloo

H Riesz &N, FAEME—T u, H13
[ F@)s @)= [ e
R R

1((0, z]), >0

i

86



CHAPTER 10. A%

M p=pue H GeBV.

/R F(z)y' (x)dz = /R o(z)dG = /R G/ (z)dz

/R (F(z) - G(2))¢ (2)dz = 0,Yp € E(R).

F(z) = G(z) a.e. z € R.
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12 IR
o P 2| Banach 20, H 1 < p < +o0.
o P HBE T, H 1 <p< +oo.

— HATHE Banach 2[R0 LA AR R, X 27 BIERRIDN d(f,9) = IIf —9ll,-
FESEIAN T,

— AT PR RAR B R AR,
LP(R") ARAH], BeALFATE B —AIE]

TR
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Chapter 11

Stein

1 E—E
5.Suppose F is a given set, and O,, is the open set:

(’)—{a::d(x,E)<1}.

n
Show:
(a) If E is compact, then m(E) = nhj& m(O,,).
(b) However, the conclusion in (a) may be false for E closed
13.The following deals with Gs and F, sets.
(a) Show that a closed set is a G and an open set an F,.
[Hint:If F is colsed,consider O,, = {w cd(x, F) < :L} ]
(b) Give an example of an F, which is not a Gs.
[Hint:This is more difficult; let F' be a denumerable set that is dense.]
(c) Give an example of a Borel set which is not a Gs nor an Fj,.
Eie.

« A X FHE: A

I
S

o A° A& A°
16.The Borel-Cantelli lemma. Suppose {E}},-, is a countable family of measurable subsets of
R? and that

Zm(Ek) < 0.

Let
E={ze R : x € E, for infinitely many k} = limsup(E}).

k—o0

89
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(a) Show that F is measurable.
(b) Prove m(E) = 0.

TR

(2) BE= () U Bx» ATMSEREXAIFIEMATSIAZSE A, i B R,

n=1k=n
m(E) =m(() | Be) <m({J Ex) <D_m(Ex)
n=1k=n k=n k=n
O
17.Let {f.} be a sequence of measurable functions on [0, 1] with |f,,(z)| < oo for
TEFF . O

25.An alternative definition of measurability is as follows: E is measurable if for every € > 0 there
is a closed set F' contained in E with m*(E — F) < e. Show that this definition is equivalent with

the one given in the text.

IR, E ORI HACY B¢ 2 nT 4. #5058 XHMER e > 0, fAEFEE G D E° ffiff m*(G\E°) <
e, WA F:=G Wik FCEIFHm*"(E\F)<e. O

26.Suppose A C E C B, where A and B are measurable sets of finite measure. Prove that if
m(A) = m(B), then E is measurable.

JEB. B\A ZAIEEIEH m(B\A) = m(B)—m(A) = 0. ZIMEM TELFNE, Nk F\Ac B-A
A H m(E\A) =0, Hit BE=AUE\A ZAEFH m(E) = m(A). O

27.Suppose E; and F, are a pair of compact sets in R? with E; C E, and let a = m(E;) and
b = m(Es). Prove that for any ¢ with a < ¢ < b, there is a compact set F with F; C E C Fy and
m(E) = c.

IEBA. SR PATR AT AGE. By By 2RI, ITUAEETSE U D By {18 m(U\E) < b—c. 3
A ByNU® & B I HEHME m(EyNUC) = m(Ey\U) = m(E2\(FaNU)) = m(Ey) —m(E,NU) >
m(Ey) —m(U) >b—(a+b—c) = c—a. WMRFATREKRBN—NEL K C E.NU° liE m(K) =c—a,
WA KUE, $tZ& Es MEN ¢ KR T

XA i) AL VAR T XA — AW, e —NEE F CRY, HIERN m(F) =p, %
FEEWR0<E<pu, EFHR—NETEF CFHdm(F)=C¢

KA BRI PR & f(y) = m(F N By,(0)). B4 f(0) =01 fly) = p MFARFKE y.
Bbah, fy) BRELM: B y fle > 0, m(B,(0)) MIELMERFRAKE]—4 6 > 0 g HE
ly =yl <& fH |m(B,(0)) —m(B,(0)] <e. HA |f(y) - f(y)| = m(F N (By(0)AB,(0))) < e. X
RN TR RZE T4, MR ZERWENT e Bl f2Esn, FkmAEEEEA — v
18 f(yo) = €. O]

32.Let N denote the non-measurable subset of I = [0, 1] constructed at the end of Section 3.
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(a) Prove that if F is a measurable subset of N,then m(E) = 0.
(b) If G is a subset of R with m*(G) > 0, prove that a subset of G is non-measurable.
TR O

33.Let N denote the non-measurable set constructed in the text. Recall from the exercise above

that measurable subsets of A/ have measure zero.
Show that the set N'* = I — N satisfies m*(N°) = 1, and conclude that if £} = A and E; = N°,

then
m*(El) + m*(Eg) 7é m*<E1 U EQ),

although F; and FE, are disjoint.
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B &

1 @ 4

5. % fr(z) /&2 R™ LRIER AR EA. R HMEEATIEE E Cc R, #F
/ ful@)d < / fror(2)de.
E E

T UE B

lim /}Efk(x)dx:/lfklirgofk(x)dx.

k— o0
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