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Chapter 1

Elliptic functions

1 Simply periodic functions

Notations

 region=domain=open connected subset of C = {z +1iy:z,y € C} endowed the Euclidean

topology

e Let @ X5 T be meromorphic,where (Q is a region.Assume that Q is left invariant under the

translation z — 2z + w,where w € C* = C'\ {0}

Suppose that f(z +w) = f(2),Vz € Qi.e. f has period w. Then nw(n € Z) are also periods of
f.

Call f a simply periodic function on €2

Example 1.1. Q = C,e* has period 27i,cos z and sin z have period 2.

1.1 Representation by exp

DeﬁneQ’:{CEC:C:e¥,z€Q}

27i

Example 1.2. « CI5LC

27i

2 e w
. Q—{a<%m<b}—>9'—{e—b<|g|<e—“}
w

. . . Fo=
Observation: Use notations as above,3 a unique mero fun Q' — C s.t.

Take ¢ € Q.3 "unique” z € Q up to translation s.t. ¢ = e“5 Tt follows from that w is period

of f

Conversely,giver a mero fun F : ' — C , we obtain by (1) a periodic mero func 4T
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1.2 Fourier development

Assumption: Suppose that F' is holomorphic in annulus {r; < |¢| < r2} (0 < r; < re < 400)

Then F' has its Laurent development in the annulus,

+o0

F(C) = Z CnCn,Cn =

n—=—oo

— F(¢¢ Hd¢(r <1 <)
2mi I¢|=r

Hence we obtain the complex Fourier development of f(z)

> 2miz 1 atw —27winz
flz)= z cpe e ,cn:/ f(z)e7 = dz

w

n=—oo

. . . 21z

in the corresponding strip { —Ilnry < F— < —Inry
w

Example 1.3. As Q = C,Q = C*, the complex Fourier development of f holds everywhere.

1.3 Functions of finite order

Let Q= C and Q' = C*, F: Q' ™% C has at most poles at 0,00
Then F is rational,i.e.
[ polynomial
polynomial
with degree d. We say f is finite order, equal to d = deg F.

Define a congruent relation z ~ z 4+ w,which is an equivalence relation on C
27z
The set of congruent classes can be identified with the periodic stripS = {0 <S— < 277}
w

By the commutative diagram
c—-¢C

|

C*

f is of oerder d, assumes each ¢ € C\ {F(0), F(c0)}
at d different congruent classes.
Since f(z) — F(0) as %2 — —o0; f(2) = F(0) as Img — +00
we can understand that f assums both F'(0) and F(co) with multiplicity d.
Since the strip S contains only one representative of each congruent class, f assumes each ¢ € C

d times in S,with a special case for F'(0) and F'(c0).
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2 Doubly perodic functions

Definition 2.1. FElliptic functions are mero functions with two R-linear independent periods on C.

2.1 The period module(Z module)

Let C —% T be mero and M the set of periods of f.

M may be {0}. If w,ws € M then njw; + naws € MVny,ns € Z. Hence M is a Z-module
Mg RBL f ARHEN M B

Call M the period module of f.

Theorem 2.1 (Classification of period modules). Assume f non const. Then M can be classified
as: {0}, Zw(w € C*),Zw, & sz(% ¢ R)
1

1EBA . Assume M # {0}.
MR, AT AN UR RO LG, e PR E A, SR A HRA M iR
Since M is discrete,30 # wy € M s.t. |wi| = 00uz0|w|
Assume M 2D Zw, Take ws € M\Zw; s.t.

|w2| = OOwGM\Zw1|W|

w w
Then — ¢ R,otherwies, In € Zn < — < n+1. Then 0 < |nw; — ws| < |wi|, contradict the

w1 w1
definition of w;

The problem is reduced to the following claim
CLAIM: M = Zw & Zwo
Wy W2

. Wi
Since — ¢ R,
W1

w1 Wa
Vw € Csolving the equations
w = AMw; + Aaws
W = A1 + Ao
we findA, Ay € C
Choose my,mg € Z : A1 — my|, | A2 — ma| < %

Assume further w € M,Setting w’ = w — myw; — Maws,we have

(o | + |wa]) < sl

|

|w'| = [(Ar = ma)wr + (A2 — ma)wa| < [A —ma|lwr| + [Ag — mal|ws| <
By the definition of ws,since w’ € M, W’ € Zw, O]

From now on we assume M = Zw, ® Zw, is the period module of an elliptic function f : C — C

2.2 Unimodular transform
T,

o GL(2,7Z), Bl/R*&H
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o SL(2,7Z), %k
o PSL(2,Z), 43t

Call a pair (W] — wy) a basis of M if M = Zw] & Zws,
Relation between two bases (wi,ws) and (w],ws) of M

choose a,b,c,d € Z s.t.

@) wh = awsy + bw; wo = a'wy + b'w)

W = cwy + dwy wy = dwy + d'w)

use elementary linear algbra, we know htat

o) -6)

Call a linear transfomr in (2) with integral coefficients and det +1 unimodular.

Fact: Any two bases of the same module M = Zw,@®Zw are connected by a unimodular transofrm

a

b
Notations Modular gp:—{ ( d) rad —bc==+1,a,b,¢c,d € Z}

c
Denote R =7Z,R,C,

az+b
cz+d

PSL(2,R) = {Mbiustrcmsformz — | a,b,c,d € R,ad — bc = 1}

Example 2.1. PSL(2,R), PSL(2,Z)"H ={r € C| 31 > 0}

at +b
ct+d

T

2.3 The canonical basis

In the proof of Theorem 1 we roughly obtained a cononical basis (ws,w;) s.t.

w
2 e the fundamentalregioninFigl.
Wi

Theorem 2.2. 3 a basis (wi,ws) of M st. 7= ©2 satisfieds the followint conditions
w1
(i) ST>0

(i) f% < Rr<

N

(iii) |7l > 1
(iv) Rt =2 04f|7| =1

The ratio T is uniquely determined by these conditions, and there exists 2,4 of 6 choices of

canonical bases.
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1EB. Select w; and wy as in the proof of Theoreml such that
|wr | < fwal, [wa| < w1 +w2| and |w| < |wi — wal,
which are equivalent to
L< |7l |rl <1+ 7|and 7| < |1 —7]

Take another canonical basis (wh,w})” satisfy

(-0

where a,b,c,d € Z and ad — bc = *1.
, ar+b  adt> 4 bd + (ad 4 be)RT +i(ad — be)IT
Cer+d ler + d|?
(i) = ad—-bc=1

(ad — bc)ST

ler + d|?

, 7 =

We may assume that S7° > Q7, then |er +d| < 1.

Casel ¢=0
dl<landd€Z = d==+1

ad—bc=1=—a=d==+1
:>T/:a7-;—b:7':|:b

— R —Rr =+beZ,37 =97

({Rr —R'e(-,1) = <1l=b=0=171"=1

o) ()

Case2 Assume that ¢ # 0 from now on ,tehn |¢| =1

d 1 1
T+ ‘ < |— < =, which is a contradiction.
c

If || = 2
|C| = Y Cl 2

Hence
c=1,]r+d <1 c=+1,d=0,|r|=1
—

C:_1,|T—1|<1 d:—c::t];’T:eW?i

(1) |7]=1,d=0,c= %1
ler+d| =7 =1= 37" =97

ad—bc=1—bc=—-1—b=—c==+1

b b 1 1 1
_Tth_a = o ta- S =ta-Rr+iQT
c T T

cT c ¢ ¢
— Rr+Rr'=2aecZ

Rr + R’ € (—1,1]

e Whena=0,R7 = -R7
|T|=1(1:VL3?T:O

. IT|=1 .
T=7r=i81r = Sr=1,7=7=i

0 1 0 —1
1 0/°\1 o0
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i
/ 3

1
e Whena=+1, Rr=Rr'"=-=—= 717" =7=¢

2
1 -1 -1 1
1 0)'\-10
(2) T=e%,d=—c=+1
et +d| =1= 37" =97
ad—bc=1=—=a+b=d
1 3
) 2(1—2a)+i\2[,d:—c:1
T =
1 3
2(1—1—2&)—{—1\2[,6[——6:—1

2.4 General properties of elliptic functions

Suppose that f: C — C is meromorphic with preiod module M = Zw, ® Zcug(g ¢ R).Then f
takes the same value at each congruent class where we say that z; = zo( mod M) T}ﬂ% z1 — 29 € M.

Va € C, set P, = {a+ tjw; + tows : 0 < t1,t5 < 1}, f is completely determined by its values in
P,.

Assume that all elliptic functions are non-constant if otherwise stated.

Observation:da € C s.t. f has neither poles nor zeros on dF,.

1EB. Py:pole set,Zy:zero set
Ly ={a+ sw; +twy,0 <t <1}
Ly, NL,, =2,Vs1,8 €[0,1]
dso € [0,1], Ly, NPy =@ and L,y N Zy = &
Ly ={a+tws +sw; :0< s <1}
Jte € 0,1], L}, NPy =L, NZ; = @,
Set b= Ly, N Ly, . O

Theorem 2.3. Fach non constant elliptic function has poles.

Remark. A pole of an elliptic function means a congruent class. Then an elliptic function has

finitely many poles. We count the order of a pole as the usual way.
Theorem 2.4. The sum of the residues of the poles of an elliptic function vanishes.

1E#]. We take OP, as bellow, where f has no pole on OP,. By the residue theorem,

Z residueo fpolez = / f(z)dz=0
op,

z€IntP,
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Remark. There exists no elliptic function with a single simple pole.

Theorem 2.5. A nonconst elliptic function has equally many poles as its zeros.

/ /
1E#]. Observe that “; ((Z)) is elliptic and poles and zeros of f are simple poles of ‘}; ((Z)) Moreever,
z z
we have
f'(2) multp(f), Pis a zero off
Resp =
f(2) —ordp(f), Pis a pole off
Then
f'(z)

°= | 7

dz = number of zeros of f — number of poles of f

O

Definition 2.2. Vf € C, f(z)—c has the same poles as f. Hence, all complex numbers are assumed
equally many times by f. We call the number of in congruent roots of equation f(z) —c = 0 the
order of f.

Theorem 2.6. The zeros ai,- -+ ,a, and poles by,--- ,b, of an elliptic function of order n satisfy
ay+--+a,=by+ -+ b,( mod M).

f even elliptic function with period wi,ws, can be expressed in the form

provided that 0 is neither a zero nor a pole.

EH. g(z) = 9(2) — p(u),u € B\ {0}
pole: double pole 0

Z€ero:
e two simple zeros
¢ one double zero

Let g(u) =0,u € Zy = g(—u)

u=—u mod M — 2u = mw,w, for some m,n € Z
w1 Wa Wi + wsy
u€ P\{0} = u=—,— or
w1 We w1 + wo

o uF# R and —> two simple zeros are u, —u

L1 :{tw1 it e [0,1)},L2:{tWQItE [0,1)}
— When v € Ly, —u=w; —u mod M
— When v € Ly, —u = wy —u mod M

—ué¢ Ly ULy, —u=w; +wy —u mod M
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e
279 2

9(2) = g(—2) = g V(2) = =g V(—2) = ¢®" D) =0,V k> 1
— u is a double zero.

aGZf,—aEZf

a #Z—a mod M 2zeros : a, —a
=

a=—a mod M order(a)is even
Zf = 01,02, Ak, —Q1," "+, —Qk, 20511, ,20n,0; Z —0;,V 1 <i< kya, = —a;k <i<n
Pf:b17b27”' 7bl7_b17_"' 7_bl72bl+17"' 72bn7b’ti_b171<2<lvb15_b27l<2<n

T 9(2) — plax)
e

00—

12
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3 The Weierstrass theory

3.1 p-function

Want to cunstruct an elliptic function f of order 2 s.t. its Laurent development has form at
the origin
27240+ a1z + az2® + -+

CLAIM: f(z) = f(—2),Vz € C ie. f is even.Since f(z) — f(—=2) is elliptic and holomorhic,
f(2) — f(=z) = const. On the other hand, f (%) - f(—%) =0.
Fact(Weierstrass) An elliptic function of order 2 and with principal sigular part z~2 at the

o) =5+ e

w#0 w?

origin must have form

TE B

o Uniform convergence on each compact subset of C\M can be reduced to Z ’wlg < +o00.
w0

e Denote by f the RHS.

Termwisely differtntiating, we find

Fe =2 —o
weM

has periods in M. Hence f(z 4+ w,) — f(2) = ¢;.

Choose z; = —%, we have ¢; = f (%) —f <—%> =0

Since (z) and f(z) have order 2 and the same principal singular part, p(z) — f(z) = const

Therefore f(z) = p(z).

3.2 The function ((z) and o(z)

We have the anti-derivative —((z) of p(z) as

Obeservation:3 constants 71, 72 such that

C(z+wj)=C((2)+mn;,j=1,2.
Legendre’s relation: nmyws — mowy = 27i

TE B O
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Since residues of ¢ equal 1, it has no single valued anti-derivative. To eliminate such multiple-

valuedness, consider the ODE

Llogo(z) = T = ((2).

Observe

5 p(2),0'(2), 9 (2)%,

0 (2)? = 49 (2) — 60G2p(z) — 140G3 =: (15)
dw? d 1

That is, w = gp(z) satisfies the ODE i = 4w® — gow — ¢g3. Then £ = =
dz dw e

1

vV 4w3 — gow — g3
+C
3
)

/w dw
z =
VA = gw—g

w=p(z d
Precisely,z — zg = / v
wo=p(z0) /AW — gow — g3

is the image under @ of another path form z, to z avoiding both zeros and poles of ¢'(z), and where

,where the path of integration from p(zg) to p(2)

the sign of square root is chosen so that it equals ©'(2).

3.3 The modular function A(7)

Determine the zeros of ¢'(z)

Let ey, €9, e3 be the three zeros of polynomial 4w® — gaw — gs.

Then we have an alternative expression of (15)

¢'(2)? = A(p(2) — e1)(p(2) — e2)(p(2) — €3) (20)
Differen
Since %, %, 1 ;wQ are mutually incongruent, they are exactly the three simple zeros of
©'(2).
We define

w w w1 + w
elzp(;>a€2:P(;>763:@( 12 2)' (11)

CLAIM:eq, €5, e3 are mutually distinct.
w
Since p/(?l),p(z) assume e; at least twice. If two of them coincided with each other, that value

would be assumed > four times. Contradict with that g is of order 2.

Definition of the modular function

H={reC|Sr>0} 2 C\{0,1}.

Denote ©(z) by ©(w;,w,)(2) in order to express its depedence on M = Zw; @ Zws.
Similarly,we use notations ey, (., w,) for k=1,2,3.

Then, it is easy to check by (9) that

—2
ek,(twl,twg) =1 ek,(wl,wg)v te (CX'
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Hence we obtain that

wq ;WQ )

763—6’27@(
w1

) %) ,
qe s o(9)-p() (2

—~

)
Ve [ —~

w
depend only on 7 = =,

w1
A:H — C\{0,1} is analytic.
Elliptic modular function

a b
Given a unimodular transform ( d) , we have
C

C\aTer: d—b ST _ +37
Yert+d sgn(a C>|c7’+d\2 let +d|’

a b
( does not preserve H in general.
c

Consider the subgroup I' := SL(2,Z) of the modular group.
Define the congruence subgroup mod 2 of I' = SL(2,Z) to be

r2) = {(Z Z) € SL(2,Z) : (Z Z) ((1) ?) mod 2}.

Each unimodular transform in I' preserves the period module, but permutes the three half period

and then also permutes ey, e, 3.

a b
However, V ( =
c d

In this sense, A : H — C is called an elliptic modular function.

3.4 The conformal mapping by A(7)

We normalize w; = 1,wy = 7 € 7. We obtain by (9) and (21)

s=a= ¥ (G ore ) Y

m,n=—o0

m,n=—00

where the double series absolutely converges and uniformly
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AT+ 1)
NCESVESE
lower half plane and maps Q U Q" onto C\ {0, 1} (closure taken wrt {z € C | ST > 0})

Let Q' ={r—1:7€Q}, V7' e Q7' +1 Q7)) = Then A maps Q' onto the

Theorem 3.1. Each T € S is equivalent to exactly one pt in QU Q' mod T'(2).

#EB. Each unimodular matrix in SLy(Z) = I is congruent mod 2 to one of the following six matrices

b)) 6 )6

denoted by S, 1(1 < k < 6) which acts on S as Mobius transform. That is,

sl(r)zr,sz(f):—%,33(7)27—1,54(7)— 1 ,55(7)27;1,56(7): T

C1l-7 1—17
One can check that A is mapped to the six shaded regions by Si,1 < k < 6.

There also exist six other mutually incongruent transformations S; which map A’ to the six
unshaded regions

, , 1 1 1 T
Sl(T) =T, SZ(T) =-1+ ;aSi%(T) =7+ 1384/1(7—) = ;?SQ(T) = _1_'_77_’5&(7—) = r+1
These 12 shaded and unshade regions form Q U (.
Take 7 € . By Theorem 2, 3 S € SLy(Z), St € AUN O

Corollary 3.1. 7 N C\ {0, 1} is a covering map,i.e. Nz € C\ {0,1}, 3 an open neighborhood U,

of zp st. ATHU) = |_| Uy, where /\’U¢ : Uy — U is a homeomorphism.
$el'(2)
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Global analytic functions

3H2HD514% 43 %

1 Analytic Continuation

1.1 Germs and sheaves
BT pR K g £

(f, ), fIREITT, FRAE £ 9.
o £7£Q EAREAARKID S

Let €2 be a region in C and f: 2 — C an analytic function. Call pair (f,) a function element. A
global analytic function is a collection of function elements which are related to each other in the

following manner.

Definition 1.1. We call that the two function elements (f1,21) and (f2,2) are direct analytic
continuations of each other iff fi = fo in Q1 N Qs # 3.

Remark. There need not exist any direct cnotinuation of (f1,1) to Qa, but if there is one, it is

uniquely determined.

Definition 1.2. We say that (f,Q) is an analytic continuation of (f,Q) iff 3 a chain of function
elements (fi, ) = (£,), (f2, Q) (fo, Q) = (f, Q) st (fr, ) and (fos1, Qes1) are direct
continuations of each other.

Hence we obtain an equivlence relation on {function element}, an equiv class is called a global
analytic function.

(f, Q) :representative of
Example 1.1. open D C C. Denote
S = &p = {analytic germ(f,() : ¢ € D, fanalytic near C}.
Definition 1.3. A sheaf & over X is a topological space with a map 7 : S — X onto X such that

17
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(i) 7 is a local homeomorphism.
(ii) For each ¢ € D the stalk 7~*(¢) =: S¢ has the structure of an abelian group.
(iii) The group operations are continuous.

FACT:3 a topology onthe sheaf Gp of germs of analytic functions such that it satisfies the
conditions of definition:
A subset V C &p is called open iff Vsq € V,3(f, ) such that

(1) m
Remark. All function elements (f,€2) form a base for the topology of Sp.

Only verify condition (i): Use notions s
Define
A = {f}
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1.2 Sections and Riemann surfaces
& -5 D : sheaf over a topology space D.
Definition 1.4. V open U C D. Call a continuous map U —» & a section over U iff
U—+-6

Nk

Since mo ¢ = Idy, ¢ is injective and ¢! = W!@(U).

Every section is a homeomorphism onto its image

o Every sy € G lies in the image ¢(Uy) of some section Uy —= &.

By condition (i), we take an open neightborhood A of sq such that Uy := 7w(A) C D,W}A :

A — Uy homeomorphism.

Defing ¢ = (7r|A) : Uy — &. we have done.

e YU C D,define w: U — &, — 0( easy to show that Oy is continuous.

Then Oy is a section over U, called the zero section over U.
I'(&)

Remark. If U is connected and ¢, € T'(U; &), then either ¢ =1 on U or o(U) NyY(U) = ¢

7E8]. Only need to show
« {CeUle(C) =v(C)} open
Assume that s = ¢({y) = ¥((o) for some (g € U. By the definition of section,

o =y ¥ =y,

Since sg € A = p(U)NyY(U) C & open, ¢ = 1) over A.

« {CeU[w(Q)#¢¥(¢)} open

Assume that ¢((o) = s1 # s2 = 1({o) for some (y € U. Since & is Hausdorff, 3 neighborhoods
Al,AQ Of81,82 : Al OAQ =9

Since ¢ = (7r|A1) over (A1) = Uy, ¢p = (7r|A2) over Uy := m(A3),¢(¢) # ¥(¢) for all ¢ €
U1 ﬂUQ 960.

3H9H

Example 1.2. Sheaf of germs of continuous functions is non-Hausdorff.
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Let open D C R". Using function elements (f,Q), f € C°(Q),Q C D, we can define germs of
continuous functions over D and the corresponding sheaf & which satisfieds the three conditions .
But & is non-Hausdorff. We give a particular counterexample for Gg.

0 =<0
Let fi =0 and fo(z) = which gives germs 0 and (f2,0) at the orign. Obviously,

z x>0
0% (f,0) in &
Clearly 0 and (f5,0) can’t be separated by open sets!

We always consider the sheaf Gp of analytic functions over D C C.
Proposition 1.1. A component of & can be identified with a global analytic function.

1E]. Step 1

Let (f1,€1) be a direct continuation of (fy, ) and Ag, A; be the sets of germs determined by
(o, 0), (f1,€0)

Since Ag =~ 0, A1 ~ Q1,2 NQ £ = A1 N Ay #£ I, A1, UA5 is connected.

Hence,all the function elements obtained from (fo, ) by a chain of direct continuations de-
termine germs contained in the component of & of sg.

Step2

Let &) be the set of germs in &, determined by an analytic continuation

Since both &; and its complement in &y are open in §y = &) = &,

Summing up the obove, we see that & consists of exactly all the germs belonging to a global

analytic function O

Definition 1.5. Let f be the global analytic function obtained from sy € &
Call &g =: 6((V) the Riemann surface of f.

There is a nature
So(U) = D
64 — C

Look at Riemann surfaces as the natural world where analytic functions are alive, f can be
looked at as a single-valued analytic function on &, (f), its value at f; being the constant term in
the power series associated with f¢.

Given two global analytic functions f, g such that the following diagram commutes

Golf) —— s Solg

\/

then g o0 is a single-valued function on &y(f).
In the way, f,f’,--- are all well defined on Sy(f).

Example 1.3. All entire functions live on Sy(f),V £.

Example 1.4. If g h are defined on &¢(f), so are g +h and gh.
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Permanence principle

Suppose that (f,Q),(g,),(h,), -+ could be continued whenever (f,2) can be through a
chain of direct continuation.

Assume that G(f,g,h,---) =0 on Q. Then G(f,g,h,---) = 0 i.e. the same relation holds for
all analytic continuations.

In particular, if a germ satisfies a polynomial differential equation, G(z, f, f', f",--- .f™) =0,

then the global analytic function f satisfies the same equation.
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1.3 Analytic continuation along arcs

Given [a,b] — C arc in the complex plane, an arc 7 : [a,b] — &¢(f) is called an analytic

continuation of f along v iff moy =~.
Theorem 1.1. Two lifting 71,72 along 7y are either identical or 41 (t) # 2(t) for all a <t < b.

Remark. A continuation along v is uniquely determined by its initial value, germ (a) of form
f,(a). Note that £ may have several germs of this form.

Can speak of the analytic continuation from an initial germ, provided the continuation exists.
singular path,singular point

It may happen that f doesn’t have a continuation along -, or that a continuation exists for

some germs, but not for all. Consider an initial germ f,,) which can’t continue along . Define
T := sup {to > a : 3 continuation along[a, to] — (C}

Then a < 7 < b, and the continuation is possible for ¢ < 7, impossible for ¢ > 7. The subarc
v([a, 7]) leads to a point where f ceases to exist.

We call this subarc a singular parts from the initial germ and it leads to a singular point over
(7).
Continuation along arcs v.s chains of direct continuations(stepwise continuations)
Roughly speaking, they are equivalent
o stepwise continuation= the one along an arc

e conversely, if v and its lifting 4 is given, we can find a chain of direct analytic continuations

which produces the arc v in the same way of LHS

Example 1.5 (Logarithmic log function). The set of all function element (f, Q) with ef© = ¢ in

Q is global analytic function over C*, denoted by log z.

1EB]. Only need to show that any two such function elements (f1,Q1), (f2,€2) can be joined by
a O

Example 1.6. 3y C C,3 a global analytic function £
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1.4 Homotopy curves

3 H 14 H

23
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1.5 The monodromy theorem

Consider a global analytic function f over  C C such that for each arc v: [a,b] — C and each

germ (fo, (o = v(a)) of £, there exists a continuation % over ~.

Theorem 1.2. Let v1,72: [a,b] — Q be homotopic in Q and have common endpoints. Suppose that
a given germ of £ at the initial point v1(a) = y2(a) can be continued along all arcs in Q. Then the

continuations of the germ along v1 and vy lead to the same germ at the terminal point.
1E 9. Before the proof, we make the following observations.

(1) The continuation along yy~' leads back to the initial germ. Hence, the continuaiton along

o1(yy~1)oy has the smae effect as the one along o,05.

That the continuations along ~; and s lead to the same
O

Corollary 1.1. If Q is simply connected, thne continuations of an initial germ (f,(o) at (o € Q of

f can define a single-valued analytic function.
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1.6 Branch points

Dy :={z2€C|0<|z] <p},pe(0,+]
Fix 0 < zg = r < p, Then the fundamental group of ]D); at the base zj

m (D), 20) = {homotopy class of the curves throughzoinD;} =(C) ¥ Z.

d
Recall / & 2mmi,m € Z
cm <

Assumption 1 Consider a global analytic function f that can be continued along each arc in D:

e.g. Vz,logz,\/z +logz

Assume that f is not single-valued ,i.e., f has more than one germ at zo = r.

Choose an initial germ at z; € r and continue it along curves C™(m € Z*).

Then, either the continuation never comes back to the initial germ, or there exists a smallest
positive integer h such that C" leads back to the initial germ.

e.g. h = 2,00 for /z,log z resp.

Assumption 2 3 a smallest positive integer h greater than 1 such that C" leads back to the
initial germ.

Then if C™ also leads back to the initial germ, writting m = nh + q¢(n € Z,0 < ¢ < h), we see
that so does C?, ¢ =0 and h | m.

Observation:Using the map D*
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2 Algebraic functions

3H16H, 3421 H

Let P € Clw, z]. We interpret, for each z, the finite number of solutions

of P(w,z) =0, as values of a global analytic function f(z), which is called an algebraic function.

Conversely, we shall tell whether a given global analytic function satisfies a polynomial equaiton.

2.1 The resultant of two polynomials in Clw, |
Definition 2.1. Irreducible polynomial in Clw, z].

Theorem 2.1. Let P(w, z) and Q(w, z) be relatively primes in C[z,w| and have positive degree in
w. Then
#{zeC|Iwe st. P(w,z)=Q(w,z) =0} < .

1EB. We express P and @) according to decreasing powers of w. Assume deg,, P > deg,, Q

Using the Euclidean division algorithm, we have
coP = qQ + Ry

a@Q=qR + Ry
Ry = @Ry + R3
cnfan72 = ananfl + Rn

where ¢, Ry, € Clw, 2|, R,, € C[z]
and ¢;, € C[z] which are uesd to clean fractions.
CLAIM:R, (z) # 0
Assume that P(wy, z0) = (wo, 20) = 0. Then by (4). R,(20) =0 O

Definition 2.2. Letting that the exponents ¢, in (4) have the lowest degree possible, we could
determing R, (z) uniquely, which is called the resultant of P and Q. Moreover, R, (z) = pP + qQ
for some p,q € Clz,w].
Let P € Clz,w)] be irreducible. Then P(w,z) and P,(w,z) = g—];](w, z) are relatively prime.
We call the resultent of P and P, teh discriminant of P. The zeros of the discriminent are

ezxactly
Corollary 2.1. The above set coincides with {zy € C, R,,(zy) = 0}

the values zg for which the equation P(w, zg) = 0 has multiple roots.



CHAPTER 2. GLOBAL ANALYTIC FUNCTIONS 27

2.2 Definition and properties of algebraic functions

Definition 2.3. A global analytic function f is called an algebraic function if and only if 3 P €
Clz, w] with deg,, P > 0 such that all function elements (f,Q) of f satisfy P(f(z),z) =0 in 2.

Remark. By the permanence principle, we could only assume the above equation for one function
elements of f.

We may assume that P(w, z) is irreducible.

Assume that P(w, z) is irreducible from now on.

P is uniquely determined by f up to a const.

If P € Clw], by irreducibility, it must be of form w — a, £ must be const.

AIM Shall prove that 3 an algebraic function corresponding to an irreducible polynomial
P(w, z) with deg, P > 0.

Let P have from P(w,z) = ao(2)w" + a1 (2)w™ ' + - + a,(2).

Set C' = {zp € C: ag(z0) = 0 or the discirminant D(p) of P vanishes atz}.

Then C is finite, say C' = {c1,c2, -+ ,Cm }-

Fix zp ¢ C, the equation P(w, z9) = 0 has exactly n distinct roots, say wq,- - , wy,.

Lemma 2.1. Fiz zg ¢ C, There exists an open disk A centered at zy, and n function elements

(f1, ), ,(fn,A) such that
(1) P(f(2),2) =0
(2) w; = f;(20)
(3) If P(w,z) = 0 for some function elememnt (w = w(z),A), then 3 1 < jo < n such that
w(z) = fj,(2) for some jo.
. Choose 0 < ¢ << 1, such that disks |w — w;| < € don’t overlap. Denote by C; the circles

|w — w;| = € where P(w, zo) # 0.

By the argument principle,
1 P, (w, zo)

2mi o, P(w, z)

J

dw = 1.

Moreover, the integrals define continuous functions near zy, which can only take integer values.

Hence, 3 disk A 3 z
1 P,(w,z)

— ———dw=1,Vz€ A

27 Jo, P(w,z) w="nhvze

Hence the equation P(w, z) = 0 has exactly one root in |w — w;| < €,denoted by f;(2).
Moreover, by the residue theroem,

1 P,(w, z)

fi(2) = 2mi Jo v P(w, z)

J

dw

which shows that f;(2) is analytic in A and f;(z9) = w;. We have already proved (a) and (b). O

Remark.
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(1) Each function element (f, ) satisfying P(f(z),z) = 0 in Q is the direct continuation of (f;, A)

for some 1 < j < n.
(2) A function element (f,Q) satisfying P(f(z),z) can be continued along all path in C\C'.

In order to show that the global analytic function f corresoponding to P is unique, we only

need to show that all elements (f;, A) belong to the same global analytic functions.
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2.3 Behavior at the critical points

Choose § > 0 such that the disks |z — ¢| < §,1 < k < m don’t overlap.
Zo = ¢+ 5
Continuing germ (f;, z9) along C leads to another germ (f;, zo).

Since 3 n choices, we obtain a smallest positive integer 1 < h < n such that continuation along
C" leads back to the initial germ.

By section 1.6, we have

+00
f)= ) Az —a)" Q)

V=—00

We make the following discussion according to the following three cases:
(1) e € C, ao(Ck> # 0.
(2) ¢x € C,ap(ck) =0.

(3) Behavior at co.

CLQ(C()) 7é 0

We claim that f;(z) remains bounded as z — ¢, i.e. f; has at most an ordinary algebraic
sigularity at cy.

Otherwise, we could choose points z; — ¢ with f;(z7) — oc.

Without loss of generality, we assume f;(z7) # 0, by the equation P(f;(zm, 2m)) = ao(zm) fi(zm)"+

-+ an(z7) = 0, we obtain
ao(zm) + a1 (zm) fi(za) ™+ + an(z) fi(25) " =0 (6)

Letting m — oo, we find ag(cy) = lim ag(24) = 0, Contradiction!
m— 00

a()(Ck) =0

Take | € Zwo with lim ag(2)(z — cx)' # 0
z—Cp
CLAIM f;(2)(z — cx)" remains bounded as z — ¢, i.e. f; has at most an algebraic pole at c.

Can prove by the similar contradiction argument.

Behavior at z =

Recall P(w, z) = ag(2)w™ + a1 (2)w™ ' + -+ + a,(2), a0, a, #0

We consider dega; = r; and don’t care about a;(z) = 0. Choose [ € Z~q such that

1
Z>E(rk77"o),Vk::1,-~-,n (2.1)

CLAIM As z — oo, f;2~" remains bounded i.e. f;(z) has at most an algebraic pole at occ.

Otherwise, we could choose z; — 0o with f;(zz) 25 — 0, which implies

fizm) 7"
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Multiplying (6) by 2., since dega; = r;, we find that
ao(zm )25 ° — 0

Since ry = degag(2), ap(z) # 0, Contradiction!
Summing up, we have proved
FACT An algebraic function has at most finitely many algebraic singularity in C

We shall prove a converse of this fact.

Let f be global analytic function satisfying the following two conditions
(1) V ¢ € C, 3 a punctured disk A* centered at ¢ such that

e V zp € A", J at least one and finitely many germs of f at zg

o all germs of f at zy can be continued along all arcs in A* and show algebraic character at

¢, i.e. 3 the smallest positive integer h, 3 1y € Z, germs have form
+oo
Z Ay (z — )/t
v=rqg
(2) For ¢ = oo, A" is the exterior of a circle, 3h € Z~q and vy € Z, each germ at zg € A* has form
S Ao
vV=rg

Remark. Under the above conditions, £ has finitely many effective singularity, which we denote by

Cl,"',CnG(C

Observation The number of germs at each point z € {}
Denote by fi(z),- -+, fn(2) the branches of f
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3 Picard’s theorem

3 H 23 H

Definition 3.1. a € C is called the lacunary value (ZIR1E) of a function f(z) if f(2) # a in its

domain.
Example 3.1. 0 is the lacunary value of the entire function e* on C.

Theorem 3.1 (Picard). A entire function with more than one finite lacunary value reduces to a

const.

L9, Let C —L5 C be an entire function with at least two lacunary values a # b in C.
Without loss of generality, we assume a = 0 and b = 1.
Recall that modular function X : 5 — C\ {0, 1} is holomorphic and X' (1) # 0,V 2 € .

H

|

C C\{0,1}
Construct a global analytic function h whose function element (h, Q) satisfy
(1) Sh(z) >0 and A(h(z)) = f(2),Vz € Q
(2) h can be continued along all paths in C

Since C simply connected, by the monodromy theorem, h defines an entire function taking

values in H and is constant by Liouville’s theorem. O

4 Linear differential equations

d"w d"tw
(10(2’)@ + aq (Z)W + -+ (ITL(Z)’LU = b(Z) (8)
ap(z), -+, an(2),b(z),entire functions, say polynomials.

We say that a global analytic function f solves (8) iff all function elements (f, Q) of f satisfy the
corresponding ODE in 2.

Remark.
(1) Recall in the real cese, we expect the equation
aof™ + a1 ()Y 4. fan(2)f=b (9)
to have n linear independent solutions.

(2) In the complex case, different local solutions can be function elements of the same global analytic

function.

In this case, the problem is to find out to what extent the local solutions are analytic continu-

ations of each other.
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The equation (8) is called homogeneous iff b(z) = 0. Assume ax(z),0 < k < n, have no common

Z€ero.

Example 4.1. In the case n =1

dw

dz

a/’IL

v=en (- )

The problem is reduced to determining the multi-valued character of the integral /

+aw =0<+<=dlogw = —

() dz

ao(z)

which is relevant to residue calculus.
We shall deal with second order linear differential equation, since they have all characteristic

features of the general case.

4.1 Ordinary point
For differential equation
ap(2)w” + ay(2)w’ + az(z) =0 (10)
a point zg is called ordinary point iff ag(zg) # 0

" 0,1(2) ( ) _ _a2(2)

w” =p(2)w' + q(z)w,p(z) = —a0(2>,q z) = ()

are analytic at z

Theorem 4.1. If zy is an ordinary point of (10), for any given by, by € C,3! local solution (f,)
with f(zo) = bo, f(21) = b1.

In particular, the germ (f,z9) is uniquely determined.

4.2 Regular singularity

A point zg with ag(z9) = 0 is called a singularity of of (10).
Then both p(z) and ¢(z) have poles at most at zg.
The simplest case Assume that 2 is a simple

Suppose that w = by + by 2 + byz? is an analytic local solution of (11) near 2y = 0. Then

4.3 Rieview

Consider

ap(z)w" + a1 (z)w’ + az(z)w =0, (10)
ao Z 0, ay, as :entire functions with no common zero

o ordinary point zg: ag(z9) # 0 32 dim linear space of analytic solutions near zy

Consider equation

w” =pw' + qu (11)

p, ¢ meromorphic function in C
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Regular singularity zo of (11) p has at most a simple pole at zg

g has at most a double pole at zg

Recall the simplest case where both p(z) and ¢(z) have at most a simple pole at zy = 0.
We proved that if the Laurent development % + .-+ of p(z) at zp = 0 satisfies p_1 ¢ Z>o

there exists a nontrivial analytic solution of (11) near zy = 0.

4.4 General regular singularity zop =0

Z0.

3H 28 H
Suppose w(z) = 2%g(z) where g is analytic near zo = 0 and g(0) # 0.

Solves (11) for some « € C in some simply connected region (2 near zo = 0 but not containing

Then g¢(z) satisfies

R (18)

P
z
q =
Denote by a; and as the roots of (19), called the (indicial) exponents of (11) at zg
Then a; +az =p_1 + 1,00 —ay = p_1 — 20y + 1
Hence «a; is exceptional iff & — a1 € Z~g.
By symmetry, as is exceptional iff as — oy € Z .

Hence, if the roots of the indical equation (19) don’t differ by an integer,
Solutions at oo

Suppose that ag #Z 0, a1, as are polynomials without common zeros.

We investigate solution of

The hypergeometric differential equation

To study a 2nd DE with three regular singularities 0, 1, oo, we consider the equation

"

w" = p(z)w’ + q(z)w

with finite singularity at 0 and 1.

To make oo regular, 2z + 2%p(z) must have at most a simple
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7 Riemann’s point of view

3 H30H

Riemann proved in 1857 that the solutions of hgde could be characterized by its nature.

Theorem 7.1. The collection F of function elements (f,Q) satisfying the following five character-
istic features can be identified with the collection of local solutions of the hgDE

w”+<l_a1_a2+1_ﬁ1—ﬁ2>w,+<a1a2 arag + B182 — M2 B152 >w:0 (23)

z z—1 22 z(z—1) +(z—1)2

(1) F is complete in the sense that it contains all continuations of (f,Q) € F

(2) The collection is linear.

. V(fl,Q), (fg, Q) clF — (C1f1 + Cgfg, Q) clF
o any three elements (f1,), (f2,), (f3,Q) € F linearly dependent.

That is,F has at most two dimension.

(3) The only finite singularity are at 0 and 1, and co may be a singularity. Precisely, any element
(f,Q) € F can be continued along each path in C\ {0, 1}.

(4) 3 functions in F which behave like z** and z** near 0, like (z — 1)%* and (z —1)° near 1 and

like z_., and 277 near co.
(5) Assume ag — a1, B2 — 1,72 — 11 ¢ Z.
Remark. e a;+ag+ P14 P2+ 71+ 7 =1 can be deduced from the proof.
e The non-integral assumption 5 may be remowvable in some sense.
Remark. Riemann used the symbol P ( )
1E 8. We divide the proof of the theorem into four steps

(1) V simply connected region 2 C C\ {0, 1}, 3 two linearly independent elements (f1,Q), (f2,Q) €
F

(2) Choose a third element (f,€2) € F. Then e, c2,¢c2 € C not all zero

;ofh
{ . =|r n n|=0
f// {I 2//

We write the DE in form f” = p(2)f’ + q(z) O
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Preliminaries

1 CP"

fo‘*(cn—&-l\ {0}
V Ae GL(n+1,C), A and AAhave the same effect on P", where A\ € C*

36
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2 Coverings

Without loss of generality, we only consider connected surfaces.

Call a continuous map M -2+ N a covering iff it satisfies the following three conditions

(1) every point y of N has a neighborhood U = U, C N whose p-preimage is a disjoint union of

several copies of U
(2) the restriction of p to each copy is a homeomorphism

(3) either every point of N has countably many preimages, or the set of preimageo of every point

is finite and any two points have the same number of preimages.

The common number of preimages is called the degree or the number of sheets of the covering.
Example 2.1.
(1) z 25 2" is an n-sheeted covering from D ={0 < |2] < p} to D).
Theorem 2.1. Let M, N be compact surface and M -2~ a n-sheeted covering. Then
X(M) = nx(N).
TE . O
Monodromy of covering

Example 2.2. A %...
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3 Ramified coverings

38



Chapter 4

Algebraic curves

Complex algebraic curves = curves defined by homogeneous polynomial equations in complex

projective space
1 Plane algebraic curves

C = {(ac,y, 2) €P?: F(x,y,2) = Z aijpr'y’ 28 = O,notallaijkvanishes}
itj+k=n
n: degreeof F

In each of the three affine charts x = 1,y = 1 or 2z = 1, we could express the curve by a

non-homogeneous equation in the remaining two variables.
Example 1.1. {(x,y, 2) P a? 4y — 22 = 0} in chart z = 1 looks like {(J;,y) eC?: 2 +y° = 1}.

If all coefficients a;;), are real, the curve is called real.

The real point (z : y : z) lying on a real curve form the real part of the curve, which may be
empty, e.g. 2 +y? + 2% = 0.

Sometime, we use real parts of real curves to see a picture of the curve.
Example 1.2 (line). ax + by + cz = 0, where (a:b: c) € P

A TR

For any pair (z; : 41 : 21) # (T2 : y2 : 22) € P? 3! line through then given by |2, y; 2| =0,

T z
rank | " LA 2
Ty Y2 22

Any two distinct lines intersect in exactly one points.

T2 Y2 22

a1 b1 c
Any two different lines are given by a1z+biy+c1z = 0, agz+bsy—+caz = 0, where rank( ! bl 1) =
a2 2 C2

Hence 3! solution (z:y: z) € P2

39
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1.1 Irreducible/reducible curve

4 7311 H 20 73 57 &

Call C': F(xz,y, z) = 0 irreducible iff F' # F; Fy where F}, F5 have positive degrees.

Otherwise we call C reducible. In the latter case, as sets, the reducible curve {FyF; = 0} is the
union of the curves {F; = 0} and {F> = 0}. It may happen that F} = Fb.

47311 H 25 7 51 &

Example 1.3 (Toy model of Bezout Theorem). Let Iy, - 1, be pairwise distinct linear functions.
Then the euqation lily---1, = 0 gives the simplest reducible curves of degree m which is the

union of the n linesly =0,---,1, =0.

Example 1.4. Consider curvesly---l,, =0 and l}---1,, = 0 such that l; = 0,--- I/, are (m + n)
distinct lines in P? and any three of these lines do not intersect at one point.
Then the two curvesly ---l, =0 andl]---1,, = 0 have exactly mn pairwise distinct intersection

points.

1.2 Singular/Smooth point
4711 H 41 4> 45

Definition 1.1. Point (x¢ : yo : 20) on curve F(z,y,z) = 0 is called singular/smooth iff dF =

F F
g—xdx + gydy + %dz vanishes/does not vainish at (xo : Yo : 20)-

Remark. B & 2 A Z b4, TAHAF Donaldson

Definition 1.2 (Nondegenerate homogeneous polynomial). Call a homogeneous polynomial F(x,y, z)
nondegenerate iff curve F(x,y,z) = 0 contains no singular point. In this case, we call the curve

F(z,y,z) =0 smooth.
Remark. mA—% L 7AF, ST H.

Example 1.5. A reducible curve Fy F5 = 0 cannot be smooth since each point lying in {Fy = F5 = 0}
is singular on the curve. ZJB &k {F, = F, =0} AAETE, & AAKINK.

Example 1.6. 3 drreducible nonsmooth curve x°z +y* =0, (0:0: 1) is singular on the curve.

1.3 EMFHLFFRHTETR

4 H 11 H 52 4 16 #

How to check that a curve is smooth in some chart, say z = 17

Let A € C lie in the chart z =1 and f(z,y) = F(x,y,1). Then the differential df = gdx +
x

g—fdy vanishes at A iff dF' =0 at A.
)
Ja r F
Actually, by the Euler identity, J;a— + ya— + za— =
ox oy 0z
oF  OF

F
az—aFy:0atAE{z:l},thenwealsohave(z)z:0atA.

nkF.
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Remark. An irreducible curve C' = {F(x,y, z) = 0} has at most finitely many singular points.
{238 R Jo il & AGE.

Example 1.7. (1) Each point on C = {I* = (ax + by + cz)* = 0} is singular.
(2) F(z,y,2) =a" +y" + 2" is nondegenerate.
(3) (0:0:1) is the unique singular point of z* +y* = 0.

Example 1.8. Let C be a smooth conic in P%. Then in an appropriate coordinate system, C has

form x® +y* + 22 = 0.

Definition 1.3 (Ordinary double point). Let (0,0) be a singular point point of an affine curve given
by a nonhomogeneous polynomial equation f(x,y) = 0. The Taylor development of f about (0,0)
has form f(z,y) = 040+ (ax® + 2bxy + *y?) + -+ we call (0,0) an ordinary double point iff the

quadratic part of f is nondegenerate, i.e.

Definition 1.4. Let A be a singular point of curve F =0, say A = (0 : 0 : 1). Then in chart

{z=1}
Example 1.9. (1) Letly,--- Il be linear functions vanishing at A. Then mula(ly -1y =0) =0

1. For both two curves y* = 2*(x — 1) and y* = 2*, the multi(0,0) = 2.

1.4 title

How many points in P? are required to uniquely determine a curve of deg n pathing through
them?

The space of curves of degree n in P? = P?

2 F)I\BERE=

Recall

Geometric question: How many points in P? are required to uniquely determine a curve of
degree n through them?

The Veronese embedding of P? is defined to be

Up ]P)Q —)Pd:Pn(n+3)/2,(fE:yzz)*_> ( 7xiyjzk’...)7wherei+j+k:n’7:7j7k6220

The image under v, of a curve of degree n in P? is the cross-section of v, (P?) by a hyperplane.

v, : P? — P4 is nonedgenerate, i.e. v,(P?) is not contained in any hyperplane H in P? = 0.

Otherwise, there exists a curve of degree n which coincides with P?, Contradict with the Null-
stellensatz.

Answer to the geometric question by the following 2 observations

Observation 1. There exist a curve of degree n through any given points in P?

n(n +3)
2

Moreover, the curve is unique iff rank(v, (P1),- - ,v,(Pa)) = d.
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Observation 2. There exists (d + 1) points in P? such that there exists no curve of degree d
through them.

Observation 3. Suppose Py, -- , Py_1 € P? satisfy rank(v,(P)), - ,v,(Py)) = (d — 1)

Then there exist two distinct curves FF = 0 and G = 0 of degree n such that each degree d
curve through Py, -, Py 1 has form A\F + uG =0

We call the family AF' + G = Oa pencil of curves of degree n.
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3 Bezout’s theorem and its applications

Common point A of two curves F' =0 and G =0
(1) Assume that A is a smooth point for both two curves

(a) transversal intersection

(b) touch

(2) A is a singular point for one of them

(d)

Stability
Transversality is stable under small perturbation.
Tangency is an unstable configuration.

Enumeration of the intersection points of curves

Example 3.1. Consider a line l and a curve F(z,y,z) = 0 of degree n. Choose two distinct points

(o : Yo : 20), (1 :y1 : 21) in l. Then we can prarmetrize the line by the map
CUoco =P L5 P2t (0 + 21t = Yo + 31t : 20 + 21t)
Then we obtain the equation of the intersection points of the line and the curve F(x,y,z) =0
F(xo+ x1t, yo + 11t, 20 + 21t) =0

deg n in t.
The image under ¢ of the n roots of (x) are the n intersection points. Counected with multi-

plicities.
The intersection of a curve F(z,y,z) = 0 of degree 3 and a curve
F(x7y7 Z) = a0y3 + al(x, Z)y2 + ag(l’, Z)y + ag(l’, Z)

G(xvya Z) = b0y2 + bl(.'If, Z)y + b2($7 Z)

ay, by, are homogeneous polynomial of degree k in x and z.

Without loss of generality, agby = 0,i.e. non of the two curves passes throught (0: 1 :0).

Trivial observation: A point (xo : yo : 2¢) is an intersection point of F' = 0 and G = 0 iff the
two polynomials F'(xo,y, z0) and G(xo,y, zo) have a common root .

Crucial observation Let ¢ = ¢(y), ¥ = ¢(y) € Cly]\ {0} be of degree m and n, resp. Then they
have a common root iff 3,11 € Cly]\ {0} : o1 = e and deg

TEBA. O
Let f; and g; have form fi(y) = uoy® + w1y us, g1(y) = voy,)1 and satisfy

F(x0,Y0,20)91(y) = G(20,y, 20) f1(y)
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4 4 B 18 HEAERE—

4.1 Topological proof of Bezout’s theorem

Step 1

Trivial observation: An integer valued continuous function on a connected space X is constant.
Consider in P?

C1: m distinct lines through one point

Cs: n distinct lines through another point

CiNCy={m-n}

Slightly perturbing their coefficients of C; and C5, we obtain a pair of curves with mn transversal

intersection points.

Step 2

m(m+3) n(n+3) . . o 1s
In the space P~ 2 X 2 of pairs of curves of deg m and n resp, there is a Zariski open

subset of pairs of curves with m - n transversal intersection points.
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5 Rational parametrization

Observation: A conic is smooth iff it is irreducible.
Rational parametrization of a smooth conic C'
Take a point A € C C P2

All line through A in P? form a projective line.

Coordinate representation of this parametrization

The conic 2° 4 y* — 2% = 0 is given by 2® + y*> = 1 in affine chart {z = 1}.

1—t 2t
Line y = t(x + 1) through A intersectes the conic at another point (1+t2’ 1+t2)
The corresponding homogeneous version has form (s : t) — (s* — t% : 2st : 5% 4 t?)
rational normal curve of deg 2.

P! — P?
Example 5.1.

o An irreducible cubic has at most one singularity point of multiplicity 2.

—1)(n—2
Theorem 5.1. An irreducible curve of deg n has at most N = % ordinary double
points.
IEH. N O
(n—1)(n—2)

Remark. 3 an irreducible curve of deg n with exactly N = double points.

2

We shall show that a deg n irreducible curve with N double points admits a rational parametriza-
tion,i.e., 3 homogeneous polynomials x(s,t),y(s,t), z(s,t) of deg n such that the image of the map-
ping

P! — P2 (s:t) > (2(s,1) : y(s,t) : 2(s,t))

coincides with C.Moreover, different values of (s : t) yield different points in C' except each double
point of C has exactly two preimages.

(P! — C is called a normalization of C)

Topologically, C\ {double points} = S*\ {2Npoints}

Theorem 5.2. An irreducible degree n > 3 curve with N double points admits a rational parametriza-

tion.

1E#]. Deal with case n = 3 at first.
Via some projective transformation, we can assume that the irreducible cubic has equation
y*> = 2° + 2° in affine chart {z = 1} with the unique double point (0,0) =: O.
Line y = tz through O meets the cubic in exactly one other point (z(t),y(t)) = t* — 1,¢(t* — 1)
Then P! — C,t + (£ — 1,¢(t* — 1))

e to every point of C except O there corresponds exactly one value of ¢.
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e to O there correspond two tangents y = £ to the two branches of C' at O, i.e. the exceptional
point of C' is the double point O.

Given a partial proof for case n > 3. Let Aj,---, Ay be double points of C. choose arbitrary
(n—2)(n+1)

points P, ---, P,_3 on C different from P;. Since N + (n —3) = 5

— 1, there exists a
pencil of deg n — 2 curves through A, --- ,Ayx, P, -+, P,_o.

Each curve of deg n — 2 from the pencil has 2N + (n — 3) exactly one other common point. On
the other hand, the point A1, -+, Anx, P1,- -+, P,_3 and every onter point on C determines a unique
curve of deg (n—2) from the pencil. Thus we obtain a parametrization of C\ {Ay,--- , Ax, Py,--- , P,_3}
by the parameter of the pencil.

HW: The left part of the proof. O

5.1 Nontransversally intersecting pairs of plane curves

Supplement ot [P23.KLP| where the authors give a topological proof for Bezout theorem.

Let m,n € Z-o. Recall that the plane curves of degree m form a projective space of dim

m(m + 3)

2 . 2 2

Easy observation. Pairs of non-transversally intersecting lines form the diagnal of P* x P=.

Let max(m,n) > 1.

Claim:Non-transversally intersecting curves of deg m and deg n in P? form a hypersurface in
m(m+3) n(n+3)
2 xP =z

Proof of sketch. We deal with case (m,n) = (3,2).

Suffice to show the statement locally.

P
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ogy of curves

4 A 18 H 1 /Nf 23 43 5 #6

Implicit function theorem

4 A 18 H 1 /MK 32 43 43 7
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1 The complex structure on a curve

4 A 18 H 1 /MK 45 43 19 #
Remark. st BZ AT F & it P ke F &, T8 n=2 2HE.

Assume that open W € C"*! x C,n > 2 and W -1 C"*! holomorphic function.

Let (w’; z)

Hence, by the implicit function theorem, we can identify a neighborhood of each point of C' with
D c Cie. V A € C,d a one-to-one map my from a neighborhood a neighborhood U = U4 C C onto
D which is called a local coordinate in U. If two such neighborhooods have a nonepmty intersection,

then the mapping my - m‘_/l, defined in a subdomain of D is biholomorphic.

4718 HE B 17y 26 B
Example 1.1.

4 J 18 HE B4 7 58 #
Definition 1.1. 4 %4t

4 F 20 H 29 7 40 ¥

Example 1.2. A %...
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2 The genus of a smooth plane curve

4 H20H 344 0%
B e I8 n KGN, E—NEENE P Mo E, BeBILER, A
Riemann-Hurwitz A3, 5258 5K EFIRR.

Remark. — At &R 69544 H, THAE Kirwan ¥ 7.3 7.

2.1 AR

4 720 H 1 /08 19 43 42 F

2.2 TEIE 2.6 FNE

4 H 20 H 1 /M8 24 43 20 #
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3 48 25 HE+RERA—

Let C be smooth curve.
Definition 3.1. Double tangent

Definition 3.2 (flex/inflection). A point on C' is a flex if mult(lNC) > 3, where | tangent at A to
C.

Theorem 3.1. 3 exactly n® — n distinct tangents from a point € P? in general position to C.

JER. Choose a point P € P? which lies neither on C, nor on double tangents, nor on tangents at
inflection points.

Consider the ramified covering p: C — P!, each of whose ramification points has exactly (n—1)
preimages. By R-H,

k
3n—n*=x(C)=2n— Z[n —(n—=D],k=+# {ramiﬁcation points of C' £+ ]P’l}

Jj=1

O

Corollary 3.1. From a point in general position on C, there are exactly n®> —n—1 distinct tangents

to C.

Remark. For a general point A € C, there are n®> —n — 2 tangents through A beside the one to C
at A.

As n =3, from a general point A on a smooth cubic ¢, 3 4 tangents.

3.1 j-invariant of smooth cubics

Let C be a smooth cubic in P2
Factl: Through each point A of C, there are 4 pairwise distinct tangents to C' which differ

from the tangent at A except inflections.

Definition 3.3 (&Fact2). Vx € C, the quadruple of the four tangents through x to C' determines
4 points in the pencil of lines through x, say a,b,c,d € P* = CUoco. Define their cross ratio to be

cfa.dfa
c—b d—-b

[a,b,c,d] := e C\{0,1}

which depends on the order of the four points, but not on the coordinates of these points on P*.
Remark. £ &R /NEAR R Z AR R £ — mobius X #°57?

Fact3 Denote A = [a, b, ¢,d]. Then

(1 =X+ A?)3
JA) = —r——F
) A2(1—=N)?
does not depend on the order of the four points.
Fact4 Denote by A(z) the corss ration of the four tangents from z € C to C. Then J: C —

CuU{oo},z +— J(A(z)) is holomorphic and constant, denoted by J(C).
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Remark. Under a projective transformation ¢ € PGL(3,C) of P?, tangents to x € C goes to
tangents at p(x) to p(C).

The quadruple of 4 tangents to x also undergoes a projection transformation from the pencil
of lines through = to the one through ¢(x). Hence, J(C) = J(p(C)), i.e. J(C) is a projective
holomorphic invariant of C.

Fact5 The J-invariant of cubic y* = x(x — 1)(x — A), A € C\ {0, 1}

In particular, if J(A; # J(X2))(A1, A2 € C\ {0,1}) then the two cubics 3* = z(z — 1)(z — A1)

and y? = x(x — 1)(xz — A2) can’t be projectively equivalent.
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4 Hessian and inflection points

52

Let F(z,y,z) be an irreducible homogenous polynomial of degn > 2 and A a smooth point on

C:F(x,y,z)=0.
oF oF oF
The tangent line [ at A to C has equation t—(A) + y—(A) + z— = 0.
or y 0z
[ intersecs C' with multiplicity > 2.
Definition 4.1. A is called a flex of C iff this multiplicity is > 2.

A is called an ordinary flex of C' iff this multiplicity is = 3.

Definition 4.2. The Hessian Hr of F' to be

F:cm me sz
Hp(x,y,z) =det | F,, F,, F,.|,degHp=3(n—2).
sz Fyz Fzz

Exercise 3.7: A is a flex of C iff Hp(A) = 0.

We need a lemma to show it.

Lemma 4.1.

PHp(z,y,2) = (n—1)%|Foy Fyy Fy

F, F, n”f ]
L. nF = aF, + yFy + zF,
n—1F, = 2F,, +yF,, + 2F,.
Then
Fow Foy Fu Fow Fuy Fi )
Hi(ag,2) = | Fuy By Fp| 222920 1)\ g, F.| 22zt (oD
2Fy, 2F,, z2F., F, F, F, ‘
Solution to Ezxersics 3.7.
Fow Fpy Fy
Assume A € {z=1}NC. Then Hp(A) =0%2= |F,, F,, F,|=0
F, F, 0

> F,.(F,)*> + F,,(F,)* — 2F,,F,F,
<= Ais aflex of F(z,y,1) =0in {z =1}.

Remark. A smooth conic has no flex.
A degn irreducible curve has at most 3n(n — 2) inflection points.

In particular, a smooth cubic has 9 inflection points.

8

F,
Fyy
Fy

O
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5 Hyperelliptic curves

Definition 5.1. We call a compact Riemann surface hyperelliptic if its geuns > 1 and it is a
2-sheeted ramified covering of P'.
All ramification points are simple. By RH, # {ramificationpoints} are even, say 2k, then

g(S)=k—1.

Example 5.1. Let P, € Clx] be a polynomal of degree n without multiple roots with n > 3, say
n=2g+1 or2g—+2.
Consider the plane curve given by y*> = P, () in affine chart {z = 1}, d(y* — P,(z)) nowhere

vanishes in {z = 1}.

In P2, C is given by 3°2" "2 = a,2" + ap_12"2 + - - - + apz"™, and has point (0 : 1: 0) at infinity,
which is smooth in C' iff n = 3.

We shall modify C' to a hyperelliptic Riemann surface. This process is called the Riemann
compactification of C\(0:1:0) C {z =1} = C?
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