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Preface to the AMS Chelsea Printing

In the period since the first edition of this book appeared (1976), Rie-
mannian geometry has experienced explosive growth. This circumstance
was ultimately the determining factor in our decision not to try to bring the
book up to date. We came to realize that if such an attempt were made,
the book would never see the light of day. So our book remains essentially
as it was. We hope that it will continue to play a useful role by setting out
some (still relevant) fundamentals of the subject.

There do exist a number of valuable surveys and expositions of many of
the developments that have taken place in the intervening years. Some of
these are indicated in a relatively small collection of additional references
that have been added to the bibliography. The surveys of Berger, in partic-
ular, provide a sweeping overview and include very extensive bibliographies.

We have also added a highly selective (and quite inadequate) set of
references to original sources, reflecting what we see as some of the most
significant developments over the past 30 years. We apologize in advance to
anyone whose work has been unjustly slighted.

We are indebted to Satyaki Dutta for having retyped the manuscript
and for a substantial amount of proofreading. We would also like to express
our thanks to all those colleagues who, in the 20 years since the first edition
went out of print, have urged us to consider having it republished.

Jeff Cheeger and David G. Ebin, 2007.
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Preface

In this book we study complete Riemannian manifolds by developing
techniques for comparing the geometry of a general manifold M with that
of a simply connected model space of constant curvature MH . A typical
conclusion is that M retains particular geometrical properties of the model
space under the assumption that its sectional curvature KM , is bounded
between suitable constants. Once this has been established, it is usually
possible to conclude that M retains topological properties of MH as well.

The distinction between strict and weak bounds on KM is important,
since this may reflect the difference between the geometry of say the sphere
and that of Euclidean space. However, it is often the case that a conclusion
which becomes false when one relaxes the condition of strict inequality to
weak inequality can be shown to fail only under very special circumstances.
Results of this nature, which are known as rigidity theorems, generally re-
quire a delicate global argument. Here are some examples which will be
treated in more detail in Chapter 8.

Topological Theorem. If M is a complete manifold such that KM ≥
δ > 0, then M has finite fundamental group.

Geometrical Antecedent. If M is a complete manifold such that
KM ≥ δ > 0, then the diameter of its universal covering space M̃ is ≤ Π/

√
δ.

In particular, M̃ is compact.
Even if we assume M to be compact, the preceding statements are false

if only KM ≥ 0. However, we can show the following.
Rigid Topological Theorem. Let M be a compact manifold such

that KM ≥ 0. Then there is an exact sequence

0 → Φ → Π1(M) → B → 0

where is a finite group and B is a crystallographic group on Rk for some
k ≤ dimM , and therefore satisfies an exact sequence

0 → Zk → B → Ψ → 0

where Ψ is a finite group.
Rigid Geometrical Antecedent. Let M be a compact manifold such that

KM ≥ 0 . Then M̃ splits isometrically as M ×Rk (same k as above), where
M is compact and Rk has its standard flat metric. Thus, if KM ≥ 0, M̃
may not be compact, but it is at worst the isometric product of a compact

ix



x PREFACE

manifold and Euclidean space. The infinite part of Π1(M) comes precisely
from the Euclidean factor.

The reader of this book should have a basic knowledge of differential ge-
ometry and algebraic topology, at least the equivalent of a one term course
is each. Our purpose is to provide him with a fairly direct route to some
interesting geometrical theorems, without his becoming bogged down in a
detailed study of connections and tensors. In keeping with this approach,
we have limited ourselves primarily to those techniques which arise as out-
growths of the second variation formula and to some extent of Morse theory.

In Chapter 1 we have included a rapid treatment of the more elemen-
tary material on which the later chapters are based. Of course, we do not
recommend that the less knowledgeable reader regard this as a comprehen-
sive introduction to Riemannian geometry. Likewise, Chapters 3 and 4 are
provided in part for the convenience of the reader. In Chapter 3 which
deals with homogeneous spaces, we also summarize without proof the rel-
evant material on Lie groups. In Chapter 4 the main theorems of Morse
theory are stated, again mostly without proofs. An exception, however, is
Lemma 4.11, which is perhaps less standard than the other material. For the
unproven results in both chapters, excellent references are readily available.
Our main geometrical tools, the Rauch Comparison Theorems and the more
global Toponogov Theorem, are discussed in Chapters 1 and 2 respectively.
Chapter 5 deals with closed geodesics and the injectivity radius of the expo-
nential map. Chapters 6-9 form the core of our study. Chapter 6 contains
the Sphere Theorem – M simply connected and 1 ≥ KM > 1/4 implies
M homeomorphic to a sphere – as well as Berger’s rigidity theorem which
covers the case 1 ≥ KM ≥ 1/4. The last three chapters deal with material
of recent origin. Chapter 7 is primarily concerned with the differentiable
version of the Sphere Theorem. Chapter 8 takes up the structure theory
of complete noncompact manifolds of nonnegative curvature, while Chap-
ter 9 gives some results on the fundamental group of compact manifolds of
nonpositive curvature.

It is a pleasure to thank Carole Alberghine and Lois Cheeger for their
patient work, typing the original manuscript.



CHAPTER 1

Basic Concepts and Results

1. Notation and preliminaries

We will begin by fixing some notation and recalling some standard facts
about connections. M will denote a smooth (i.e. C∞) finite-dimensional
manifold and T (M) its tangent bundle. Sometimes we write Mn to indi-
cate that M has dimension n. For basic concepts about manifolds, such as
the notions of submanifolds, immersion, embedding and diffeomorphism, we
refer to Kobayashi and Nomizu [1963, 1969]. For p ∈ M , Mp denotes the
tangent space to M at p. χ(M) or χ is the linear space of smooth vector
fields on M and F(M) the ring of smooth functions on M . We will usually
denote a tangent vector at a point by a lower case letter and its extension
to a vector field by the corresponding capital.

A Riemannian metric is an assignment to each p ∈ M of a symmetric
positive-definite bilinear form 〈 , 〉p on Mp such that for any V, W ∈ χ(M)
the function p → 〈V, W 〉p is in F(M). Also, 〈V, V 〉 1

2 is denoted by ||V ||.
An affine connection is a bilinear map

∇ : χ(M) × χ(M) → χ(M),

which has the following properties:

∇fV W = f∇V W,(1.1)

∇V fW = (V f)W + f∇V W(1.2)

for any f ∈ F(M), V, W ∈ χ(M).
We call ∇V W the covariant derivative of W in the direction of V . We

refer to Bishop and Crittenden [1964] and Kobayashi and Nomizu [1963,
1969] for more detailed versions of connection theory.

The Fundamental Theorem of Riemannian Geometry states that for each
Riemannian metric there is a unique affine connection, called the Riemann-
ian connection, with the following two properties:

X〈V, W 〉 = 〈∇XV, W 〉 + 〈V,∇XW 〉,(1.3)

∇V W −∇W V − [V, W ] = 0,(1.4)

where [ , ] signifies the Lie bracket, [X, Y ]f = (XY − Y X)f . The first of
these properties is a condition of compatibility between the affine connection
and the metric, while the second is a symmetry condition on the connec-
tion alone. In general, the quantity set equal to zero in (1.4) is called the

1
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2 1. BASIC CONCEPTS AND RESULTS

torsion of the connection, Tor(v, w). It is a tensor of type (1,2). Hence
the Fundamental Theorem may be paraphrased by saying that there is a
unique torsion-free connection compatible with any given metric. We recall
the proof.

To show uniqueness, it suffices to show that 〈∇XY, Z〉 is determined by
(1.3), (1.4). Using (1.4),

X〈Y, Z〉 = 〈∇XY, Z〉 + 〈Y,∇XZ〉,
Y 〈X, Z〉 = 〈∇Y X, Z〉 + 〈X,∇Y Z〉,
Z〈X, Y 〉 = 〈∇ZX, Y 〉 + 〈X,∇ZY 〉,

Subtracting the third of these equations from the sum of the first two and
using (1.4) yields

2〈∇XY, Z〉 = X〈Y, Z〉 + Y 〈X, Z〉 − Z〈X, Y 〉
+ 〈[X, Y ], Z〉 − 〈[X, Z], Y 〉 − 〈[Y, Z], X〉.

Conversely, if we use this formula to define 〈∇XY, Z〉, it is straightfor-
ward to check that we get a connection satisfying (1.3) and (1.4).

From (1.1), (1.2) it is easy to see that (∇V W )(p) is determined by W
and V (p). In fact it is not hard to show that it is determined by V (p) and
W restricted to any curve through p in direction V (p). If α is a 1-form, we
define ∇V α by the equation

(∇V α)(W ) + α(∇V W ) = V (α(W )).

We then define ∇V σ for any tensor field σ by extending ∇ as a derivation.
Let c : [0, 1] → M be a smooth curve, and let c′(t) denote the tangent

vector to c(t). For any v ∈ Mc(0) there is a unique vector V (t) ∈ Mc(t) such
that V (0) = v and ∇c′(t)V (t) ≡ 0 We call V (t) the parallel field and V (1)
the parallel translate of v along c(t). In fact, one can easily find smooth
vector fields along c(t), E1(t), . . . , En(t) such that {Ei(t)} is an orthonormal
basis for Mc(t). In terms of these fields, the above equation may be written
as a first-order system of ordinary differential equations. We have

d
dt

〈V, Ei〉 = c′〈V, Ei〉 = 〈∇c′V, Ei〉 + 〈V,∇c′Ei〉 = 〈∇c′Ei, V 〉.

Therefore ⎡⎢⎣ 〈V, E1〉
...

〈V, En〉

⎤⎥⎦
′

= 〈∇c′Ei, Ej〉

⎡⎢⎣ 〈V, E1〉
...

〈V, En〉

⎤⎥⎦ .

The existence theorem for ordinary differential equations tells us that we
can solve for V (t). Because the above equation is linear, we obtain a linear
map Pc : Mc(0) → Mc(1) defined by v → V (1). It follows easily from (1.3)
that Pc is an isometry.

In the sequel we will often be confronted with the following situation:
Let φ : N → M be a smooth map, and let M have a connection ∇. A vector
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field along φ is an assignment x → W , where W ∈ Mφ(x). Let {Ei} be a
frame field in a neighborhood of φ(x). Then we can write

W (x) = Σfi(x)Ei(φ(x)).

We say that W (x) is smooth if the functions fi(x) are smooth. If v ∈ Nx,
we can define ∇̃vW ∈ Mφ(x), the covariant derivative of W in the direction
of v, by

∇̃vW = Σv(fi(x))Ei(φ(x)) + fi(x)∇dφ(v)Ei(φ(x)).
The definition is easily seen to be independent of the choice of {Ei(x)}. Let
M be Riemannian and ∇ the Riemannian connection. If v ∈ Nx, W1, W2

are vector fields along φ, then one easily checks that

v〈W1, W2〉 = 〈∇̃vW1, W2〉 + 〈W1, ∇̃vW2〉. (∗)
Also, if V1, V2 are vector fields in N , then dφ(V1), dφ(V2) are vector fields
along φ and

∇̃V1dφ(V2) − ∇̃V2dφ(V1) − dφ([V1, V2]) = 0. (∗∗)
A vector field along φ is also called a section of the induced bundle φ∗(TM).
We call ∇̃ the induced connection. In the proofs of the first and second vari-
ation formulas and elsewhere, implicitly we will be using (*) and (**). How-
ever, for convenience we will suppress the notation ∇̃ and proceed formally
as if the vector fields along φ were actually defined on M .

2. First variation of arc length

Let M be a Riemannian manifold. We denote the length of the contin-
uous piecewise smooth curve c : [a, b] → M by L[c]. By definition,

L[c] =
∫ b

a
||c′(t)||dt.

It follows from the chain rule that L[c] does not depend on a particular
choice of parameterization. M becomes a metric space if we define the
distance between two points as the infimum of the lengths of all curves
between them. We denote the distance from p to q by ρ(p, q). When proving
that M is a metric space, the only point which is not entirely trivial to
check is that if p �= q, then ρ(p, q) > 0. To see this, let x1, . . . , xn be a
local coordinate system with p at the origin, and let Br(p)− denote the set
Σx2

i ≤ r. Let g denote the given Riemannian metric and ḡ the Euclidean
metric ḡ( ∂

∂xi
, ∂

∂xj
) = δij . At each point, g may be diagonalized with respect

to ḡ, and the smallest eigenvalue λ(x) is a positive continuous function on
Br(p)−. It follows easily that any curve from p to the boundary of Br(p)− has
length at least r

λ0
, where λ0 is the minimum of λ(x). However, given q �= p,

we may assume that r has been chosen sufficiently small so that q /∈ Br(p)−.
Then any curve from p to q must contain an initial segment from p to the
boundary of Br(p)−. Therefore ρ(p, q) > r

λ0
. A similar argument shows that

the metric space and manifold topologies coincide.
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Let p, q ∈ M . In the next three sections we will investigate the conditions
under which there exists a curve γ from p to q such that L[γ] = ρ(p, q). We
are now going to derive a necessary condition for the existence of such a
curve. We begin by assuming that c is smooth, ||c′(t)|| �= 0, and without
loss of generality we may assume c to be parameterized proportional to arc
length. In other words, ||c′(t)|| is a constant l.

Let α : Q → M be a smooth function, where Q is the rectangle [a, b] ×
(−ε, ε) and such that

α|[a, b] × {0} = c : [a, b] → M.

α is said to define a smooth variation of the curve α|[a, b] × {0}. Let T, V
be the fields of tangent vectors on Q corresponding to its first and second
variables. We shall identify these vectors with their images under the differ-
ential of α. Our goal is to compute the change in arc length over the family
of curves cs = α|[a, b] × {s}, where −ε < s < ε. This is given by

d
ds

L[cs] =
d
ds

∫ b

a
〈c′s(t), c′s(t)〉

1
2 dt =

∫ b

a
V 〈T, T 〉 1

2 dt

=
1
2

∫ b

a
〈T, T 〉− 1

2 V 〈T, T 〉dt =
∫ b

a
〈T, T 〉− 1

2 〈∇V T, T 〉dt.

Since [T, V ] = 0 on Q, using (**) we may rewrite this as∫ b

a
〈T, T 〉−1/2〈∇T V, T 〉dt.

Since ||c′0|| = l,

d
ds

L[cs]|s=0 = l−1

∫ b

a
〈∇T V, T 〉dt

= l−1

∫ b

a
(T 〈V, T 〉 − 〈V,∇T T 〉dt.

By integrating the first term we obtain

(1.5)
d
ds

L[cs]|s=0 = l−1
{
〈V, T 〉|ba −

∫ b

a
〈V,∇T T 〉dt

}
.

This expression is called the first variation formula.
Suppose that rather than being smooth, the function α above is con-

tinuous, and has the property that a = t0 < t1 < · · · < tn = b is some
subdivision of [a, b] such that α[ti,ti+1]×(−ε,ε) is smooth. In this case, α is
said to define a piecewise smooth variation. The first variation formula for
piecewise smooth variations is obtained by applying (1.5) to each segment
[ti, ti+1]. In particular, if c0 is actually smooth, the intermediate terms can-
cel, and (1.5) remains valid. A vector field V along c0 is called piecewise
smooth if V is continuous and there exists a subdivision as above such that
V |[ti, ti+1] is smooth vector field along c0. It is important to remark that
any piecewise smooth V arises from some variation. In fact, for sufficiently
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small s, the variation α : (t, s) → expc0(t)(sV ) will suffice. (See Section 3 for
the definition of exp).

If all curves cs have the same endpoints, then V (a, 0) = V (b, 0) = 0, so
that

d
ds

L[cs]|s=0 = −l−1

∫ b

a
〈V,∇T T 〉dt.

If c = c0 is the shortest curve from c(a) to c(b), then
d
ds

L[cs]|s=0 = 0

for any map α : Q → M . Hence for V any vector field along c which
vanishes at the endpoints, the right-hand side of (1.5) vanishes. Therefore,
if c is smooth and minimal, by taking a variation such that V = φ(t)∇T T
for some function φ(t) such that φ(t) > 0 for a < t < b and φ(a) = φ(b) = 0,
we conclude that

∇T T = ∇c′c
′ ≡ 0.

The preceding calculation motivates the following definition.

Definition 1.6. We call a smooth curve c a geodesic if ∇c′c
′ ≡ 0.

If c is a geodesic,

c′〈c′, c′〉 = 2〈∇c′c
′, c′〉 = 0,

so 〈c′, c′〉 must be constant. Thus a geodesic is parameterized proportional
to arc length, and by (1.5) it is always a critical point of the arc-length
function under any variation with fixed end points. In fact, for this we only
need to know that the variation is perpendicular to T at the endpoints, or,
more generally, that 〈T, V 〉|ba = 0. If ||c′|| = 1, c is called a normal geodesic.

The following useful proposition illustrates how the first variation for-
mula may be applied to obtain geometrical information.

Proposition 1.7. Let N and N̄ be two submanifolds of M , without
boundary, and let γ : [0, t] → M be a geodesic such that γ(0) ∈ N , γ(t) ∈ N̄
and γ is the shortest curve from N to N̄ . Then γ′(0) is perpendicular to
Nγ(0) and γ′(t) is perpendicular to N̄γ(t)

Proof. 1If γ′(0) is not perpendicular to Nγ(0), choose x ∈ Nγ(0) such
that 〈γ′(0), x〉 > 0, and let c be a curve in N starting at γ(0) such that
c′(0) = x.

Construct a variation α : [0, t] × (−ε, ε) → M such that

α|[0, t] × {0} = γ, α(0, s) = c(s), α(t, s) = γ(t).

Then if γs = α|[0, t] × {s}, formula (1.5) shows that
d
ds

L[γs]|s=0 = −l−1〈γ′(0), x〉 < 0.

Therefore, for small s, L[γs] < L[γ], and γ is not minimal. A completely
analogous argument shows that γ′(t) must also be perpendicular to N̄γ(t).
(See Fig. 1.1) �
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Note that in the above variation it is not necessary that the curves γs

be geodesics. As long as α is a smooth map, our calculation shows that for
small s, L[γs] < L[γ].

3. Exponential map and normal coordinates

A fundamental property of geodesics is that, given a point p ∈ M and a
vector v ∈ Mp, there exists a unique geodesic γv through p whose tangent at
p is v. This follows from the fact that the defining condition for geodesics,
∇γ′γ′ = 0, is a second-order differential equation in the parameter t of γ. p
and v are exactly the required initial conditions for existence and uniqueness
of γv (see Milnor [1963], p.56, for details). If γv : (−ε, ε) → M is a geodesic
parameterized by t, the curve c : (− ε

s ,
ε
s) → M defined by c(t) = γv(st)

(s fixed) is also a geodesic; for ∇c′c
′ = s2∇γvγv = 0. Also c′(0) = sv, so

c = γsv.
The exponential map expp : Mp → M is defined by expp(v) = γv(1) for

all v ∈ Mp such that 1 is in the domain of γv. From the above we know
that for any fixed v there exists a number s > 0 such that γsv(1) is defined,
and by the existence theorem of second-order differential equations, we can
pick s to vary continuously with v. It follows that expp is defined on a
neighborhood of the origin in Mp. Furthermore, it is a smooth map and,
by the implicit function theorem, a local diffeomorphism in a neighborhood
of the origin. Actually, since we have expp : Mp → M for each p ∈ M , we
can define the union of these maps exp : T (M) → M . We shall define exp
on the union over p of the domains of expp, which is a neighborhood of the
zero section of T (M).
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If we choose an orthonormal basis {ei} for Mp, we can define a coordinate
system in a neighborhood of p by assigning to the point expp(Σxiei) the
coordinates (x1, . . . , xn). Such coordinates are called normal coordinates at
p. Since the rays through the origin are geodesics, normal coordinates have
the property that ∇ ∂

∂xi

( ∂
∂xi

) ≡ 0. It follows that for all v in Mp,(
∇v

∂

∂xi

)∣∣∣
p

= 0.

For these reasons, normal coordinates are convenient to use.
If M is a Riemannian manifold, by definition each tangent space Mp

comes equipped with an inner product. For each v ∈ Mp, the tangent space
(Mp)v can be naturally identified with Mp. Hence (Mp)v inherits an inner
product. Fixing v ∈ Mp, dexp : (Mp)v → Mexp(v) is a linear map. dexp does
not in general preserve the inner products on these spaces.

If we let ρ(t) = tv be the ray from 0 ∈ Mp through v, and assume that
exp is defined along ρ, it is easy to verify that dexp(ρ′(t)) = γ′

v(t) and that
||ρ′(t)|| = ||γ′

v(t)||. Moreover, we have the following important result known
as the Gauss Lemma.

Gauss Lemma 1.8. If ρ(t) = tv is a ray through the origin of Mp and
w ∈ (Mp)ρ(t) is perpendicular to ρ′(t), then dexp(w) is perpendicular to
dexp(ρ′(t)).

Proof. Let c(s) be a curve in Mp such that c(0) = v, c′(0) = w and
such that every point of c is at the same distance from the origin of Mp. Let
α(t, s) be a rectangle in M defined by

α(t, s) = exp(ρs(t)),

where ρs : [0, 1] → Mp is the ray from 0 to c(s) in Mp. From the definition of
exp and α we know that the lengths of the curves t → α(t, s) are independent
of s. Also, t → α(t, 0) is a geodesic, and

dα
∂

∂s
(0, 0) = 0, dα

∂

∂s
(0, 1) = dexp(w).

The first variation formula gives

0 =
d
ds

L[exp(ρs)]
∣∣∣
s=0

= 〈dexp(w), γ′
v〉|t0 = 〈dexp(w), γ′

v(t)〉.

The lemma follows. �

The Gauss Lemma is equivalent to the fact that on a normal coordinate
ball with the origin deleted the gradient of the function r = (Σx2

i )
1
2 is ∂

∂r .
Recall that the gradient of a function f is the unique vector field defined by

〈gradf, x〉 = df(x) = x(f).
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In fact, using polar coordinates r, θ1, . . . , θn−1 (which are defined like normal
coordinates above) the Gauss Lemma implies that 〈 ∂

∂θi
, ∂

∂r 〉 = 0. Then if

x = h
∂

∂r
+

∑
gi

∂

∂θi
,

we have 〈 ∂

∂r
, x

〉
= h = h

∂r

∂r
+

∑
gi

∂r

∂θi
= x(r).

So far we have not shown, even for sufficiently small ε, that the length
of a normal geodesic segment γ : [0, ε] → M equals the distance between its
endpoints. The following corollary of the Gauss Lemma shows that this is
indeed the case. In fact we show directly that γ has shorter length than any
other curve between its endpoints. This suffices because distance is defined
as the infimum of lengths of such curves.

Corollary 1.9. Let Br(0) ⊆ Mp be a ball of radius r on which expp is
an embedding. Then:

(1) For v ∈ Br(0), γv : [0, 1] → M is the unique curve satisfying

L[γ] = ρ(p, expp(v)) = ||v||.
In particular for any curve c, if L[c] = ρ(c(0), c(1)), then, up to repa-

rameterization, c is a smooth geodesic.
(2) If q /∈ expp(Br(0)) = Br(p), then there exists q′ ∈ ∂Br(p), the

boundary of Br(p), such that ρ(p, q) = r+ρ(q′, q). In particular, ρ(p, q) ≥ r.

Proof. (1) Let c : [0, 1] → M be a piecewise smooth curve from p to
expp(v). Assume c(t) ∈ expp(Br(0)) for t ≤ t0, i.e. r(c(t)) ≤ r for t ≤ t0.
Since || ∂

∂r || ≡ 1, it follows that where c(t) is smooth we have

||c′(t)|| ≥
〈
c′(t),

∂

∂r

〉
,

with equality holding if and only if c′(t) = λ(t)( ∂
∂r ), with λ(t) ≥ 0. Then

L[c] =
∫ 1

0
||c′||dt =

∫ t0

0
||c′||dt +

∫ 1

t0

||c′||dt

≥
∫ t0

0

〈
c′,

∂

∂r

〉
dt +

∫ 1

t0

||c′||dt.

As we have seen, grad r = ∂
∂r . Thus the right-hand side of the above is

equal to ∫ t0

0

d
dt

r(c(t))dt +
∫ 1

t0

||c′||dt = r(c(t0)) +
∫ 1

t0

||c′||dt.

By the Intermediate-Value Theorem, there will be a first value t1 for which
r(c(t1)) = ||v||. For this choice we get

L[c] = ||v|| +
∫ 1

t1

||c′||dt.
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Thus L(c) = ||v|| if and only if wherever c(t) is smooth we have c′(t) =
λ(t) ∂

∂r with λ(t) ≥ 0 and ||c′|| ≡ 0 for t > t1. Then we may as well
assume t1 = 1. Moreover, up to reparameterization, each smooth segment
of c is a segment of a radial geodesic. But then, since c is continuous, it
follows that c is actually, up to reparameterization, a (single smooth) radial
geodesic. In particular, if L[c] = ρ(c(0), c(1)), then we conclude that up to
reparameterization c(t) is a (smooth) geodesic.

(2) Let c(t) be a curve from p to q. Since q /∈ Br(p), there is a first value
t0 such that c(t0) ∈ ∂Br(p). By the above,

L[c] ≥ r + ρ(c(t0), q) ≥ r + ρ(∂Br(p), q).

Therefore
ρ(p, q) = inf

c
L[c] ≥ r + ρ(∂Br(p), q).

But by triangle inequality the opposite inequality is also true. Therefore

ρ(p, q) = r + ρ(∂Br(p), q).

Since ∂Br(p) is compact, there exists q′ ∈ ∂Br(p) such that ρ(q′, q) =
ρ(∂Br(p), q). This suffices to complete the proof. �

4. The Hopf-Rinow Theorem

The preceding discussion suggests two natural questions:
(1) When is expp defined on all of Mp?
(2) When is it possible to join two arbitrary points by a geodesic whose

length is equal to the distance between them?
The answers to these questions are related and given by the Hopf-Rinow

Theorem.

Theorem 1.10. The following are equivalent:
(a) M is a complete metric space where the distance from p to q in M

is defined as the minimum length of all curves from p to q.
(b) For some p ∈ M , expp is defined on all of Mp.
(c) For all p ∈ M , expp is defined on all of Mp.

Any of these conditions imply
(d) Any two points p, q of M can be joined by a geodesic whose length is

the distance from p to q.

In practice, the implication (a) ⇒ (d) is most important. (a) is a very
natural hypothesis which holds in particular whenever M is compact. On
the other hand, it is necessary to know (d) in order to apply geometrical
and analytical tools to the study of M . Theorems 1.31, 1.39, 1.42, as well
as various theorems in later chapters, illustrate this. We shall often use the
implication (a) ⇒ (d) without explicitly mentioning Theorem 1.10.

In the sequel we shall assume that all manifolds are complete.

Proof of Theorem 1.10. (b) ⇒ (a). We shall first show that if for
some p, expp is defined on all Mp, then any point q can be connected to p
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by a geodesic whose length is the distance from p to q. We then show that
this statement together with (b) implies (a). Now, given p, let Br(p) be a
normal coordinate ball. By Corollary 1.9(1) we may assume that q /∈ Br(p),
so by Corollary 1.9(2) let q′ ∈ ∂Br(p) be such that

ρ(p, q) = r + ρ(q′, q).

Let γ : [0,∞) → M be the normal geodesic such that γ|[0, r] is the unique
minimal geodesic from p to q′. The set of t such that

ρ(p, γ(t)) + ρ(γ(t), q) = ρ(p, q)

is clearly closed, so let t0 ∈ [r, ρ(p, q)] be the last such value. Let Br1(γ(t0))
be a normal coordinate ball about γ(t0) so that there exists q′′ ∈ ∂Br1(γ(t0))
such that

ρ(γ(t0), q) = ρ(γ(t0), q′′) + ρ(q′′, q).
Let σ be the unique minimal geodesic from γ(t0) to q′′. Since

ρ(p, q) = ρ(p, γ(t0)) + ρ(γ(t0), q′′) + ρ(q′′, q),

by triangle inequality we have

ρ(p, γ(t0)) + ρ(γ(t0), q′′) = ρ(p, q′′).

But
L[γ]|[0, t0] = ρ(p, γ(t0)), L[σ] = ρ(γ(t0), q′′).

Therefore
L[γ ∪ σ] = ρ(p, q′′).

The the curves γ and σ must fit together to form a smooth geodesic γ ∪σ =
γ|[0, t0 + r1]. Then

ρ(p, q) = ρ(p, γ(t0 + r1)) + ρ(γ(t0 + r1), q),

which is a contradiction.
To finish the proof that (b) ⇒ (a), let qi be a Cauchy sequence, and let

γi : [0, ti] → M be a sequence of minimal normal geodesics with γ(ti) = qi.
Clearly {ti} is also a Cauchy sequence with limit say t0. By compactness
of the unit sphere at p we may pass to a subsequence such that γ′

ij
(0) → v.

Let γ : [0,∞) → M be the normal geodesic such that γ′(0) = v. Then the
theory of ordinary differential equations (continuous dependence of solutions
on initial data )applied to the geodesic equation gives qij = γ(tij ) → γ(t0).
Since qi is a Cauchy sequence, in fact qi → γ(t0), which completes the proof.

(a) ⇒ (c) We must show that given p and v ∈ Mp there exists a geodesic
γ : [0, 1] → M such that γ′(0) = v. Let [0, t0) be the largest open interval for
which such a γ exists. Then if ti ↑ t0, γ(ti) is a Cauchy sequence with limit
say q. Define γ(t0) = q. Then γ|[0, t0] is continuous. Let Br(p) be a normal
coordinate ball. For i sufficiently large, γ(ti) ∈ Br(q). Let σ : (−r, r) → M
be the unique minimal geodesic such that γ(ti) ∈ σ and σ(0) = q. Then
γ ∪ σ is continuous, piecewise smooth and

L
[
γ ∪ σ|[t0 − r, t0 + r]

]
= 2r.
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Hence γ ∪ σ is actually smooth, and γ extends past t0, which is a con-
tradiction.

(c) ⇒ (b) is trivial.
(c) ⇒ (d). This is the same argument as was already given in the first

part of the proof that (b) ⇒ (a). �
In Chapter 5 we will take up the question of finding conditions under

which the minimizing geodesic between two points is unique.

5. The curvature tensor and Jacobi fields

From the Gauss Lemma we know that at v ∈ Mp the deviation of dexp
from being an isometry is measured by the extent to which it fails to pre-
serve the inner product on vectors in P , the subspace of (Mp)v which is
perpendicular to the direction v itself. This failure is in turn measured by
the curvature tensor .

The curvature tensor R assigns to each p ∈ M a trilinear map of Mp ×
Mp × Mp → Mp. If x, y, z are elements of Mp, we extend them to vector
fields X, Y, Z and define

R(x, y)z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z.

It is easy to check that R(x, y)z does not depend on the extension to vector
fields and that it is antisymmetric in x and y. Also, a straightforward
computation shows that

R(x, y)z + R(y, z)x + R(z, x)y = 0.

This is called the Jacobi (or the first Bianchi) identity. Moreover,

〈R(x, y)z, w〉 = 〈R(z, w)x, y〉,
as is straightforward to check.

We now examine the relationship between curvature and the exponential
map.

Let v and w be orthonormal vectors in Mp. Using the natural iden-
tification of the tangent space at any x ∈ Mp with Mp itself, v and w
induce(parallel) vector fields V and W on all of Mp. Consider the family ρs

of rays in Mp defined by

ρs(t) = (V + sW )t.

Then expp ◦ρs is a geodesic through p with initial tangent vector v + sw. In
order to measure the effect of dexpp on the lengths of vectors in P , we shall
compute some terms of the Taylor expansion of ||dexp(tW )||2.

First some preliminaries. It is clear from the definition that dexp(tW )
arises as the variation field of the 1-parameter family of geodesics expp ◦
ρs. Fields of this type are called Jacobi fields and are characterized as the
solutions of a certain second-order differential equation. More precisely, let
α(t, s) : [a, b] × (−ε, ε) → M be such that for fixed s, α(t, s) is a geodesic.
Let T = dα

(
∂
∂t

)
and V = dα

(
∂
∂s

)
.
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We now determine the differential equation satisfied by V |α(t, 0). By
the discussion at the end of Section 1,

∇T V −∇V T − dα
[ ∂

∂t
,

∂

∂s

]
= 0.

But
[

∂
∂t ,

∂
∂s

]
= 0, so ∇T V = ∇V T . Therefore ∇T∇T V = ∇T∇V T . Since

∇T T = 0, we may write

∇T∇T V = ∇T∇V T = ∇T∇V T −∇V ∇T T.

Using the definition of the curvature tensor and the fact that

[T, V ] = dα
([ ∂

∂t
,

∂

∂s

])
= 0,

we get the Jacobi equation

∇T∇T V = R(T, V )T.

A vector field V , along a geodesic γ with tangent vector T satisfying this
equation is called a Jacobi field. Let {Ei(t)} be orthogonal and parallel along
α(t, 0). Then the Jacobi equation may be written as the linear second-order
system of ordinary differential equations⎡⎢⎣ 〈J, E1〉

...
〈J, En〉

⎤⎥⎦
′′

= 〈R(T, Ei)T, Ej〉

⎡⎢⎢⎣
...

〈J, Ei〉
...

⎤⎥⎥⎦ .

From the theory of ordinary differential equations it follows that the space
of solutions of this system is 2n-dimensional and that there exists a unique
solution with prescribed initial value and first derivative. This is equivalent
to prescribing J(0) and J ′(0) = ∇T J |t=0. Notice that since ∇T T = 0, we
have

〈J, T 〉′′ = 〈J ′′, T 〉 = 〈R(T, J)T, T 〉 = 0.

Therefore any Jacobi field J may be written uniquely as

J = J0 + (at + b)T,

where 〈J0, T 〉 ≡ 0, Finally, if J is a Jacobi field, then J comes from a
variation of geodesics. In fact, let c(s) be a curve such that c′(0) = J(0),
and let T and J ′(0) be extended to parallel fields along c(s). Then the
variation field of expc(s)(t(T + sJ ′(0))) is a Jacobi field with the same initial
conditions as J . Therefore it equals J by the uniqueness theorem above.

We are now ready to calculate the Taylor series for ||dexp(tW )||2. Set
dexp(V ) = T and dexp(tW ) = J . Then it is easily seen that J ′(0) = w.
Then

〈J, J〉|t=0 = 0,

〈J, J〉′|t=0 = 2〈J, J ′〉|t=0 = 0,

〈J, J〉′′|t=0 = 2〈J ′, J ′〉|t=0 + 2〈J ′′, J〉|t=0 = 2||W ||2 = 2.



5. THE CURVATURE TENSOR AND JACOBI FIELDS 13

Note that in fact J ′′|t=0 = R(T, J)T |t=0 = 0, so

〈J, J〉′′′ = 6〈J ′′, J ′〉|t=0 + 2〈J ′′′, J〉|t=0 = 0.

Also,

J ′′′ = ∇T (R(T, J)T )|t=0 = (∇T R)(T, J)T |t=0 + R(T, J ′)T |t=0.

So

J ′′′|t=0 = R(T, J ′)T |t=0 = R(T, w)T |t=0.

Then

〈J, J〉′′′′ = 8〈J ′′′, J ′〉|t=0 + 6〈J ′′, J ′′〉|t=0 + 2〈J ′′′′, J〉|t=0

= 8〈R(T, w)T, w〉 = −8〈R(w, T )T, w).

Therefore

(1.11) ||dexp(tW )||2 = t2 − 1
3
〈R(w, T )T, w〉t4 + O(t5).

We find that when compared to the rays ρs geodesics exp◦ρs come together
to the order of (1

3〈w, R(w, v)v〉) 1
2 t2. So if 〈R(w, v)v, w〉 is positive, geodesics

locally converge, and if it is negative, they locally diverge by comparison
with rays.

(1.11) may also be given the following interpretation. Let gij(x) denote
the metric expressed in terms of normal coordinates. Then at the origin,
up to first order the metric looks like the Euclidean metric gij = δij . The
deviation comes in with the second-order terms, which are in turn measured
by curvature.

Given any plane σ in Mp and two vectors v and w which span σ, we
define the sectional curvature K(σ) to be

〈R(v, w)w, v〉
||v ∧ w||2 .

Here ||v ∧ w||2 denotes the square of the area of the parallelogram spanned
by v and w. One can easily check that K(σ) does not depend on the
choice of the spanning vectors. Furthermore, the curvature tensor R is
completely determined by the inner product together with the function
K : G2,n(Mm) → R, where G2,n(Mm) denotes the space of all 2-dimensional
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subspaces of Mm, the Grassmann manifold. In fact, a straightforward com-
putation shows that
(1.12)

〈R(x, y)z, w〉 =
1
6
{K(x + w, y + z)||(x + w) ∧ (y + z)||2

− K(y + w, x + z)||(y + w) ∧ (x + z)||2

− K(x, y + z)||x ∧ (y + z)||2 − K(y, x + w)||y ∧ (x + w)||2

− K(z, x + w)||z ∧ (x + w)||2 − K(w, y + z)||w ∧ (y + z)||2

+ K(x, y + w)||x ∧ (y + w)||2 + K(y, z + w)||y ∧ (z + w)||2

+ K(z, y + w)||z ∧ (y + w)||2 + K(w, x + z)||w ∧ (x + z)||2

+ K(x, z)||x ∧ z||2 + K(y, w)||y ∧ w||2

− K(x, y)||x ∧ w||2 − K(y, z)||y ∧ z||2.
Here K(x, y) denotes the curvature of the plane spanned by x, y. If the
curvatures of all plane sections are of the same sign, then this sign is a
fundamental invariant. By studying in more detail its effect on the behavior
of geodesics, we will derive topological and geometrical information. We will
use the notation KM > H to indicate that for all plane sections at all points
of M the sectional curvature is bigger than the constant H.

The condition K ≡ 0 is equivalent to the statement that in normal
coordinates gij ≡ δij , as will be clear from the results of the next section
and Section 14.

6. Conjugate points

As was shown in Section 2, in order for a curve γ to realize the distance
between its endpoints, it is necessary that γ be a geodesic. However, if γ is
too long, this condition is not sufficient. For example, on the unit sphere,
geodesics are great circles. A geodesic of the length of more than π will not
minimize. Suppose, for example, that γ starts at p. There are infinitely
many geodesics σ having length π and going from p to the antipodal point
q.

The path σ ∪ τ shown in Fig. 1.2, consists of the segment of σ from p
to r, and the minimal geodesic τ from r to s will have length shorter than
the segment of γ from p to s. Now in this example q is a singular value of
expp. Although the above argument just used the fact that there were two
distinct geodesics from p to q, the example suggests that there should also be
a connection between failure of geodesics to minimize globally and singular
values of exp. Intuitively, these are points at which distinct geodesics come
together at least infinitesimally. To demonstrate this connection, we shall
need an infinitesimal version of the argument. We begin with a character-
ization of the singularities of exp. We say that q is conjugate to p if q is a
singular value of exp : Mp → M . The conjugacy is said to be along γ = γv

if dexp is singular at v. The order of a conjugate point is defined to be the
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dimension of the null space of dexp : (Mp)v → Mq. Let us pick v ∈ Mp

and w ∈ (Mp)v, and assume dexp(w) = 0. We know immediately that w
(when identified with its corresponding vector in Mp) is perpendicular to v,
because the length of any component of w in the v-direction is preserved by
dexp. Also, if as in the previous section we form the rays ρs(t) = (v + sw)t
and geodesics γs = exp ◦ ρs, we find

d
ds

(exp ◦ ρs(1)) = 0.

Hence there exists a one-parameter family of geodesics γs which come from
p and whose associated Jacobi field, the variation vector field d

ds(γs(t)) van-
ishes at q = γ0(1). Thus we have proved half of the following proposition.

Proposition 1.13. q is conjugate to p along a geodesic γ if and only
if there exists a non-zero Jacobi field J along γ such that J(0) = J(1) = 0.
Hence q is conjugate to p if and only if p is conjugate to q.

Proof. Suppose there exists a nonzero J along γ with J(0) = J(1) = 0.
α(t, s) = expγ(0)(T + sJ ′(0))t is a rectangle whose associated variation field
is J. Then

dexpJ ′(0)|γ′(0)∈Mγ(0)
= J(1) = 0,

so p is conjugate to q. Since the Jacobi-field condition is symmetric in p and
q, so is conjugacy. �

Now we give two elementary facts about Jacobi fields and conjugate
points.

Proposition 1.14. Let γ : [a, b] → M be a geodesic, γ′ = T , and
assume there is a Jacobi field J which vanishes at γ(a) and γ(b). Then
〈J, T 〉 ≡ 〈J ′, T 〉 ≡ 0.
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Proof. We note that

T 〈T, J ′〉 = 〈T, J ′′〉 = −〈T, R(J, T )T 〉 = −〈R(T, T )J, T 〉 = 0.

Therefore, 〈T, J ′〉 is constant on γ. But 〈T, J ′〉 = T 〈T, J〉, so that 〈T, J〉 as
a function of the parameter of γ has constant derivative. But

〈T, J〉γ(a) = 〈T, J〉γ(b) = 0,

so 〈T, J〉 ≡ 0 and 〈T, J ′〉 ≡ 0. �
Remark 1.15. This argument actually shows that

〈T, J〉 = 〈T, J(0)〉 + 〈T, J ′(0)〉t.

Proposition 1.16. If γ(a) and γ(b) are not conjugate, then a Jacobi
field J along γ is determined by its values at γ(a) and γ(b).

Proof. Let W and J be two Jacobi fields which coincide at the end-
points of γ. Then W −J is a Jacobi field which vanishes at both endpoints.
But since these points are not conjugate, W − J must be identically zero,
so W = J �

Suppose that M has constant curvature K. Then the formula of the
previous section specializes to

〈R(x, y)z, w〉 = −K(〈x, z〉〈y, w〉 − 〈y, z〉〈x, w〉).
Then the Jacobi equation expressed in terms of parallel fields becomes

〈J ′′, Ei〉 = 〈∇T∇T J, Ei〉 = −〈R(J, T )T, Ei〉 = K(〈J, T 〉〈T, Ei〉 − 〈J, Ei〉).
So if 〈J, T 〉 = 0, we get simply

〈J, Ei〉′′ = −K〈J, Ei〉.
The reader may verify that the general solution is

K > 0 :
∑

(ai sin(
√

Kt) + bi cos(
√

Kt))Ei(t);

K = 0 :
∑

(ait + bi)Ei(t);

K < 0 :
∑

(ai sinh(
√
−Kt) + bi cosh(

√
−Kt))Ei(t).

If K < 0 or K = 0, geodesics have no conjugate points, while if K > 0
conjugate points occur at t = πl√

K
, where l is an integer.

7. Second variation of arc length

We have shown in Section 2 that geodesics are always critical points of
the arc-length function. However, as we have observed in Section 6, they
are not always local minima. Therefore we compute the second derivative
of arc length with respect to a variation.

Let γ : [a, b] → M be a geodesic, and let α : Q → M be a smooth map,
where Q is the rectangular solid [a, b]× [−ε, ε]× [−δ, δ] and α(t, 0, 0) = γ(t).
This means that α is a 2-parameter variation of the geodesic γ. We will look
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at the arc-length function differentiated successively with respect to these
two parameters. Let L(v, w) be the arc length of the curve t → α(t, v, w),
so

L(v, w) =
∫ b

a
||T ||ds.

Assume ||γ′|| ≡ 1. Let T, V, W be vector fields corresponding to the first,
second and third variables of α, respectively.

As in the proof of the first variation formula

∂

∂v
L(v, w) =

∫ b

a

〈∇T V, T 〉
||T || .

Then
∂2

∂w∂v
L(v, w) =

∂

∂w

∫ b

a

〈∇T V, T 〉
||T ||

=
∫ b

a

〈∇W∇T V, T 〉 + 〈∇T V,∇W T 〉
||T || − 〈∇T V, T 〉〈∇W T, T 〉

||T ||3

=
∫ b

a

〈R(W, T )V, T 〉 + 〈∇T∇W V, T 〉 + 〈∇T V,∇T W 〉
||T ||

− 〈∇T V, T 〉〈∇T W, T 〉
||T ||3 .

Using ||T |||(0,0) ≡ 1 and ∇T T |(0,0) ≡ 0,

(1.17)

∂2L

∂w∂v

∣∣∣
(0,0)

=
∫ b

a
〈∇T V,∇T W 〉 − 〈R(W, T )T, V 〉

− T 〈∇W V, T 〉 − T 〈V, T 〉T 〈W, T 〉

= −〈∇W V, T 〉|ba +
∫ b

a
〈∇T V,∇T W 〉

−
∫ b

a
〈R(W, T )T, V 〉 − T 〈V, T 〉T 〈W, T 〉.

This is the second variation formula. Note that (1.17) is valid for 2-parame-
ter piecewise smooth variations (with the obvious definition). This follows
by restricting attention to the subintervals on which V, W are smooth, then
adding and observing that the endpoint terms cancel. In case the variation
is through geodesics, by Proposition 1.14, T 〈V, T 〉 and T 〈W, T 〉 are constant.
Then if 〈V, T 〉 or 〈W, T 〉 vanishes at both endpoints, the last term drops out.
Moreover, if either V or W vanishes at the endpoints or, more generally,
∇V W = 0, we get

(1.18)
∂2L

∂w∂v

∣∣∣
(0,0)

=
∫ b

a
〈∇T V,∇T W 〉 + 〈R(W, T )V, T 〉.

We remark that in this case the second variation depends only on the
restrictions of V, W to γ. We call the above integral the index form I(V, W ).
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It is a symmetric bilinear form on the space of piecewise smooth vector fields
V, W along γ such that 〈V, T 〉 ≡ 〈W, T 〉 ≡ 0. Notice that I is independent
of the orientation of γ. If I is positive definite on vector fields vanishing
at γ(a), γ(b), then γ is a minimum among all nearby curves with the same
endpoints.

If a = t0 < t1 < · · · < tn = b is such that V, W |[ti, ti+1] is smooth, then
using

〈∇T V,∇T W 〉 = T 〈∇T V, W 〉 − 〈∇T∇T V, W 〉
and integrating, we get

(1.19) I(V, W ) =
∑

i

〈∆ti(∇T V ), W 〉 −
∫ b

a
〈∇T∇T V, W 〉 + 〈R(V, T )T, W 〉,

where
∆ti(∇T V ) = lim

t→t+i

∇T V − lim
t→t−i

∇T V.

In particular, if V |[ti, ti+1] is a Jacobi field, then

I(V, W ) =
∑

i

〈∆ti(∇T V ), W 〉.

Proposition 1.20. Let I be defined on all piecewise smooth vector fields
along γ which vanish at the endpoints. Then the null space of I is exactly
the set of Jacobi fields along γ which vanish at γ(a) and γ(b). Specifically,
V is a Jacobi field if and only if I(V, W ) = 0 for all W.

Proof. By the above it suffices to show that I(V, W ) = 0 for all W
implies that V is a Jacobi field. Let f be a function vanishing at {ti} and
positive elsewhere. Then setting

W = f(t)(−∇T∇T V + R(T, V )T )

we see that V |[ti, ti+1] is a Jacobi field for all i. Now letting W0 be a field
such that W0(ti) = ∆ti∇T V , the claim follows. �

Corollary 1.21. I has a non-trivial null space if and only if γ(a) is
conjugate to γ(b) along γ. The dimension of the null space is the order of
the conjugate point γ(b).

Proof. The first statement is merely Proposition 1.13. The second fol-
lows from the construction used in the proof of that proposition. It provides
a linear isomorphism between the null space of dexp and the space of Jacobi
fields along γ which vanish at the endpoints. �

8. Submanifolds and the second fundamental form

We leave our study of the second variation of arc length in order to
present some facts about connections on submanifolds which we shall need
later. We return to second variation in Section 9.

Let N be a submanifold of M . Then for each p ∈ N , let P : Mp → Np

be the orthogonal projection with respect to 〈 , 〉. The normal bundle ν(M)
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(or simply ν) is the subset of T (M) defined by: x ∈ ν if x ∈ Mp for p ∈ N ,
and P (x) = 0. ν is a vector bundle over N whose dimension is the difference
of the dimensions of M and N . Its fiber at p ∈ N will be denoted νp.

The Riemannian metric of M also induces a positive-definite bilinear
form on each tangent space Np. So N inherits a Riemannian metric, and
hence an affine connection, which we shall call ∇0. In fact ∇0 can be defined
as follows: Given X and Y vector fields on N , extend them to M and set
∇0

XY equal to P (∇XY ). It is easy to check that ∇0is the unique torsion-free
connection on N which is compatible with the metric.

The second fundamental form S of N is the difference between ∇ and ∇0.
Specifically if x and y are in Np, we extend them to vector fields and define
S(x, y) to be ∇XY −∇0

XY . One checks that the definition is independent
of the extension and that S : Np × Np → νp is a bilinear map. It is also
symmetric, because if we extend x and y so that [X, Y ](p) ∈ Np, then

∇XY −∇Y X = [X, Y ] = ∇0
XY −∇0

Y X.

Given z ∈ νp, we define Sz : Np × Np → R by

Sz(x, y) = 〈S(x, y), z〉.
Of course, Sz is a symmetric bilinear form on Np.

Generalizing the notion of conjugate point, we say that a focal point q
of N is a singular value of exp|ν . We call q a focal point of N at p if there
is a singular inverse image of q somewhere in νp.

There is a particular submanifold of codimension one which will prove
useful in what follows. Fix p ∈ M and x a unit vector in Mp. Let

x⊥ = {y ∈ Mp|〈x, y〉 = 0}.
Since exp : Mp → M is a local diffeomorphism at zero, there is a neigh-
borhood U of zero in x⊥ such that exp|U is an embedding. Let N be the
submanifold exp(U). We call N the geodesic submanifold defined by x.

Lemma 1.22. Sx = 0, where S is the second fundamental form of N.

Proof. Pick z ∈ Np. Let γ be a geodesic from p in direction z. Then
near p, γ ⊆ N , so we can extend z to a vector field Z on N such that Z
is the tangent vector to γ near p. Then (∇ZZ)(p) = 0, so Sx(z, z) = 0.
Therefore, since Sx is symmetric, Sx = 0. �

Corollary 1.23. Let x be extended to X, the unit normal field to N,
〈X, X〉 ≡ 1, 〈X, Y 〉 ≡ 0 for all Y ∈ T (N). Then ∇zX = 0 for z ∈ Np.

Proof. If Y is any vector field on N, then

〈∇ZY, X〉p = Z〈Y, X〉p − 〈Y,∇ZX〉p.
But Sx = 0 implies 〈∇ZY, X〉p = 0, and 〈Y, X〉 is zero on N , so z〈Y, Z〉 = 0.
Therefore 〈y,∇ZX〉p = 0 for all y ∈ Np. But since X has constant length,

〈∇ZX, X〉 =
1
2
Z〈X, X〉 = 0;
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hence ∇ZX = 0. �

If SX vanishes identically, then N is called totally geodesic. Let γ be a
geodesic of such an N . The equation

∇γ′γ′ = ∇0
γ′γ′ + S(γ′, γ′) = 0

shows that γ is a geodesic of M . By uniqueness of geodesics, this is equiv-
alent to the statement that if γ is a geodesic of M tangent to N at γ(0),
then γ remains in N . Conversely, if N has the latter property, then as in
Lemma 1.22, S ≡ 0.

9. Basic index lemmas

In this section we prove two lemmas which show that in a certain sense,
Jacobi fields minimize the index form. The first lemma involves conjugate
points, while the second is an analogous statement with conjugate points
replaced by focal points of the submanifold N described above. These lem-
mas are of fundamental importance and are used in the proofs of Rauch
Comparison Theorems and the Morse Index Theorem in Chapter 4.

Lemma 1.24 (First Lemma). Let γ be a geodesic in M from p to q such
that there are no points conjugate to p on γ. Let W be a piecewise smooth
vector field on γ and V the unique Jacobi field such that V(p) = W(p) =
0 and V(q) = W(q). Then I(V, V ) ≤ I(W, W ), and equality holds only if
V=W.

Lemma 1.25 (Second Lemma). Let γ be a geodesic in M from p to q.
Let x be the tangent vector to γ at p and let N be the geodesic submanifold
defined by x. Assume that N has no focal points along γ. Let W be a
piecewise smooth vector field along γ, V the unique Jacobi field such that
(∇XV )(p) = 0 and V(q) = W(q). Then I(V, V ) ≤ I(W, W ), and equality
holds only if V = W.

Proof of first Lemma. Let {Vi} be a basis of TqM and extend each
Vi to a Jacobi field along γ such that Vi(p) = 0. This is uniquely possible
since γ has no conjugate points, and the Vi’s are linearly independent except
at p. Since Vi(p) = 0, we can write Vi = tAi, where t is the parameter of
γ : [0, 1] → M and Ai is some vector field on γ. Then V ′

i (p) = Ai, so {Ai}
is also linearly independent, and thus there are functions qi(t) such that
W =

∑
i
qi(t)Ai. But since Wp = 0, there exist piecewise smooth functions

fi so that W =
∑

fiVi. Then V =
∑

fi(1)Vi.
We shall make two preliminary calculations:

(1.26) I(V, V ) = 〈V ′(1), V (1)〉 =
∑

fi(1)fj(1)〈V ′
i (1), Vj(1)〉.
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In fact, since V is a Jacobi field, V ′′ = R(T, V )T , so

I(V, V ) =
∫ 1

0
〈V ′, V ′〉 + 〈R(T, V )T, V 〉

=
∫ 1

0
〈V ′, V 〉′ − 〈V ′′, V 〉 + 〈R(T, V )T, V 〉 = 〈V ′(1), V (1)〉.

If Vi, Vj are Jacobi fields, then

(1.27) 〈V ′
i , Vj〉 − 〈Vi, V

′
j 〉 = c,

for some constant c. We compute

(〈V ′
i , Vj〉 − 〈Vi, V

′
j 〉)′ = 〈V ′′

i , Vj〉 + 〈V ′
i , V ′

j 〉 − 〈V ′
i , V ′

j 〉 − 〈Vi, V
′′
j 〉

= 〈V ′′
i , Vj〉 − 〈Vi, V

′′
j 〉

= 〈R(T, Vi)T, Vj〉 − 〈ViR(T, Vj)T 〉 = 0.

The last step follows by the usual symmetry property of the curvature tensor.
In our case the constant in (1.9.2) is zero since the expression vanishes at
t = 0. Now

∇T W =
∑

f ′
iVi + fiV

′
i = A + B,

I(W, W ) =
∫

〈A, A〉 + 〈A, B〉 + 〈B, A〉 + 〈B, B〉 + 〈R(T, W )T, W 〉,∫
〈B, B〉 =

∑∫
fifj〈V ′

i V
′
j 〉 =

∑∫
fifj(〈V ′

i , Vj〉′ − 〈V ′′
i , Vj〉).

Integrating the first term by parts and applying the Jacobi equation to the
second gives∫

〈B, B〉 =
∑

fi(1)fj(1)〈V ′
i (1), Vj(1)〉

−
∫

(f ′
ifj〈V ′

i , Vj〉 + fif
′
j〈V ′

i , Vj〉 + 〈R(T, W )T, W 〉).

By (1.26), the first term is I(V, V ). By (1.27), the second term is
∫
〈A, B〉,

while the third term equals
∫
〈B, A〉. Hence∫

〈B, B〉 = I(V, V ) −
∫
〈A, B〉 + 〈B, A〉 + 〈R(T, W )T, W 〉.

Therefore, referring to the original expression for I(W, W ),

I(W, W ) = I(V, V ) +
∫

〈A, A〉.

The second term on the right is nonnegative and vanishes only if W = V . �
We emphasize that the above calculation, in particular the integration

by parts, depends only on W being piecewise smooth.
To prove the second lemma we pick {vi} an orthonormal basis of TpM

such that v1 = T , and extend its members to Jacobi fields {Vi} such that
(∇T Vi)p = 0. We need the following:
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Sublemma 1.28. If {Vi} are as above and N, γ are as in the second
lemma, then {Vi} are linearly independent along γ if and only if N has no
focal point.

Proof. V1 = T all along γ and V2, . . . , Vn are everywhere perpendicular
to T . Hence it suffices to show that {V2, . . . , Vn} are independent or to
show that if Z is any nonzero Jacobi field on γ such that 〈Z, T 〉p = 0 and
(∇T Z)p = 0, then Z is never zero.

Let η be the geodesic from p in direction Z, and extend T along η so that
||T || is constant and T is perpendicular to N . Construct a geodesic from
each point of η in direction T . This one-parameter family of geodesics gives
rise to a Jacobi field Z0 on γ. Clearly Z0(p) = Z(p). Also (∇Z0T )(p) = 0
by Corollary 1.23, so (∇T Z0)(p) = 0 and Z0 = Z. From the construction of
Z0 it is immediate that Z0 has a zero implies exp ν has a singularity over
γ. Also, if there is such a singularity, one constructs Z0 in a straightforward
manner. This proves the sublemma. �

Now the proof of the second lemma proceeds exactly as that of the first.
〈∇T Vi, Vi〉p, 〈B, W 〉p and 〈∇T V, V 〉p are all zero because ∇T Vi and ∇T V
are zero at p. �

We can now state that geodesics minimize locally up to the first conju-
gate point among curves with the same end points. More precisely, if γ(t0)
is the first conjugate point of γ(0) along γ, then for vector fields vanishing
at γ(0), γ(t) with t < t0, the second variation is positive; that is, the index
form is positive definite. This follows by taking W (q) = 0 in Lemma (1.24).
Moreover, we have the following important converse.

Corollary 1.29. Let γ : [0,∞) → M be a geodesic, and let γ(t0) be
conjugate to γ(0). Then γ|[0, t] is not minimal for t > t0.

Proof. We can assume that γ(t0) is the first point conjugate to γ(0).
Let J be a nonzero Jacobi field along γ[0, t0] such that J(0) = J(t0) = 0.
Extend J to a vector field X on all of γ by declaring X(t) = 0 for t > t0.
Clearly I(X, X) = 0 on [0, t], but X is not smooth at t0.

Fix δ small enough so that there are no conjugate pairs on γ|[t0−δ, t0+δ],
and define a vector field V by:

V = J on [0, t0 − δ],
V = Jacobi field W on [t0 − δ, t0 + δ] such that

W (t0 − δ) = J(t0 − δ), W (t0 + δ) = 0,

V = 0 on [t0 + δ, t] (See Fig. 1.3)
Since X is not smooth on [t0−δ, t0 +δ], it is definitely not a Jacobi field.

Hence on [t0 − δ, t0 + δ] we have I(V, V ) < I(X, X). Since X = V outside
this interval, in fact on [0, t] we have I(V, V ) < I(X, X) = 0. Since any V
arises from a variation, it follows that there is a variation which keeps the
endpoints fixed and decreases the length of γ.

�
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10. Ricci curvature and Myers’ and Bonnet’s Theorems

As an application of the First Index Lemma (1.22), we now prove the
theorems of Myers and Bonnet. We define the diameter d(M) of M to be
the supremum of ρ(p, q) for p, q ∈ M .

Definition 1.30. The Ricci curvature is a symmetric bilinear form on
each Mp of T (M) defined to be the trace of the linear tranformation z →
R(z, x)y. Hence

Ric(x, y) =
∑

i

〈R(ei, x)y, ei〉,

where {ei} is an orthonormal basis of Mp.

Theorem 1.31 (Myers and Bonnet). Let Mn be a complete Riemannian
manifold. If

(1) (Myers) for all unit vectors x, Ric(x, x) ≥ (n − 1)H, or
(2) (Bonnet) KM ≥ H,

then every geodesic of length ≥ π/
√

H has conjugate points. Hence the
diameter of M satisfies d(M) ≤ π/

√
H.

Proof. Fix a normal geodesic γ : [0, l] → M , and let {Ei} be an or-
thonormal basis of parallel fields along γ such that En = γ′ = T . Let
Wi = sin(πt

l )Ei(t) be vector fields on γ. Then

I(Wi, Wi) = −
∫ l

0
〈Wi,∇2

T Wi + R(Wi, T )T 〉dt

=
∫ l

0
(sin(

πt

l
))2(

π2

l2
− 〈R(Ei, T )T, Ei〉)dt.

Thus if, for any i, 〈R(Ei, T )T, Ei〉 ≥ H and l ≥ π/
√

H, then I(Wi, Wi) ≤ 0.
Also,

n−1∑
i=1

I(Wi, Wi) =
∫ l

0
(sin(

πt

l
))2((n − 1)

π2

l2
− Ric(T, T ))dt.

So if Ric(T, T ) ≥ (n− 1)H and l ≥ π√
H

, then the sum and therefore at least
one summand must be nonpositive. But if γ had no conjugate points, the
First Index Lemma 1.24 would imply that there is a Jacobi field J such that
I(J, J) < 0 and J would vanish at γ(0) and γ(l). This is impossible, so γ
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has conjugate points. By Corollary 1.29, γ is not minimal. More directly,
since some I(Wi, Wi) is negative, the second variation of arc length is in
some direction negative, so γ cannot be minimal. The theorem follows. �

The following is our first result which illustrates the influence of the sign
of the curvature on the topology of M .

Corollary 1.32. Let M be complete. If there exists a constant H > 0
such that for all unit vectors x we have Ric(x, x) > (n− 1)H > 0, then M is
compact and has finite fundamental group.

To prove this corollary, we use the notion of local isometry.
Let M and N be Riemannian manifolds with metrics 〈〈 , 〉〉 and 〈 , 〉,

and let φ : M → N be a smooth map. We say φ is a local isometry if for all
p ∈ M and v, w ∈ Mp,

〈〈v, w〉〉 = 〈dφ(v), dφ(w)〉.
φ is an isometry if φ is local isometry and also a diffeomorphism.

This notion of isometry is equivalent to the usual notion of isometry of
M and N as metric spaces. The implication in one direction is easy, but
it is not so obvious that every metric space isometry is smooth. This is an
essential step in the Theorem of Myers and Steenrod quoted in Chapter 3.
It is easy to check that a local isometry respects Riemannian connections
and maps geodesics to geodesics.

Note also that if φ is a local isometry, then dφ must be everywhere
nonsingular; for if dφ(v) = 0, then

〈v, v〉 = 〈dφ(v), dφ(v)〉 = 0,

so v is the zero vector. Conversely, if dφ is everywhere nonsingular, then we
can use the Riemannian metric of N to induce one on M . For v, w ∈ Mp,
we define 〈〈v, w〉〉 to be 〈dφ(v), dφ(w)〉. It is easy to check that 〈〈 , 〉〉 is a
Riemannian metric and that φ is a local isometry with respect to the metrics
〈〈 , 〉〉 on M and 〈 , 〉 on N .

Proof of Corollary. Let Mc be the universal covering space of M .
Since π : Mc → M is a local diffeomorphism, it induces a Riemannian
structure on Mc, and the curvature tensor Rc at pc ∈ Mc is isomorphic to
R at π(pc) ∈ M . Therefore by Myers’ theorem, d(M) ≤ πH− 1

2 , so Mc is
compact. Hence the set π−1(p) must have finite cardinality and the corollary
follows. �

11. Rauch Comparison Theorem

We will often study a Riemannian manifold when our only given infirma-
tion consists of bounds on its sectional curvature. The following theorems
allow us to draw geometrical conclusions from such information by compar-
ing lengths in M to corresponding lengths in a manifold M0 whose curvature
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is suitably related to that of M . We usually take M0 to have constant cur-
vature, in which case the lengths in M0 can be calculated explicitly.

Theorem 1.33 (First Theorem (Rauch)). Let Mn, Mn+k
0 , be Riemann-

ian manifolds (dimM0 ≥ dimM), and let γ, γ0 : [0, l] → M, M0 be normal
geodesics, and set γ′ = T , γ′

0 = T0. Assume that for each t ∈ [0, l] and any
X ∈ Mγ(t), X0 ∈ (M0)γ0(t), the sectional curvatures of the sections σ, σ0

spanned by X, T and X0, T0 satisfy K(σ0) ≥ K(σ). Assume further that for
no t ∈ [0, l] is γ0(t) conjugate to γ0(0) along γ0. Let V, V0 be Jacobi fields
along γ, γ0 such that V (0), V0(0) are tangent to γ, γ0,

||V (0)|| = ||V0(0)||, 〈T, V ′(0)〉 = 〈T0, V
′
0(0)〉, and ||V ′(0)|| = ||V ′

0(0)||.
Then for all t ∈ [0, l],

||V (t)|| ≥ ||V0(t)||.

Theorem 1.34 (Second Theorem (Berger)). Let the notation be as above,
and assume that for all t ∈ [0, l] and plane sections σ, σ0 as above, K(σ0) ≥
K(σ). Assume further that for no t ∈ [0, l] is γ(t) a focal point of the
geodesic submanifold N0 defined by T0. Let V, V0 be Jacobi fields along
γ, γ0 satisfying V ′(0), V ′

0(0) are tangent to γ, γ0, and ||V ′(0)|| = ||V ′
0(0)||,

〈T, V (0)〉 = 〈T0, V0(0)〉, ||V (0)|| = ||V0(0)||. Then for all t ∈ [0, l],

||V (t)|| ≥ ||V0(t)||.

The theorems will be referred to in the sequel as Rauch I and Rauch II.
Before proving them, we will investigate a few of their consequences.

Notice first of all that by continuity it is only necessary to assume that
[0, l) (rather than [0, l]) is free of conjugate (respectively focal) points. Also,
suppose that the hypothesis K(σ0) ≥ K(σ) holds for all t ∈ [0,∞). It then
follows that the first conjugate (respectively focal) point along γ occurs no
sooner than the first conjugate (respectively focal) point along γ0. In fact, if
γ0 has no conjugate point on [0, l) then by the theorem, for any Jacobi field
as above, ||V (t)|| ≥ ||V0(t)||. But ||V0(t)|| > 0 by assumption, so ||V (t)|| > 0.
In particular, if the sectional curvature of M satisfies KM ≤ K, and Br(0)
denotes the ball of radius r in the tangent space at m ∈ M , then expm|Br(0)
is nonsingular for r < π/

√
K.

Corollary 1.35 (Corollary of Rauch I). Let M, M0 be Riemannian
manifolds with dim M0 ≥ dimM , and let m, m0 ∈ M, M0. Assume KM0 ≥
KM , i.e., for all plane sections σ, σ0 ∈ M, M0, K(σ0) ≥ K(σ). Let r be cho-
sen such that expm|Br(0) is an imbedding and expm0

|Br(0) is nonsingular.
Let I : Mm → Mm0 be a linear injection preserving inner products. Then
for any curve c : [0, 1] → expm(Br(0)), we have

L[c] ≥ L[expm0
◦ I ◦ exp−1

m (c)] = L[c0(t)].

Proof of Corollary. Let c̃ : [0, 1] → Br(0) be the unique curve
in Br(0) such that expmc̃(s) = c(s). Consider the rectangle α(t, s) →
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expm(tc̃(s)). For fixed s, the associated variation field Vs is a Jacobi field
along the geodesic γs = t → expm(tc̃(s)) with Vs(1) = c′(s). Then

Vs = dexpm(tc̃′(s)) = tdexpm(c̃′(s)).

Therefore ∇T Vs = c̃′(s). Similarly, associated to the rectangle α0(t, s) →
expm0

◦ I(tc̃(s)) there is a Jacobi field V0s with

V0s(1) = c′0(s), ∇T V0s = (I ◦ (c̃′(s)))′ = I ◦ (c̃′(s)).

Since I preserves lengths,

||c′0(s)|| = ||I(c′(s))||.
By Rauch I,

||c′(s)|| = ||Vs(1)|| ≥ ||V0s(1)|| = ||c′0(s)||,
and by integrating this inequality we are done. �

Corollary 1.36 (Corollary of Rauch II). Let γ, γ0 be geodesics on M
and M0 parameterized on [0, l], with tangent vectors T and T0. Let E and E0

be parallel unit vectors along γ and γ0 which are everywhere perpendicular
to T and T0. Let c : [0, l] → M be a smooth curve defined by

c(t) = exp(f(t)E(t)),

where f : [0, l] → R is a smooth function, and let c0 : [0, l] → M0 be defined
by

c0(t) = exp(f(t)E0(t)).
Assume that KM0 ≥ KM , and assume that for each t the geodesic η0 : [0, l] →
M0 defined by

η0(s) = exp(sf(t)E0(t))
contains no focal points of the geodesic submanifold defined by η′0(0). Then

L[c] ≥ L[c0].

Proof. Since c and c0 are both parameterized from 0 to l, it suffices to
compare the lengths of their tangent vectors.

Fix t1 ∈ [0, l]. Let η be the geodesic

η(s) = exp(sf(t1)E(t))

and let

h(t) = exp(f(t1)E(t)), h0(t) = exp(f(t1)E0(t)).

Then
c′(t1) = h′(t1) + f ′(t1)η′(1),

while
c′0(t1) = h′

0(t1) + f ′
0(t1)η

′
0(1).

By the Gauss Lemma, these sums decompose c′(t1) and c′0(t1) into pairs of
perpendicular vectors. Since E(t1) and E0(t1) are both unit vectors,

||f ′(t1)η′(1)|| = ||f ′(t1)η′0(1)||.
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Therefore we need only compare h′ and h′
0. but h′ and h′

0 are tangents to the
families of geodesics τt(s) = exp(sE(t)) and τ0t(s) = exp(sE0(t)). Therefore
h′ and h′

0 can be extended to Jacobi fields V and V0 along η and η0, and
since E and E0 are parallel, these fields satisfy the hypotheses of the Second
Rauch Theorem, that is

∇η′V = ∇T E = 0, ∇η′
0
V0 = ∇T0E0 = 0.

The corollary follows.1 �

Proof of the First Rauch Theorem 1.33. First assume that V, V0

are perpendicular to T, T0 or that

||V (0)|| = 〈T, V ′(0)〉 = 0, ||V0(0)|| = 〈T0, V
′
0(0)〉 = 0.

Consider the ratio ||V ||2
||V0||2 , as a function of the parameter t of the geodesics.

Since V0 = 0 only at γ0(0), this is well defined everywhere except at t = 0.
By L’Hôpital’s rule (taking two derivatives),

lim
t→0

||V ||2
||V0||2

=
〈V ′, V ′〉
〈V ′

0 , V
′
0〉

= 1.

Therefore to show that ||V || ≥ ||V0|| it suffices to show that

d
dt

( ||V ||2
||V0||2

)
≥ 0.

Equivalently, for t > 0,
〈V ′, V 〉
〈V, V 〉 ≥ 〈V ′

0 , V0〉
〈V0, V0〉

.

Fix t1 ∈ [0, l) and define vector fields

Wt1 =
V (t)

||V (t1)||
W0t1 =

V0(t)
||V0(t1)||

.

Then ||W (t1)|| = ||W0(t1)|| = 1, and since Wt1 is a constant multiple of V ,

〈V, V ′〉
〈V, V 〉 =

〈Wt1 , W
′
t1〉

〈Wt1 , Wt1〉
,

〈V0, V
′
0〉

〈V0, V0〉
=

〈W0t1 , W
′
0t1

〉
〈W0t1 , W0t1〉

.

In particular,

〈V, V ′〉
〈V, V 〉

∣∣∣
t1

= 〈W ′
t1 , Wt1〉|t1 ,

〈V0, V
′
0〉

〈V0, V0〉

∣∣∣
t1

= 〈W ′
0t1, W0t1〉|t1.

1One might conjecture that Corollary 1.36 could be strengthened so as to compare
lengths of any two curves which have the same expression in Fermi coordinates (see Hicks
[1965], p. 133, for definition). Somewhat surprisingly this turns out not to be possible.
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Then
〈V, V ′〉
〈V, V 〉

∣∣∣
t1

= 〈W ′
t1 , Wt1〉|t1

=
∫ t1

0
〈W ′

t1, Wt1〉′

=
∫ t1

0
〈W ′

t1, W
′
t1〉 + 〈W ′′

t1 , Wt1〉

=
∫ t1

0
〈W ′

t1, W
′
t1〉 − 〈R(Wt1 , T )T, Wt1〉

=
∫ t1

0
〈W ′

t1, W
′
t1〉 − K(σ)||Wt1||2,

where σ is the plane section spanned by T and Wt1 .
Let P−γ denote parallel translation along γ with the opposite parame-

terization and Pγ0 parallel translation along γ0. Let I : Mγ(0) → (M0)γ0(0)

be an inner product-preserving injection and define It : Mγ(t) → (M0)γ0(t)

by
It(X) = Pγ0 ◦ I ◦ P−γ(X).

Assume that I has been chosen so that It(T ) = T0 and It1(Wt1) = W0t1.

Define a field Ŵ0t1 by
Ŵ0t1 = It(Wt1(t)).

Since Ŵ0t1 has the same expression in terms of parallel frames as Wt1 ,
clearly

〈Wt1(t), Wt1(t)〉 = 〈Ŵ0t1(t), Ŵ0t1(t)〉,

〈W ′
t1(t), Wt1(t)〉 = 〈Ŵ ′

0t1(t), Ŵ0t1(t)〉.
Using this and our assumption on the curvatures gives∫ t1

0
〈W ′

t1 , W
′
t1〉 − 〈R(Wt1 , T )T, Wt1〉

≥
∫ t1

0
〈Ŵ ′

0t1 , Ŵ
′
0t1〉 − 〈R0(Ŵ0t1, T0)T0, Ŵ0t1〉

≥
∫ t1

0
〈W ′

0t1 , W
′
0t1〉 − 〈R0(W0t1, T )T, W0t1〉,

where the last inequality is just the First Index Lemma 1.24. But reversing
the first part of our argument shows that this last expression is equal to

〈V0, V
′
0〉|t1

〈V0, V0〉
.

Thus for arbitrary t1,

〈V ′, V 〉
〈V, V 〉

∣∣∣
t1
≥ 〈V ′

0 , V0〉
〈V0, V0〉

∣∣∣
t1

.
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and we are done.
In the general case let

V = V̂ + 〈T, V 〉T, V0 = V̂0 + 〈T0, V0〉T0.

Then ||V̂ (t)|| ≥ ||V̂0(t)|| as above. Also,

〈T, V 〉 = 〈T, V (0)〉 + 〈T, V ′(0)〉t = 〈T0, V0〉,

so ||V (t)|| ≥ ||V0(t)||. �

Note that the equality of the index form and the term 〈W ′
t0 , Wt0〉 may

be seen geometrically as follows. Let c̃(s) be a curve in Mγ(0) such that
||c̃(s)|| = 1 and

dexp(t1c̃′(s))|s=0 = Wt1(t1).

Consider the rectangle α : (t, s) → expγ(0)(tc̃(s)). Then dα( ∂
∂s) is a

vector field along α extending Wt1 . We will denote this field by Wt1 also.
Then

〈W ′
t1 , Wt1〉 = 〈∇Wt1

T, Wt1〉 = Wt1〈T, Wt1〉 − 〈T,∇Wt1
Wt1〉

= −〈T,∇Wt1
Wt1〉

The curves t → expγ(0)(tc̃(s)) are all geodesics of length t1. Therefore
the second variation formula for the variation α gives

〈∇Wt1
Wt1 , T 〉 + I(Wt1 , Wt1) = 0,

where I is the index form. This, together with the above, yields

〈W ′
t1 , Wt1〉 = I(Wt1 , Wt1).

Proof of the Second Rauch Theorem 1.34. In this case ||V ||0 =
||V0||0 and V0 is never zero since γ0 contains no focal point. Therefore we
need only show

d
dt

( ||V ||2
||V0||2

)
≥ 0.

This follows in the same way as in the previous proof by the use of the
Second Index Lemma 1.25. �

Remark 1.37. It is interesting to study the case ||V (t)|| = ||V0(t)|| in
Theorems 1.33 and 1.34. One finds immediately that all the inequalities of
the proofs must be equalities. Also, by lemma 1.24,

Ŵ0l = W0l.

Thus 〈R(V, T )T, V 〉 = 〈R(V0, T0)T0, V0〉.
Warner [1966] gives technical generalizations of the Rauch Theorems.
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12. The Cartan-Hadamard Theorem

An easy application of Rauch I gives us some information about mani-
folds of nonpositive sectional curvature. We begin with a lemma.

Lemma 1.38. If φ : Mn → Nn is a local isometry and M is complete,
then φ is a covering map; i.e. for all p ∈ N there exists a neighborhood U of
p such that φ−1(U) = ∪

α
Uα, a union of disjoint subsets of M, and for each

α, φ|Uα : Uα → U is a diffeomorphism.

Proof. Fix p ∈ N and assume r is small enough so that a ball about p
of radius r is properly contained in a normal coordinate neighborhood of p.
Let U be the ball of radius r about p. Let {qα} = φ−1(p), and let Uα be the
ball of radius r about qα. We will show that φ−1(U) is the disjoint union
∪
α
Uα, and that φ : Uα → U is a diffeomorphism for each α.

First let Br(0), Bα
r (0) be the balls about zero of radius r in Np, Mqα ,

respectively. Since φ is a local isometry, the diagram

Mqα

dφ−−−−→ Np⏐⏐�expqα

⏐⏐�expp

M −−−−→ N

commutes. It restricts to the diagram

Bα
r (0) −−−−→ Br(0)⏐⏐� ⏐⏐�
Uα −−−−→ U

and since expp ◦ dφ : Bα
r (0) → Uα is a diffeomorphism, so is φ : Uα → U .

It is clear that ∪Uα ⊆ φ−1(U). We shall show the opposite inclusion.
Given q̄ ∈ φ−1(U), let q = φ(q̄), and let γ be the normal minimal geodesic
from q to p. Let v = dφ−1(γ′(q)), and let γ̄ be the geodesic from q̄ in
direction v. Since M is complete, γ̄ may be extended arbitrary far. Let
t0 = ρ(p, q) and set q = γ̄(t0).

Since φ ◦ γ̄ = γ, φ(p̄) = p. Also ρ(p̄, q̄) = ρ(p, q) < r. Hence q ∈ ∪
α
Uα.

It remains to show that Uα ∩Uβ is empty if α �= β. For this it is clearly
sufficient to show that if p̄α, p̄β ∈ φ−1(p), then ρ(p̄α, p̄β) > 2r. Let γ be a
minimal geodesic from p̄α to p̄β. Then γ = φ ◦ γ̄ is a closed geodesic on
p. Therefore, since p is contained in a normal coordinate neighborhood of
radius > r, γ must have length more than 2r. Therefore ρ(p̄α, p̄β) > 2r.
The lemma follows. �

Theorem 1.39 (Cartan-Hadamard). Let M be complete and KM ≤ 0.
Then for any p ∈ M , expp : Mp → M is a covering map. Hence the
universal covering space of M is diffeomorphic to Rn. Hence the homotopy
groups πi(M) vanish for i > 1.
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Proof. Using Rauch I and comparing with Euclidean space, we find
that M has no conjugate points. Hence expp : Mp → M has nonsingular
differential. Therefore we can let expp induce a metric 〈〈 , 〉〉 on Mp which
makes it a local isometry. The lines through the origin of Mp are geodesics
in this metric because they are mapped by expp into geodesics on M . Hence
by the Hopf-Rinow Theorem 1.10, Mp is complete in the metric 〈〈 , 〉〉.
Therefore by Lemma 1.38, expp is a covering map. It is a standard fact
from the theory of covering spaces that if M̄ covers M ,

πi(M̄) = πi(M) for i ≥ 2.

Hence
πi(M) = πi(Rn) = 0.

�

Corollary 1.40. Let Mn be complete, simply connected and have non-
positive curvature. Then M is diffeomorphic to Rn.

Proof. A covering map onto a simply connected space must be a home-
omorphism. expp is smooth and nonsingular, so it is a diffeomorphism. �

13. The Cartan-Ambrose-Hicks Theorem

We shall prove a theorem which tells how under suitable conditions re-
lating the curvatures of Mn and M̄n, we can construct an isometry between
them.

We begin with a local result. Fix p ∈ Mn, p̄ ∈ M̄n and let I : Mn
p → M̄n

p̄

be a linear isometry. Let Br(p) be a normal coordinate neighborhood of p.
Define φ : Br(p) → Br(p̄) by φ = expp̄ ◦ I ◦ exp−1

p . Then if r is sufficiently
small, Br(p̄) is a normal coordinate about p̄ and φ is a diffeomorphism.
Let Pγ denote parallel translation along a geodesic γ. Let R, R̄ denote the
curvature tensors in M, M̄ and γ̄ = φ(γ). Set Iγ = Pγ̄◦I◦P−γ . The following
lemma is the local version of the fact that behavior of the curvature tensor
under parallel translation determines the metric.

Lemma 1.41. In the above situation suppose that for all geodesics γ
emanating from p we have

Iγ(R(x, y)z) = R̄(Iγ(x), Iγ(y))Iγ(z),

Then φ is an isometry and dφ = Iγ.

Proof. Given x ∈ Mq, let γ be the geodesic from p to q = γ(t∗) lying
in Br(p) and let J be the Jacobi field along γ such that J(0) = 0 and
J(t∗) = x. Let γt = γ|[0, t], and define J̄ along γ̄ by J̄(t) = Iγt(J(t)). It
follows immediately from the hypothesis that J̄(t) is a Jacobi field along γ̄.
Moreover, clearly

||J(t)|| = ||J̄(t)||.



32 1. BASIC CONCEPTS AND RESULTS

To complete the proof it will suffice to show that J̄(t) = dφ(J(t)). From the
relation

J̄(t) = Pγt ◦ I ◦ P−γt(J(t))

it follows that I(J ′(0)) = J̄ ′(0). Since J, J̄ are Jacobi fields vanishing at
t = 0, we have, as in Section 6.

J(t) = dexpγ(0)tJ
′(0)|tγ′(0), J̄(t) = dexpγ̄(0)tJ̄

′(0)|tγ̄′(0).

Then

J̄(t) = dexpγ̄(0)I(tJ̄ ′(0))|tγ̄′(0)

= dexpγ̄(0) ◦ dI ◦ dexp−1
γ(0)(J(t)) = dφ(J(t)),

which completes the proof. �

Now let M be complete. We proceed to a global version of the ablove
lemma.

A broken geodesic is a continuous curve γ : [0, l] → M such that there
exists 0 < t0 < t1 < · · · < tn < l and γ|[ti, ti+1] is a smooth geodesic. Set

iγ = γ|[0, ti],

and define vi by

γ|[ti, ti+1] = t → expγ(ti)((t − ti)vi).

If I : Mp → M̄p̄, we define a correspondence between broken geodesics
emanating from p, p̄ as follows: Set

γ̄1(t) = expγ(0)(tI(v0)).

Assume γ̄i is already defined.
Set

γ̄i+1(t) =
{

γ̄i(t), 0 ≤ t ≤ ti
expγ̄i(ti)(t(Pγ̄i ◦ I ◦ P−γ̄i(vi))), ti ≤ t ≤ ti+1.

Note that this is consistent with the definition of γ̄ preceeding Lemma 1.41.

Theorem 1.42 (Cartan, Ambrose, Hicks). Let Mn, M̄n be complete,
Mn simply connected and I : Mn

p → M̄n
p̄ be a linear isometry. Suppose that

for all broken geodesics γ,

Iγ(R(x, y)z) = R̄(Iγ(x), Iγ(y))Iγ(z).

Then for all broken geodesics γ0, γ1 from p such that γ0(l0) = γ1(l1) we have

γ̄0(l0) = γ̄1(l1).

Thus there is a map Φ : Mn → M̄n defined by γ(l) → γ̄(l̄). Moreover, Φ is
a local isometry and hence a covering map.
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Proof. (1) First assume that γ0(l0) = γ1(l1), and that γ0, γ1, γ̄0, γ̄1

are contained in normal coordinate balls Br(p), Br(p̄), respectively. Then
Lemma 1.41 implies that the map φ = expp̄ ◦ I ◦ exp−1

p |Br(p) is an isometry.
It follows that φ(γi) = γ̄i. Therefore γ̄0(l0) = γ̄1(l1) and dφ = Iγ0 = Iγ1 .

(2) Now, for convenience and without real loss of generality, we will
suppose that γ0, γ1 both have n breaks at the points t1 < · · · < tn, and
l0 = l1 = l. Assume that for all i, γ1(ti+2), γ1(ti+1), γ0(ti+1) and the minimal
segments between them lie in a normal coordinate ball about γ0(ti) and that
the same is true for γ̄1(ti+2), γ̄1(ti+1), γ̄0(ti+1), γ̄0(ti). Let τ : (tn−1, tn] → M
be the minimal geodesic from γ0(tn−1) to γ1(tn). By induction we may
assume that

n−1γ0 ∪ τ(tn) = nγ1(tn)

and that
In−1γ0∪τ = Inγ1 . (∗)

Also the isometry In−1γ0 : Mγ0(tn−1) → M̄γ̄0(tn−1) induces a correpondence
(which we denote with a double bar) between geodesics emanating from
γ0(tn−1) and γ̄0(tn−1). Set

σ0 = γ0|[tn−1, l], θ1 = γ1|[tn, l].

Applying step (1) gives

σ0(l) = τ ∪ θ1(l), Iσ0 = Iτ∪θ1 .

But this is equivalent to

γ̄0(l) = n−1γ0 ∪ τ ∪ θ1(l), Iγ0 = In−1γ0∪τ∪θ1 .

Using (∗), the isometry on the right can be rewritten as

Pθ̄1
◦ In−1γ0∪τ ◦ P−θ1 = Pθ̄1

◦ Inγ1 ◦ P−θ1 = Iγ1 .

In particular, γ̄0(l) = γ̄1(l).
(3) Now let γ0 and γ1 be any two broken geodesics such that γ0(l) =

γ1(l). Since M is simply connected, there is a homotopy hs from γ0 to
γ1. By uniform continuity of hs we may choose subdivisions 0 < s1 <
· · · < sm < 1 and 0 < t1 < · · · < tn < l such that for all i, j, the points
hsj+1(ti+2), hsj+1(ti+1), hsj (ti+1) and the geodesics between them lie in a
normal coordinate neighborhood of hsj (ti). By inserting further breakpoints
we can assume that {ti} is exactly the set of breakpoints of γ0, γ1. Let γsj

denote the broken geodesic formed by minimal segments from hsj (0) to
hsj (t1), hsj (t1) to hsj (t2) . . . . Since from the theory of ordinary differential
equations the correspondence γ → γ̄ is continuous in an obvious sense, we
may assume that for all j, γ̄sj and γ̄sj+1 are sufficiently close, so that for all
i, γ̄sj+1(ti+2), γ̄sj+1(ti+1), γ̄sj (ti+1) lie in a normal coordinate neighborhood
of γ̄sj (ti). Therefore, each pair γ̄sj , γ̄sj+1 satisfies the hypothesis of step (2).
Therefore

γ̄0(l) = γ̄s1(l) = · · · = γ̄1(l).
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Finally, let q ∈ M be arbitrary, and let γ be a geodesic such that γ(l) = q.
Then by Lemma 1.41 the map

φ = expγ̄(l) ◦ Iγ ◦ exp−1
γ(l)

is an isometry from a neighborhood of Br(γ(l)) to Br(γ̄(l)). But referring
to the definition of the correspondence γ → γ̄ and of Φ, one sees that
φ = Φ|Br(q). Therefore Φ is a local isometry. �

14. Spaces of constant curvature

The simplest examples of Riemannian manifolds are those whose sec-
tional curvature is a constant K. The complete ones are called space forms.
We will show that for each K all simply connected spaces forms with cur-
vature K are isometric. They may be described as follows:
(a) K = 0. Let Mn = Rn with the usual metric.
(b) K > 0. Let Mn = Sn

1√
K

, the sphere in Rn+1, with the induced metric.2

(c) K < 0. Let Mn be the open set in Rn defined by

M =
{
x ∈ Rn

∣∣ ||x||2 < − 4
K

}
.

Using the standard coordinates in Rn, define the metric by

〈v, w〉 =

∑n

i=1
viwi

1 + 1
4K

∑n

i=1
(xi)2

,

where v, w ∈ Mx.
Recall from Section 6 that if M has constant curvature K, then

R(x, y)z = K(〈z, y〉x − 〈z, x〉y).

Theorem 1.43. Let Mn and M̄n be complete simply connected manifolds
with constant curvature K. Then Mn and M̄n are isometric.

In fact, given any p ∈ Mn, p̄ ∈ M̄n and an isometry I : Mn
p → M̄n

p̄ ,
there exists an isometry Φ : Mn → M̄n such that Φ(p) = p̄ and dΦp = I.

Proof. This is immediate from the Cartan-Ambrose-Hicks Theorem
1.42 and the formula above for R(x, y)z. �

Theorem 1.42 (or Lemma 1.41) shows in particular that the vanishing
of the sectional curvature is a necessary and sufficient condition for M to be
locally isometric to Euclidean space.

2As a matter of notation, we will denote by Sn
r the n-sphere of radius r. We denote

by Sn the unit sphere and by Sn
p the tangent space at p ∈ Sn.



CHAPTER 2

Toponogov’s Theorem

In this chapter we shall prove Toponogov’s Theorem, which is a powerful
global generalization of the first Rauch Theorem. There will be two equiv-
alent statements, and it will be convenient to prove them simultaneously.

All indices below are to be taken modulo 3.

Definition 2.1. A geodesic triangle in the Riemannian manifold M is
a set of three geodesic segments parameterized by arc length (γ1, γ2, γ3) of
lengths l1, l2, l3 such that γi(li) = γi+1(0) and li + li+1 ≥ li+2. Set

αi = �(−γ′
i+1(li+1), γ′

i+2(0)),

the angle between −γ′
i+1(li+1) and γ′

i+2(0), 0 ≤ αi ≤ π.

We shall specify a geodesic triangle by giving its sides (γ1, γ2, γ3).

Theorem 2.2 (Toponogov). Let M be a complete manifold with KM ≥
H.

(A) Let (γ1, γ2, γ3) determine a geodesic triangle in M. Suppose γ1, γ3

are minimal and if H > 0, suppose L[γ2] ≤ π√
H

. Then in MH , the simply
connected 2-dimensional space of constant curvature H, there exists a ge-
odesic triangle (γ̄1, γ̄2, γ̄3) such that L[γi] = L[γ̄i] and ᾱ1 ≤ α1, ᾱ3 ≤ α3.
Except in case H > 0 and L[γi] = π√

H
for some i, the triangle in MH is

uniquely determined.
(B) Let γ1, γ2 be geodesic segments in M such that γ1(l1) = γ2(0) and

�(−γ′
1(l1), γ

′
2(0)) = α. We call such a configuration a hinge l and denote it

by (γ1, γ2, α). Let γ1 be minimal, and if H > 0,

L[γ2] ≤
π√
H

.

Let γ̄1, γ̄2 ⊂ MH be such that γ1(l1) = γ2(0), L[γi] = L[γ̄i] = li and
�(−γ̄′

1(l1), γ̄
′
2(0)) = α. Then

ρ(γ1(0), γ2(l2)) ≤ ρ(γ̄1(0), γ̄2(l2)).

Proof . The proof consists of a number of steps, none of which is diffi-
cult. In what follows, conditions involving

√
H should be ignored if H ≤ 0.

At first we work with MH−ε instead of MH . This is really crucial only for
steps (5)-(7), and even then only if H > 0.

35
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(1) Let γ̄1, γ̄2 ⊂ MH−ε, γ̄1(l1) = γ̄2(0), �(γ̄′
1(l1), γ̄

′
2(0)) = α, and L[γi] ≤

π√
H

. As α increases from 0 to π, ρ(γ̄1(0), γ̄2(l2)) = f(α) increases strictly

monotonically from |l1 − l2| to D = min{ 2π√
H−ε−l1−l2

, l1 + l2}.

Proof. Think of γ̄1 as held fixed and γ̄2 as varying. If H ≤ 0, it is clear
that ρ(γ̄1(0), γ̄2(l2)) is a smooth function of α (see Theorem 1.39). This is
also true for 0 ≤ α ≤ π and H > 0. To see this, it suffices to show that
ρ(γ̄1(0), γ̄2(l2)) < π

H−ε . If

ρ(γ̄1(0), γ̄2(l2)) =
π

H − ε
,

then, γ̄1 ∪ γ̄2 is a broken geodesic between antipodal points on the 2-sphere
of curvature H − ε. Such a geodesic is always smooth if the length of each
segment is less than π√

H−ε
. Therefore, ρ(γ̄1(0), γ̄2(l2)) = π√

H−ε
implies α =

π.
As γ̄2(l2) moves, it traces out a circle of radius l2 about γ̄2(0). The

minimal geodesic σ̄ from γ̄1(0) to γ̄2(l2) is perpendicular to this circle only
for α = 0 or π. Otherwise σ∪−γ̄2 would form a smooth geodesic from γ̄1(0)
to γ̄1(l1), distinct from γ1. This is impossible for H ≤ 0 and possible only if
l1 = π√

H−ε
for H > 0, which is ruled out by assumption. (See Fig. 2.1).

Hence by the first variation formula (1.5), f ′(α) �= 0 for α ∈ (0, π),
so f is strictly monotone. Clearly f(0) = |l2 − l1| and f(π) = D. Since
D > |l2 − l1|, f must be increasing. �

(2) In MH−ε a triangle with sides of length ≤ π√
H

is determined up to
congruence by the lengths of its sides.
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Proof. Let {σ̄i} determine a triangle in MH−ε with L[σ̄i] = L[γ̄i].
For fixed L[γ̄1], L[γ̄2], it follows from (1) that L[γ̄3] uniquely determines

α3. Then, by homogeneity of MH−ε (Theorem 1.43 ), there exists an isom-
etry taking σ̄1 onto γ̄1, σ̄2 onto γ̄2 and hence σ̄3 onto γ̄3. �

(3) Fix a hinge (γ1, γ2, γ3) such that γ1 is minimal and L[γ2] ≤ π√
H

.
Then the following statements (A′) and (B′) are equivalent.

(A′) Let γ3 be any minimal geodesic from γ2(l2) to γ1(0). Then there
exists a triangle (γ̄1, γ̄2, γ̄3) in MH−ε with L[γi] = L[γ̄i] and ᾱ3 ≤ α3.

(B′) Let (γ̄1, γ̄2, α3) be a hinge in MH−ε with L[γi] = L[γ̄i], i = 1, 2.
Then

l2 − l1 ≤ ρ(γ1(0), γ2(l2)) ≤ ρ(γ̄1(0), γ̄2(l2)).

Proof. (A′) ⇒ (B′). Given (γ1, γ2, α3) as in (B′), form the geodesic
triangle (γ1, γ2, γ3), where γ3 is a minimal geodesic from γ1(0) to γ2(l2). We
may assume that {γ1, γ2, γ3} form a triangle, i.e.

l1 + l3 ≥ l2, l2 + l3 ≥ l1.

Otherwise the implication is trivial. By (A′), there is a triangle (γ̄1, γ̄2, γ̄3)
in MH−ε with L[γi] = L[γ̄i] and ᾱ3 ≤ α3. Then as ᾱ3 is increased to α3

holding L[γ̄1] and L[γ̄2] constant, ρ(γ̄1(0), γ̄2(l2)) is nondecreasing by (1).
Note that this part of the argument did not use minimality of γ1 or γ2.

(B′) ⇒ (A′). Given the situation of (A′), by (B′), if γ̄1, γ̄2 ⊂ MH−ε and
�(−γ̄′

1(l1), γ̄
′
2(0)) = α3, then

ρ(γ̄1(0), γ̄2(l2)) ≥ ρ(γ1(0), γ2(l2)).

By (1) and the fact that (γ1, γ2, γ3) satisfies the triangle inequality, if the
angle between γ̄1, γ̄2 is decreased sufficiently to an angle ᾱ3, we will then
have

ρ(γ̄1(0), γ̄2(l2)) = ρ(γ1(0), γ2(l2)).

Now if γ̄3 is the minimal geodesic from γ̄1(l1) to γ̄2(l2), γ̄1, γ̄2, γ̄3 is a geodesic
triangle with L[γ̄i] = L[γi] and ᾱ3 ≤ α3. �

Notice that we have used minimality of γ3 (and γ1) not for the existence
of the triangle in MH−ε but for the angle comparison.

Let (γ1, γ2, α) determine a hinge. We call this hinge small if 1
2r =

maxL[γi], i = 1, 2 and expγ2(0)|Br(0) is an embedding. Let (γ1, γ2, γ3) deter-
mine a triangle. Call this triangle small if each of the hinges (γi, γi+1, αi+2)
is small.

(4) (A) holds for small triangles and (B) holds for small hinges.

Proof. We show directly that (B) holds for small hinges, and apply
(3).

If (γ1, γ2, α3) is a hinge, let (γ̄1, γ̄2, α) be a hinge in MH−ε with L[γ̄i] =
L[γi], i = 1, 2. Let γ1(l1) = p, and γ̄1(l1) = p̄. Let γ̄3 be a minimal geodesic
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from γ̄1(0) to γ̄2(l2) and I : MH−ε
p̄ → Mp be an injective isometry such that

I(γ̄′
1(l1)) = γ′

1(l1), I(γ̄′
2(0)) = γ′

2(0).

Let c be a curve in M defined by

c = expp ◦ I ◦ exp−1
p̄ (γ̄3);

then c connects γ1(0) and γ2(l2), and since the hinge is small, we may apply
Corollary 1.35 of Rauch I to get L[c] ≤ L[γ̄3]. Therefore (B) holds for small
hinges.

Fix a vertex, say γ2(0), of the triangle (γ1, γ2, γ3). By (3), there exists
a triangle in MH−ε with the same side lengths as our given triangle and
ᾱ3 ≤ α3. By (2) a triangle in MH−ε is determined by the lengths of its
sides. Therefore, if we start by fixing some other vertex, we will obtain the
same triangle in MH−ε. Therefore there is a unique triangle in MH−ε with
L[γ̄i] = L[γi] and ᾱi ≤ αi, which proves (A) for small triangles.

Let (γ1, γ2,
1
2π) determine a hinge. Let (γ̄1, γ̄2,

1
2π) determine a hinge in

MH−ε with L[γ̄i] = L[γi]. Let γ̄3 be the minimal segment from γ̄2(l2) to
γ̄1(0). We can write

γ̄3(t) = expγ̄2(t)f(t).Ē(t),

where Ē(t) is the unit parallel field along γ2 perpendicular to γ′
2 and f(t)

is the appropriate function. (If γ2(t) is paramaterized by arc length, γ3

will not be, but this is unimportant). Let E(t) be the parallel field along
γ2 with E(0) = −γ′

1(l1). We call (γ1, γ2,
1
2π) a thin right hinge if the hy-

pothesis of Corollary 1.36 of Rauch II applies to the curves expf(t)E(t) and
expγ̄2(t)f(t)Ē(t) = γ̄3(t). This is equivalent to demanding that for no t is
there a focal point along the geodesic s → expγ2(t)sE(t) for s < f(t). �

(5) (B) holds for thin right hinges.

Proof. This is immediate from Corollary 1.36 to the Second Rauch
Theorem. �

Let (γ1, γ2, α) determine a hinge with α > 1
2π. Let (γ̄1, γ̄2, α) be the

corresponding hinge in MH−ε with L[γ̄i] = L[γi]. Let γ̄3 denote the minimal
geodesic from γ̄2(l2) to γ̄1(0).

Let σ̄ : [0, l] → MH−ε denote the geodesic segment emanating from γ2(0)
such that 〈σ̄′(0), γ̄′

2(0)〉 = 0, σ̄′(0) is of the form

−δγ′
1(l1) + βγ′

2(0),

with δ, β > 0, and σ̄(l) is the first point of σ which lies on γ̄3. (See Fig. 2.2).
Let σ denote the geodesic segment emanating from γ2(0) such that

〈σ′(0), γ′
2(0)〉 = 0, σ′(0) = −δγ′

1(0) + βγ′
2(0).

with δ, β > 0 and L[σ] = L[σ̄] = l Define (γ1, γ2, α) to be a thin obtuse hinge
if (γ1, σ, α − 1

2π) is a small hinge and (σ, γ2,
1
2π) is a thin right hinge.

(6) (B) holds for thin obtuse hinges.
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Proof. By the triangle inequality,

ρ(γ1(0), γ2(l2)) ≤ ρ(γ1(0), σ(l)) + ρ(σ(l), γ2(l2)).

By (4) and (5),

ρ(γ1(0), σ(l)) ≤ ρ(γ̄1(0), σ̄(l)), ρ(σ(l), γ2(l2)) ≤ ρ(σ̄(l), γ̄2(l2)).

Then

ρ(γ1(0), γ2(l2)) ≤ ρ(γ̄1(0), σ̄(l)) + ρ(σ̄(l), γ̄2(l2)) = ρ(γ̄1(0), γ̄2(l2)).

�
Let (γ1, γ2, α) determine a hinge with α < 1

2π. Let γ2(l) be a point on
γ2 closest to γ1(0), let

τ = γ2|[0, l], θ = γ2|[l, l2]
and σ : [0, k] → M a minimal geodesic from γ1(0) to γ2(l). We call (γ1, γ2, α)
a thin acute hinge if (γ1, τ, σ) is a small triangle, 0 < l < l2 and (σ, θ, 1

2π) is
a thin right hinge. (See Fig. 2.3)

(7) (B) holds for thin acute hinges.

Proof. By (4) there is a triangle (γ̄1, τ̄ , σ̄) in MH−ε with

L[γ̄1] = L[γ1], L[τ̄ ] = L[τ ], L[σ̄] = L[σ],

�(−γ̄′
1(l1), τ̄

′(0)) = ᾱ ≤ α.

Also,

�(−τ̄ ′(l),−σ̄′(k)) = ᾱ1 ≤ 1
2
π.
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Let θ̄ : [l1, l2] → MH−ε be defined by

θ̄(l) = τ̄(l), θ̄′(l) = τ̄ ′(l),

and set γ̄2 = τ̄ ∪ θ̄. Then

�(−σ̄′(k), θ̄′(l)) = π − ᾱ1 ≥ 1
2
π.

Since (σ, θ, 1
2π) is a thin right hinge, it follows by (1),(5) that

ρ(σ̄(0), θ̄(l2)) ≥ ρ(σ(0), θ(l2)).

In other words,
ρ(γ̄1(0), γ̄2(l2)) ≥ ρ(γ1(0), γ2(l2)).

Since
�(−γ̄′

1(l1), γ̄
′
2(0)) = ᾱ ≤ α.

the claim clearly follows by use of (1). �
Define a triangle (γ1, γ2, γ3) to be thin if (γ1, γ2, α3) and (γ3, γ2, α1) are

thin hinges. Then it follows from (5)-(7) and (2) that the theorem holds for
thin triangles. We will now prove it in general. Given an arbitrary hinge
(γ1, γ2, α) as in (B), fix N and let

τk,l = γ2|[
kl2
N

,
(k + l)l2

N
],

where k, l are integers with 0 ≤ k, l ≤ N . Let σk be minimal from γ1(0) to
γ2(kl2

N ), and let Tk,l = (σk, τk,l, σk+l). (See Fig. 2.4). We may suppose

L[γ1] + L[σN ] ≥ L[γ2],

as otherwise (B) follows trivially. We claim that Tk,l actually forms a trian-
gle, i.e., all triangle inequalities are satisfied. In fact, we have

L[γ1] + L[σN ] ≥ L[γ2],

L[τ0,k] + L[σk] ≥ L[γ1],

L[τk+l,N−k−l] + L[σk+l] ≥ L[σN ].
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Therefore,

L[τ0,k] + L[σk] + L[τk+l,N−k−l] + L[σk+l] ≥ L[γ2]

= L[τ0,k] + L[τk,l] + L[τk+l,N−k−l]

or
L[σk] + L[σk+l] ≥ L[τk,l].

Moreover, if N is sufficiently large, an easy compactness argument shows
that the triangles (σk, τk,l, σk+l) are all thin.

For the sake of clarity, there are two points we wish to emphasize. First,
nowhere in the definition of thin triangle is it assumed that σs, σs+1 be
close to one another. Second, we are using the fact that we are working in
MH−ε. For if we were working in MH and for some k, L[σk] = π√

H
, then we

could not necessarily guarantee that say (σk, τk,l, σk+l) was a thin triangle
no matter how short we assumed the length of τk,l to be; see the definition
of thin right triangle.

(8) (A) is true for Tl,k for fixed k and all l implies (B) is true for Tl,k+1

for fixed k and all l.

Proof. Assuming (A), there is a triangle T̄l,k in MH−ε with sides (σ̄k,
τ̄k,l, σ̄k+l) congruent to Tl,k and with ᾱk ≤ αk and β̄k+l ≤ βk+l, where
αk = �(σ′

k, τ
′
l,k) and βk+l = �(σ′

k+l,−τ ′
l,k). Note that βk+l + αk+l = π.

Extend τ̄l,k by adding on a segment τ̄k+l,k+l+1 of length L[τk+l,k+l+1]. Then
an argument completely analogous to that in (7) completes the proof. �

(9) It now follows by induction and (3) that (A) and (B) are true for
(γ1, γ2, γ3) and MH−ε.

(10) Now we have proved (A) and (B) when comparing to triangles in
MH−ε. In that situation, we know that for all ε > 0,

ρ(γ̄ε
1(0), γ̄ε

2(l2)) ≥ ρ(γ1(0), γ2(l2)),

where γ̄ε
1, γ̄

ε
2 ⊂ MH−ε and make an angle of α1. The function on the left

is clearly continuous in ε, so letting ε → 0 yields (B). Although we only
showed that (B) implies (A) in case ε > 0, a limiting argument similar to
the above now also yields (A). Alternatively an appropriate modification of
the arguments of (3) may be used. In case li = π√

H
for some i, the triangle

obtained in MH is not unique. �

Recently, Gromoll has pointed out that by means of a somewhat gen-
eralized version of Rauch II, steps (4)-(7) of the above argument can be
handled simultaneously, thereby shortening the argument considerably. In
particular, Rauch I is not used at all and can be deduced as a corollary.

We remark that the assumption that γ1 is minimal is really necessary.
For consider γ1, γ2 in MH+ε (ε small, H > 0) making angle α > 0 and of
length π√

H
. Their points are at nonzero distance, while the corresponding

segments γ̄1, γ̄2 in MH end at the same point.



42 2. TOPONOGOV’S THEOREM

It is interesting to see what else can be said if the estimates of the
theorem actually are equalities. The case H > 0 in which M has diameter

π√
H

is treated in Chapter 6. Therefore we will assume that this does not
happen.

Corollary 2.3. In the situation of (B) above, suppose 0 < α < π,
d(M) < π√

H
and ρ(γ1(0), γ2(l2)) = ρ(γ̄1(0), γ̄2(l2)). Let γ̄3 denote the unique

minimal geodesic in MH from γ̄1(0) to γ̄2(l2). Let ∆ denote the lift to the
tangent space at γ̄1(0) of the region bounded by the triangle (γ̄1, γ̄2, γ̄3) and let
I : MH

γ̄1(0) → Mγ1(0) be an isometry such that I(γ̄′
i(0)) = γ̄′

i(0), i = 1, 2. Then
the interior of expγ1(0)I(∆) is a smooth totally geodesic embedded surface of
constant curvature H. The image of a minimal geodesic from γ1(l1) to γ2(t),
0 ≤ t ≤ l2, is minimal in M.

Proof. We will merely give an indication of the argument. The de-
tails will be left to the reader. First of all, since d(M) < π√

H
, Rauch II

may be applied to compare thin triangles with corresponding triangles in
MH , rather than MH−ε. An examination of the proof of step (8) above
shows that all inequalities of that step must be equalities. Then by Corol-
lary (1.36) of Rauch II, the minimal geodesic σ1 may be chosen to be of the
form expγ1(l) f(t)E(t) with E(t) parallel, E(0) = γ′

2(0) and f(t) as in MH .
Repeated application of that corollary to the thin triangles Tl,1 and induc-
tion shows that σl+1 may also be chosen in this manner. This constructs
a totally geodesic region of curvature H spanning γ1, γ2. It is easy to see
that this region has the description expγ̄1(0)I(∆). Since the region may be
described as a union of minimal geodesics from γ1(0) to γ2(t), 0 ≤ t ≤ l2 (as
follows easily from its construction), the interior must be embedded. For it
is clear from the construction that the interior is immersed, and if two such
geodesics had an interior point in common, then both could not be minimal
(see Chapter 5). Therefore the interior is embedded. �

For purposes of illustration we will give a typical application of Topono-
gov’s Theorem. We will encounter various others in later chapters. The
question we want to look at involves the behavior of a geodesic parame-
terized by arclength γ : [0,∞) → M , where M is a noncompact complete
Riemannian manifold. Specifically, we want to know under what conditions
does lim

t→∞
ρ(γ(0), γ(t)) = ∞. Let us look at some examples.

Example 2.4 (the cylinder; see Fig. 2.5). There are three classes of
geodesics on a cylinder;

(a) the ”lines” parallel to the axis;
(b) the closed geodesics perpendicular to the lines;
(c) all the others.

Notice that type (b) are the only geodesics on this noncompact manifold
which stay in a compact set for all 0 ≤ t < ∞. Also, the geodesics of type
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(a) are the only ones that realize the distance between their endpoints for
all time, i.e. ρ(γ(0), γ(t)) = t for all t.

In an arbitrary noncompact complete Riemannian manifold we define a
ray to be a geodesic γ : [0,∞) → M such that ρ(γ(0), γ(t)) = t for all t.
Given p ∈ M , we may always find a ray such that γ(0) = p. Since M is
noncompact, there exists a sequence pi such that ρ(p, pi) → ∞. Let γi be a
sequence of minimal geodesics from p to pi (which exists by completeness),
and let v be an accumulation point of the sequence γ′

i(0). Let γ be the
geodesic such that γ(0) = p and γ′(0) = v. Then it is easy to see that γ
is a ray. In particular, through each p there is a geodesic which eventually
leaves every bounded set. Of course, if M is not complete, this assertion is
false.

In general, it is not the case that a geodesic must be closed in order to
stay in a compact set, as we will now see.

Example 2.5 (Weinstein). Let us consider a band B of width π
2 around

the equator of the unit sphere. (See Fig. 2.6). Let B̃ denote the universal
covering space of B with its natural induced Riemannian metric. B̃ may be
described as R × [−1

4π, 1
4π] with metric cos2 ydx2 + dy2, as the reader can

easily check. It has a group of isometries I which is naturally isomorphic
to R, where I � It : (x, y) → (x + t, y) and B = B̃/{I2π}. Consider
B̂ = B̃/{I2πα}, where α is an irrational number between 0 and 1. The
inverse image C̃ of a great circle C which makes a sufficiently small angle
with the equator stays in B̃ for all time. The image Ĉ of C̃ in B̂ is easily
seen not to be periodic (as in Fig. 2.7). Now complete B̂ by pulling out its
boundary to infinity.
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More formally, consider R×R with metric ρ(y) cos2(y)dx2 + dy2, where
ρ(y) is a smooth function equal to 1 on [−1

4π, 1
4π] and equal to cos−2 y

outside of (−3
8π, 3

8π). C̃ remains in the band −1
4π ≤ y ≤ 1

4π, and we may
again divide out by {I2πα}. (See Fig. 2.8).

With these examples in mind, especially Example 2.4, we state a theorem
which gives some information in the case where M has nonnegative sectional
curvature.

Theorem 2.6. Let M be complete and have nonnegative sectional cur-
vature, and let γ, σ : [0,∞) → M be geodesics such that γ(0) = σ(0). If γ is
a ray and �(γ′(0), σ′(0)) < 1

2π, then lim
t→∞

ρ(σ(0), σ(t)) = ∞ (or more briefly,

σ goes to ∞).

The idea of the proof is basically this: γ goes to infinity as quickly
as possible, and σ makes an acute angle with γ. Since the nonnegative



2. TOPONOGOV’S THEOREM 45

curvature of M tends to pull σ towards γ, it is reasonable that the behavior
of σ should in some rough sense approximate the behavior of γ.

Example 2.4 shows that < 1
2π cannot be changed to ≤ 1

2π. However, in
Theorem 8.24 we shall see that if the curvature of M is strictly positive, all
geodesics σ : [0,∞) → M go to ∞. Therefore, we may certainly replace < 1

2π

by ≤ 1
2π in this case. We are led to conjecture that if M has nonnegative

sectional curvature, �(γ′(0), σ′(0)) = 1
2π, and σ does not go to ∞, then

γ′(0), σ′(0) should span a section of curvature zero. Actually, something
more is true, and this rigidity phenomenon is also discussed in Theorem
8.24. Finally, the theorem is completely false without the assumption that
M has nonnegative curvature, as an inspection of Example 2.5 shows.
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Proof. By assumption �(γ′(0), σ′(0)) = α < 1
2π. Since by the triangle

inequality we have

ρ(σ(t), σ(0)) ≥ ρ(γ(s), σ(t)) − ρ(γ(s), γ(0)),

it will suffice to show that the limit of the right-hand side as s → ∞ and for
fixed t is ≥ t cosα.

Consider the triangle formed by σ|[0, t], γ|[0, s] and τs,t, where τs,t is
a minimal segment from σ(t) to γ(s). σ|[0, t] is of course not necessarily
minimal, but Toponogov’s Theorem (A) still applies.

Thus we can construct a congruent triangle in R2 with no bigger angles.
Let α denote the angle at γ(0) and α∗ ≤ α the corresponding angle in R2.
By the law of cosines in R2 we have

t2 + s2 = L[τs,t]2 − 2ts cos α∗.

Therefore,

L[τs,t] − s =
t2 + 2ts cos α∗

s + L[τs,t]
.

But as s → ∞, by the triangle inequality, L[τs,t]
s → 1. Hence (L[τs,t] − s)

approaches t cos α∗ ≥ t cos α. �



CHAPTER 3

Homogeneous Spaces

In this chapter we shall study invariant metrics on Homogeneous spaces
– spaces on which a Lie group acts transitively. Homogeneous spaces are, in
a sense, the nicest examples of Riemannian manifolds and are good spaces
on which to test conjectures.

We shall need some elementary facts about Lie groups, which we shall
summarize without proof. The reader who is not familiar with this material
should consult Chevalley [1946], Helgason [1962], Sternberg [1964]. We shall
also use Frobenius’ Theorem and various properties of the Lie derivative.
(See Sternberg [1964]).

Definition 3.1. A Lie group G is a smooth manifold (which we do not
assume connected), which has the structure of a group in such a way that
the map φ : G × G → G defined by φ(x, y) = x.y−1 is smooth.

It can be shown that a C∞ Lie group has a compatible real analytic
structure (see Chevalley [1946]). Canonically associated to a Lie group is its
Lie algebra.

Definition 3.2. A Lie algebra is a vector space V together with a map
[ , ] : V × V → V such that

(1) [a1V1 + a2V2, W ] = a1[V1, W ] + a2[V2, W ]
(2) [V, W ] = −[W, V ]
(3) [V1, [V2, V3]] + [V2, [V3, V1]] + [V3, [V1, V2]] = 0.

The last relation is called the Jacobi identity.

Example 3.3. If M is a smooth manifold, then χ(M) is a Lie algebra
(of infinite dimension) with respect to the bracket operation [X, Y ](f) =
(XY − Y X)f . To check the Jacobi identity is straightforward:

[X, [Y, Z]] + [Y, [Z, X]] + [Z, [X, Y ]]

= X(Y Z − ZY ) − (Y Z − ZY )X + Y (ZX − XZ)

− (ZX − XZ)Y + Z(XY − Y X) − (XY − Y X)Z
= XY Z − XZY − Y ZX + ZY X + Y ZX − Y XZ − ZXY + XZY

+ ZXY − ZY X − XY Z + Y XZ = 0.

We shall now describe the Lie algebra associated with Lie group G. If
G is a Lie group, we have for each g ∈ G the diffeomorphisms Lg : g1 → gg1

and Rg : g1 → g1g. We say that V ∈ χ(G) is left invariant (respectively
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right invariant) if dLg(V (g1)) = V (gg1) (respectively dRg(V (g1)) = V (g1g).
If V is left invariant, then it is uniquely determined by V (e), where e is the
identity element of G.

Conversely V ∈ Ge = g gives rise to a left invariant vector field (l.i.v.f.)
V (g) = dLg(V (e)). Since multiplication on G is smooth, so is a l.i.v.f.
Therefore the l.i.v.f.’s form an n-dimensional subspace of χ(G), and we claim
that the bracket of two l.i.v.f.’s is again left invariant. In fact it follows from
the definition of Lie bracket that for any diffeomorphism φ : M → M and
X, Y ∈ χ(M),

dφ[X, Y ] = [dφ(X), dφ(Y )].

Then

dLg[X, Y ] = [dLg(X), dLg(Y )] = [X, Y ]

if X, Y are l.i.v.f.’s. It follows that the l.i.v.f.’s form a Lie algebra g, the
Lie algebra of G. Of course the choice of l.i.v.f. rather than r.i.v.f. is only a
convention. The r.i.v.f.’s also form a Lie algebra isomorphic to the l.i.v.f.’s.
It is often convenient to identify g with Ge as above, and we will use both
interpretations simultaneously. We note that as a consequence of this dis-
cussion, it follows that the tangent bundle of G is trivial. If X̄ denotes the
r.i.v.f. such that X̄(e) = X(e) for some l.i.v.f. X, then we shall see in
Proposition 3.7 that

[X̄, Ȳ ]|e = [−X̄,−Ȳ ]|e = [X, Y ]|e.

Hence the map X → −X̄ induces the isomorphism between the two Lie
algebras.

Proposition 3.4. Let φ : G1 → G2 be a continuous homomorphism of
Lie groups. Then φ is a real analytic map and hence induces dφ, which is a
homomorphism of Lie algebras.

It can be shown that if G1 is simply connected and f : Ge1 → Ge2

is a homomorphism of Lie algebras, then there exists a unique analytic
homomorphism φ : G1 → G2 such that dφ = f . Also, any finite dimensional
Lie algebra is the Lie algebra of a simply connected Lie group. In this
way the classification of simply connected Lie groups can be reduced to
the algebraic problem of classification of Lie algebras. In case g is semi-
simple (defined before Proposition 3.39), this classification can be carried
out explicitly. Finally, if G is a Lie group, any covering space of G is a Lie
group in a natural way with Lie algebra isomorphic to g.

A subspace h of g which is closed under [ , ] is called a subalgebra of g.
A subalgebra J such that [x, J] ⊂ J for all x ∈ J is called an ideal .

Proposition 3.5. If h is a subalgebra of g (considered as a Lie algebra
of vector fields), then h defines a involutive distribution and the maximal
connected integral manifold H through e is a subgroup (which will not, in
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general, be a closed subset of G).1 Conversely, if H ⊂ G is a Lie subgroup
(a subgroup which is also a 1-1 immersed submanifold), then the tangent
space h to H at e is a subalgebra of g. H is a normal subgroup if and only if
h is an ideal.

As a special case of Proposition 3.5, we may take h to be any 1-dimension-
al subspace of g. Then [h, h] = 0 ⊂ h. The subgroup corresponding to such
an h is called a one-parameter subgroup. For any v ∈ Ge = g, we have a
natural homomorphism of Lie algebras dφ : R → g with dφ(1) = v, and
hence a Lie group homomorphism φ : R → G mapping R onto the integral
curve through the origin of the l.i.v.f. corresponding to V . We denote φ(1)
by ev. Then et1vet2v = e(t1+t2)v. Moreover, there exists a neighborhood U
of 0 ∈ Ge such that e : U → G is a diffeomorphism onto a neighborhood of
the identity on G.

Proposition 3.6. If φ : G1 → G2 is a homomorphism, then φ(ev) =
edφ(v).

The following proposition will also be useful.

Proposition 3.7.
∂

∂t

∂

∂s

(
etxesye−tx

)∣∣∣
t=0,s=0

= [X, Y ]|e = −[X̄, Ȳ ]|e.

A word about the precise meaning of the expression in Proposition 3.7.
For each fixed t, etxesye−tx is a curve through the origin.

∂

∂s

(
etxesye−tx

)∣∣∣
s=0

is then a tangent vector in Ge. As we let t vary,

∂

∂s

(
etxesye−tx

)∣∣∣
s=0

describes a curve in Ge. It makes sense to differentiate this curve at t = 0
and the result is a tangent vector in Ge.

Proof. Let φt be the one-parameter group of diffeomorphisms gener-
ated by X. Then by the alternative definition of Lie bracket (see Sternberg
[1964]),

[X, Y ] =
d
dt

dφ−t(y(φt(e)))
∣∣∣
t=0

Now the integral curve of Y through φ(t) is equal to etxesy by the left
invariance of Y . Then

[X, Y ] =
∂

∂t

∂

∂s
φ−t(etxesy)

∣∣∣
t=0,s=0

1H is in general only a 1-1 immersed submanifold, so its manifold topology is not
always the relative topology.
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But for arbitrary g ∈ G, φ−t(g) is by definition the endpoint of the integral
curve of X through g parameterized on the interval [0,−t]. By left invariance
of the integral curves of X we then have

φ−tg = ge−tx = Re−tx(g).

Hence

[X, Y ] =
∂

∂t

∂

∂s

(
etxesye−tx

)∣∣∣
t=0,s=0

.

The other equation follows similarly. �

Example 3.8. Let Mn = Rn2
denote the space of n × n matrices

GL(n) = {m ∈ M
∣∣∣det m �= 0}.

Since det(m1×m2) = det(m1)det(m2) and det(I) = 1, it follows that GL(n)
is a group. GL(n) is in a natural way an open subset of Rn2

and hence a
manifold. Define

etm = I + tm + t2
m2

2!
+ . . .

This series can easily be shown to converge for all t to a continuous function
satisfying

et1vet2v = e(t1+t2)v.

Moreover, for any m,
etr(m) = det(em)

(as follows easily using the Jordan canonical form). It follows that the
{etm} are the one-parameter subgroups of GL(n), and the Lie algebra gl(n)
of GL(n) is naturally Mn. Now by Proposition 3.7,

[m1, m2] =
∂

∂t

∂

∂s

(
etm1esm2e−tm1

)∣∣∣
t=0,s=0

=
∂

∂t

∂

∂s

{
(I + tm1 + . . . )(I + sm2 + . . . )(I − tm1 + . . . )

}∣∣∣
t=0,s=0

=
∂

∂t

∂

∂s

(
I + ts(m1m2 − m2m1) + . . .

)∣∣∣
t=0,s=0

= m1m2 − m2m1.

We refer the reader to Chevalley [1946] for the description of the standard
matrix subgroups of GL(n).

Example 3.9. Myer and Steenrod [1939] have shown that the isometry
group of any Riemannian manifold is a Lie group. We will be using this fact
implicitly below.

Given a Lie group G of dimension n, there is a natural homomorphism,
the adjoint representation, from G to GL(g) � GL(n), defined as follows.

Definition 3.10. Adg(x) = dRg ◦ dLg−1(x).
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Clearly Adg1g2 = Adg1Adg2 . Since for each g, the map h → ghg−1 is an
automorphism of G, it follows that Adg is an automorphism of g,

Adg([x, y]) = [Adg(x), Adg(y)].

We set ad = d(Ad). In other words ad : g → gl(g) is the differential of the
adjoint representation. We see from Proposition 3.7 that

(3.11) adx(y) =
∂

∂t

∂

∂s

(
etxesye−tx

)∣∣∣
t=0,s=0

= [x, y].

From the Jacobi identity it follows that adx is a derivation,

adx[y, z] = [adx(y), z] + [y, adx(z)].

From the remark after Proposition 3.5 it follows that Adex = eadx .
We will now begin the study of homogeneous spaces.

Definition 3.12. If G is a connected Lie group and H a closed subgroup,
G/H is the space of cosets {gH}, π : G → G/H is defined by g → [gH].
G/H is called a homogeneous space.

Notice that for h ∈ G we have h(H) = [H] if and only if h ∈ H.

Proposition 3.13. A subgroup which is a closed subset is an analytic
sub-manifold and hence a Lie subgroup.

Proposition 3.14. G/H has a unique real analytic structure for which
π : G → G/H is an analytic fibration.

There is a natural smooth left action of G on G/H defined by g1[gH] =
[g1gH]. The diffeomorphism, Lg, of G/H induced by g will sometimes be
denoted g. Since g1g

−1[gH] = [g1H], the action of G is transitive; hence
the terminology, homogeneous space. We want to study metrics on G/H
for which G acts by isometries. Such metrics are called invariant . In G
itself we may also consider the right action of G. Metrics invariant under
both left and right actons are called bi-invariant . We should point out
that invariant metrics do not exist for all G/H. Moreover, when they do
exist, G may not be the full group Ĝ of isometries. Ĥ, the largest group
of isometries fixing some point [gH] ∈ G/H, is called the isotropy group of
that point. Ĥ is identified with closed subgroup of the orthogonal group
of G/H[H], and hence is compact. This identification comes from the fact
that on a connected Riemannian manifold an isometry is determined by its
differential at a single point. It is easy to verify this by using the fact that
isometries commute with the exponential map. That Ĥ is closed follows
from the Cartan-Ambrose-Hicks Theorem.

G is said to act effectively on G/H if Lg = 1 (the identity map) implies
g = e. Let H0 be the largest subgroup of H which is normal in G. Set

G∗ = G/H0, H∗ = H/H0.

Then it is straightforward to check that G∗/H∗ is diffeomorphic to G/H
and that G∗ acts effectively on G∗/H∗. This reduction may require some
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work in dealing with a specific example. If G acts effectively, then it may
be identified with a Lie subgroup of Ĝ. (Again this identification is 1-1 but
not always an embedding.) In this case it is not hard to see that

dim Ĝ − dim G = dim Ĥ − dimH.

The tangent space to the point [H] of G/H can be naturally identified
with g/h. Further, since the action of G on G and G/H commutes with π,
we have for h ∈ H and v ∈ g

hetvH = hetvh−1H.

AdH and adh leave h invariant and hence act naturally on g/h. Differenti-
ating with respect to t yields

(3.15) dLh(v) = π
(
Adh(v)

)
,

where π : g → g/h is the natural projection.

Proposition 3.16. (1) The set of G-invariant metrics on G/H is natu-
rally isomorphic to the set of scalar products 〈 , 〉 on g/h which are invariant
under the action of AdH on g/h.

(2) If H is connected, a scalar product 〈 , 〉 is invariant under AdH if
and only if for each h ∈ h, adh is skew symmetric with respect to 〈 , 〉.

(3) If G acts effectively on G/H, then G/H admits a G-invariant metric
if and only if the closure cl(AdH) of the group AdH ⊂ GL(g) is compact.

(4) If G acts effectively on G/H, and if g admits a decomposition g =
p
⊕

h with AdH(p) ⊂ p then G-invariant metrics on G/H are in 1-1 corre-
spondence with AdH-invariant scalar products on p. These exist if and only
if the closure of the group AdH |p is compact. Conversely, if G/H admits
a G-invariant metric, then G admits a left invariant metric which is right
invariant under H, and the restriction of this metric to H is bi-invariant.

Setting p = h⊥ gives a decomposition as above.
(5) If H is connected, the condition AdH(p) ⊂ p is equivalent to [h, p] ⊂

p.
(6) If G is compact, then G admits a bi-invariant metric.

Proof. (1) Given a left invariant metric on G/H, by restricting to the
tangent space at [H] we get an inner product on g/h. By (3.15), 〈 , 〉 is
invariant under AdH . Conversely, given such a 〈 , 〉 we get an inner product
on G/H[H]. Given [gH] we may define an inner product 〈 , 〉[H] on G/H[gH]

by setting
〈x, y〉[gH] = 〈dLg−1(x), dLg−1(y)〉[H].

Since

〈dLhg−1(x), dLhg−1(y)〉[H] = 〈dLhdLg−1(x), dLhdLg−1(y)〉[H]

= 〈dLg−1(x), dLg−1(y)〉[H]
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if 〈 , 〉 is invariant under AdH , 〈 , 〉[gH] is independent of which member of
[gH] we chose to define it. In this way we get a Riemannian metric on G/H
which is clearly left invariant.

(2) That the condition

〈Adetvx, Adetvy〉 = 〈x, y〉
for all x, y ∈ g/h and v ∈ h implies

〈advx, y〉 + 〈x, advy〉 = 0

follows from Proposition 3.7. Conversely, if we assume the second condition,
then by Proposition 3.6, for all x, y, v,

〈Adetvx, Adetvy〉 = 〈eadtvx, eadtvy〉 =
∑

〈eadtvx, (tn/n!)(adv)ny〉

=
∑

〈(−1)n(tn/n!)(adv)neadtvx, y〉 = 〈ead−tveadtvx, y〉.

Now the set of elements for which the claim holds obviously forms a
closed subgroup H̄ ⊂ H. On the other hand, since every element of some
open neighborhood U of the identity is of the form etv, the claim holds for
elements of U . Thus the Lie algebra must be equal to that of H. Since H̄
is connected, H̄ = H.

(3) Let G∗, H∗ denote the isometry and isotropy groups of G/H. Since
G acts effectively, we have 1-1 homomorphism G → G∗ inducing g → g∗.
The group H∗ is compact and therefore so is its image AdH∗ : g∗ → g∗. Let
ω be a right invariant volume form on AdH∗ , coming, for example from a
right invariant metric. Then for any inner product 〈 , 〉 on g∗, define

〈〈x, y〉〉 =
∫

AdH∗
〈Adh∗(x), Adh∗(y)〉ω(h∗).

Then Adh∗ acts by isometries with respect to 〈〈 , 〉〉 because

〈〈Adh1(x), Adh1(y)〉〉 =
∫

AdH∗
〈Adh∗Adh1(x), Adh∗Adh1(y)〉ω(h∗).

Since Ad is a homomorphism and ω is right invariant, this becomes∫
AdH∗

〈Adh∗h1(x), Adh∗h1(y)〉dRh−1
1

ω(h∗h1)

=
∫

AdH∗
〈Adh∗(x), Adh∗(y)〉dRh−1

1
ω(h∗).

Since Rh−1
1

is a diffeomorphism, this becomes∫
AdH∗

〈Adh∗(x), Adh∗(y)〉ω(h∗) = 〈〈x, y〉〉.

Now the restriction of 〈〈 , 〉〉 to g is an inner product with respect to which
AdH acts by isometries. Hence AdH is contained in the (compact) orthogo-
nal group with respect to this inner product, which implies that its closure is
compact. Conversely, if the closure of AdH is compact, in a manner similar
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to the above we may construct an inner product 〈〈 , 〉〉 on g such that AdH

acts by isometries. Let p = h⊥ with respect to 〈〈 , 〉〉. Then 〈〈 , 〉〉|p induces
an AdH -invariant inner product on g/h under the identification ρ : p → g/h.

(4) In view of (1), (3) this is straightforward to check.
(5) This follows as in (2).
(6) This proof is similar to that of (3). �
In Proposition 3.34 we will show that a simply connected Lie group H

which admits a bi-invariant metric is the product of a compact group and a
vector group Rk which is the center of H.

The following is an example of a homogeneous space which does not
admit a left invariant metric.

Example 3.17. SL(n)/SL(n − 1);
SL(n) = {m ∈ Mn|detm = 1};
SL(n − 1) may be embedded in SL(n) by setting

m =
[

1 0
0 m

]
for all m ∈ SL(n − 1).

SL(n) acts effectively on SL(n)/SL(n− 1). The reader may verify that
SL(n − 1) is not the product of a compact group and a vector group (see
Proposition 3.34).

We are now going to compute the curvature of a left invariant metric on
G/H. We begin with the special case of a left invariant metric on G itself.
We use the notation A∗ to denote the adjoint of the linear transformation
A with respect to a given inner product.

Proposition 3.18. Let 〈 , 〉 be a left invariant metric on G and let
X,Y,Z be l.i.v.f.’s. Then:

(1) ∇XY = 1
2{[X, Y ] − (adX)∗(Y ) − (adY )∗(X)};

(2) 〈R(X, Y )Z, W 〉 = 〈∇XZ,∇Y W 〉 − 〈∇Y Z,∇XW 〉 − 〈∇[X,Y ]Z, W 〉;
(3)

〈R(X, Y )Y, X〉 = ||[(adX)∗(Y ) + (adY )∗(X)]||2

− 〈(adX)∗(X), (adY )∗(Y )〉 − 3
4
||[X, Y ]||2

− 1
2
〈[[X, Y ], Y ], X〉 − 1

2
〈[[Y, X], X], Y 〉;

(4) One-parameter subgroups are geodesics if and only if ad∗
X(X) = 0

for all X.

Proof. By left invariance we have

0 = X〈Y, Z〉 = 〈∇XY, Z〉 + 〈Y,∇XZ〉,
0 = Y 〈X, Z〉 = 〈∇Y X, Z〉 + 〈X,∇Y Z〉,
0 = Z〈X, Y 〉 = 〈∇ZX, Y 〉 + 〈X,∇ZY 〉.
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Computing as in Chapter 1, Section 1 gives

〈∇XY, Z〉 =
1
2
{〈[X, Y ], Z〉 − 〈Y, [X, Z]〉 − 〈X, [Y, Z]〉},

from which (1) readily follows.
(2) By left invariance, X〈∇Y Z, W 〉 = 0. Therefore,

〈∇X∇Y Z, W 〉 = −〈∇Y Z,∇XW 〉,
−〈∇Y ∇XZ, W 〉 = 〈∇XZ,∇Y W 〉,
−〈∇[X,Y ]Z, W 〉 = −〈∇[X,Y ]Z, W 〉.

(2) follows by adding these equations.
(3) follows from (1) and (2).
(4) is immediate from (1). �

In the case of a bi-invariant metric, (3) above simplifies considerably.

Corollary 3.19. If 〈 , 〉 is bi-invariant, then:
(1) ∇XY = 1

2 [X, Y ];
(2) 〈R(X, Y )Z, W 〉 = 1

4(〈[X, W ], [Y, Z]〉 − 〈[X, Z], [Y, W ]〉);
(3) 〈R(X, Y )Y, X〉 = 1

4 ||[X, Y ]||2. In particular the sectional curvature
is non-negative.

(4) One-parameter subgroups are geodesics.

Proof. Since 〈 , 〉 is bi-invariant, by Proposition 3.16 we have

〈Y, [X, Z]〉 = −〈Y, [Z, X]〉 = 〈[Z, Y ], X〉.
(1) now follows from the proof of (1) of Proposition 3.18.
(2) Substituting (1) into (2) of Proposition 3.18 gives

〈R(X, Y )Z, W 〉 =
1
4
〈[X, Z], [Y, W ]〉 − 1

4
〈[Y, Z], [X, W ]〉

− 1
2
〈[[X, Y ], Z], W 〉.

Using the Jacobi identity, the last term may be rewritten as

−1
2
〈[Y,[Z, X]], W 〉 − 1

2
〈[X, [Y, Z]], W 〉

= −1
2
〈[X, Z], [Y, W ]〉+

1
2
〈[Y, Z], [X, W ]〉,

and (2) follows.
(3) Follows immediately from (2).
(4) One-parameter subgroups are the orbits of l.i.v.f.’s, so (1) implies

(4). �

In order to generalize our formulas to the case of an arbitrary homo-
geneous space, we will prove a formula of O’Neill [1966], on the curva-
ture of Riemannian submersions. A submersion is a differentiable map
π : Mn+k → Nn such that at each point dπ has rank n. It follows from
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the implicit-function theorem that π−1(p) is a smooth k-dimensional sub-
manifold of M for all p ∈ N . Let V denote the tangent space of π−1(p)
at q ∈ π−1(p). Assume that M and N have Riemannian metrics and set
H = V ⊥. We call H and V the horizontal and vertical subspaces, respec-
tively, and we use H and V as superscripts to denote horizontal and vertical
components. π is called a Riemannian submersion if dπ|H is an isometry.
If X is a vector field on N , then there is a unique vector field X̄ on M such
that X̄ ∈ H and dπ(X̄) = X. Also if c : [0, 1] → N is a piecewise smooth
curve, and q ∈ π−1(c(0)), then there is a unique curve c̄ : [0, 1] → M such
that c̄(0) = q, and π ◦ c̄ = c, c̄′(t) ∈ H. This follows from the theory of
ordinary differential equations exactly as in the special case in which M is
a principal bundle over N and H defines a connection; see Kobayashi and
Nomizu [1963, 1969].

We now give a formula which relates the curvature K̄(X̄, Ȳ ) of a plane
section spanned by the orthonormal vectors X̄, Ȳ to that of the section
spanned by X, Y at p. First of all, note that the expression [X̄, Ȳ ]V |p de-
pends only on the values of X̄, Ȳ at p. In fact, if T is a vector field tangent
to V , then

〈[X̄, Ȳ ], T 〉 = 〈∇̄X̄ Ȳ − ∇̄Ȳ X̄, T 〉
= X̄〈Ȳ , T 〉 − 〈Ȳ , ∇̄X̄T 〉 − Ȳ 〈X̄, T 〉 + 〈X̄, ∇̄Ȳ T 〉
= 〈X̄, ∇̄Ȳ T 〉 − 〈Ȳ , ∇̄X̄T 〉.

Theorem 3.20 (O’Neill). K(X, Y ) = K(X̄, Ȳ ) + 3
4 ||[X̄, Ȳ ]V ||2.

Thus Riemannian submersions are curvature nondecreasing on the hor-
izontal sections.

Let π : M → N be any smooth map. Vector fields X̄, X are called
π-related if at all points q ∈ π−1(p),

dπ(X̄) = X.

In particular X̄, X as above are π-related. We shall make use of the following
lemma.

Lemma 3.21. If X̃, X and Ỹ , Y are π-related, then [X̃, Ỹ ] is π-related
to [X, Y ].

Proof. For any function f : N → R,

X̃(f ◦ π) = dπ(X̃)(f) = X(f).

Therefore at q ∈ π−1(p),

dπ([X̃, Ỹ ])(f) = (X̃Ỹ − Ỹ X̃)(f ◦ π) = (XY − Y X)f = [X, Y ](f).

Since a tangent vector is determined by its action on functions, the lemma
follows. �
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Proof of Theorem 3.20. Lemma 3.21, together with the Riemannian
submersion property, has the consequence that given X, Y, Z on N and a
vertical field T on M ,

(3.22) 〈[X̄, Ȳ ], Z̄〉 = 〈[X, Y ], Z〉, 〈[X̄, T ], Ȳ 〉 = 0.

Then the formula for the Riemannian connection of Chapter 1, Section 1,
together with (3.22) and the Riemannian submersion property, gives

(3.23)
〈∇̄X̄ Ȳ , Z̄〉 =

1
2
{X̄〈Ȳ , Z̄〉 + Ȳ 〈X̄, Z̄〉 − Z̄〈X̄, Ȳ 〉

+ 〈[X̄, Ȳ ], Z̄〉 − 〈[X̄, Z̄], Ȳ 〉 − 〈[Ȳ , Z̄], X̄〉}
= 〈∇XY, Z〉,

while if T is vertical,

〈∇̄X̄ Ȳ , T 〉 =
1
2
{X̄〈Ȳ , T 〉 + Ȳ 〈X̄, T 〉 − T 〈X̄, Ȳ 〉

+ 〈[X̄, Ȳ ], T 〉 − 〈[X̄, T ], Ȳ 〉 − 〈[Ȳ , T ], X̄〉}.

Since 〈X̄, Ȳ 〉 = 〈X, Y 〉 and T is vertical, T 〈X̄, Ȳ 〉 = 0. The first two terms
on the right clearly vanish as do the last two, by (3.22). Therefore

(3.24) 〈∇̄X̄ Ȳ , T 〉 =
1
2
〈[X̄, Ȳ ], T 〉.

Thus by (3.23) and (3.24),

(3.25) ∇̄X̄ Ȳ = (∇XY ) +
1
2
[X̄, Ȳ ]V .

Also, by (3.23) and (3.24),

(3.26)
〈∇T X̄, Ȳ 〉 = 〈∇̄X̄T, Ȳ 〉 + 〈[T, X̄], Ȳ 〉

= − 〈∇̄X̄ Ȳ , T 〉 = −1
2
〈[X̄, Ȳ ], T 〉 = −1

2
〈[X̄, Ȳ ]V , T 〉.

Now by (3.23) it is clear that

(3.27) X̄〈∇̄Ȳ Z̄, W̄ 〉 = X〈∇Y Z, W 〉.
Therefore

(3.28)

〈∇̄X̄∇̄Ȳ Z̄, W̄ 〉 = X̄〈∇̄Ȳ Z̄, W̄ 〉 − 〈∇̄Ȳ Z̄, ∇̄X̄W̄ 〉

= X〈∇Y Z, W 〉 − 〈∇Y Z,∇XW 〉 − 1
4
〈[Ȳ , Z̄], [X̄, W̄ ]〉

= 〈∇X∇Y Z, W 〉 − 1
4
〈[Ȳ , Z̄]V , [X̄, W̄ ]V 〉.

Also by (3.23) and (3.26),

(3.29)
〈∇̄[X̄,Ȳ ]Z̄, W̄ 〉 = 〈∇̄[X̄,Ȳ ]H Z̄, W̄ 〉 + 〈∇̄[X̄,Ȳ ]V Z̄, W̄ 〉

= 〈∇[X,Y ]Z, W 〉 − 1
2
〈[Z̄, W̄ ]V , [X̄, Ȳ ]V 〉.
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Therefore, using (3.28) and (3.29),

(3.30)

〈R̄(X̄, Ȳ )Z̄, W̄ 〉 = 〈∇̄X̄∇̄Ȳ Z̄, W̄ 〉 − 〈∇̄Ȳ ∇̄X̄Z̄, W̄ 〉 − 〈∇̄[X̄,Ȳ ]Z̄, W̄ 〉

= 〈R(X, Y )Z, W 〉 +
1
4
〈[X̄, Z̄]V , [Ȳ , W̄ ]V 〉

− 1
4
〈[Ȳ , Z̄]V , [X̄, W̄ ]V 〉 +

1
2
〈[Z̄, W̄ ]V , [X̄, Ȳ ]V 〉.

The theorem follows by setting Z̄ = Ȳ , X̄ = W̄ . �

We make one more general remark:

Proposition 3.31. If π : M → N is a Riemannian submersion, γ :
[0, 1] → N and γ̄ : [0, 1] → M a horizontal lift, then γ is a geodesic if and
only if γ̄ is.

Proof. From (3.25),

∇̄γ̄′ γ̄′ = ∇γ′γ′ +
1
2
[γ̄′, γ̄′]V = ∇γ′γ′,

and the claim follows immediately. �

Proposition 3.31 may be seen more geometrically from the relation

L[φ] =
∫

||φ′||dt ≥
∫

||(φ′)H ||dt = L[π(φ)]

for any curve φ : [0, 1] → M , and the relation

L[γ̄] = L[γ].

We now specialize back to the case of homogeneous spaces. The map
π : G → G/H is a fibration and hence a submersion. If G/H admits a
left invariant metric 〈〈 , 〉〉 then by Proposition 3.16(4), G admits a left
invariant metric 〈 , 〉 which is right invariant under H. The restriction of
〈 , 〉 to h is bi-invariant, and its restriction to p = h⊥ induces 〈〈 , 〉〉. Then
π : G → G/H is a Riemannian submersion, and the curvature of G/H may
be computed immediately from Proposition 3.18(3) and Theorem 3.20. The
decomposition g = p

⊕
h corresponds precisely to the decomposition Mq =

H
⊕

V and for X, Y ∈ p, the correction term in Theorem 3.20 becomes
3
4 ||[X, Y ]h||2. We get the formula

(3.32)
K(X, Y ) = ||(adX)∗(Y ) + (adY )∗(X)||2 − 〈(adX)∗(X), (adY )∗(Y )〉

− 3
4
||[X, Y ]p||2 −

1
2
〈[[X, Y ], Y ], X〉 − 1

2
〈[[Y, X], X], Y 〉.

Here we have written K(X, Y ) for K(dπ(X), dπ(Y )). We will continue to
do this.

Suppose that the metric 〈 , 〉 on G is bi-invariant. In this case the
corresponding metric on G/H is called normal . As in Corollary 3.19, the
formula for the curvature simplifies substantially.
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Corollary 3.33. If the metric on G/H is normal, then
(1) K(X, Y ) = 1

4 ||[X, Y ]p||2 + 1
4 ||[X, Y ]h||2.

In particular the sectional curvature is nonnegative.
(2) The geodesics in G/H are the images of one-parameter subgroups of

G.

Proof. (1) is immediate from Corollary 3.19(3) and Theorem 3.20. (2)
Follows from Corollary 3.19(4) and Proposition 3.31. �

Berger [1961], has classified those normal homogeneous spaces which
have strictly positive curvature. With two exceptions of dimension 7 and
13, they are precisely the symmetric spaces of rank 1 which will be intro-
duced later in this chapter. Recently, Wallach [1972a,b] has discovered 3
new examples of (non-normal) homogeneous spaces of positive curvature
of dimensions 6, 12, 24. He has shown that in even dimensions these are
the only nonsymmetric homogeneous spaces of positive curvature. However,
he has also constructed infinitely many simply connected nondiffeomorphic
7-dimensional homogeneous spaces with positive curvature.

Proposition 3.34. A simply connected Lie group which admits a bi-
invariant metric is the product of a compact group and a vector group.

Proof. Let z denote the center of g

z = {x ∈ g|[x, y] = 0 ∀y ∈ g}.

It is clear that z is an ideal. On the other hand, if G admits a bi-invariant
metric, and I1 is any ideal of g, then I2 = I⊥1 is also an ideal since

0 = 〈I1, I2〉 = 〈[x, I1], I2〉 = 〈I1, [x, I2]〉.

Therefore, in this case g splits as g = z
⊕

h. Let G = Z × H be the
corresponding splitting of G. Then G is easily seen to be the isometric
product of Z and H. Z is simply connected, abelian and therefore a vector
group. The formula of Corollary 3.19 for the curvature of a Lie group with bi-
invariant metric implies that if the corresponding Lie algebra has no center,
then the Ricci curvature is strictly positive. Hence by Myers’ Theorem 1.31,
H is compact. �

Theorems 8.19 and 8.23 are much more general results of the type of
Proposition 3.34. They are proved by quite different methods.

The following example is due to Berger. In addition to illustrating how
our formulas work in practice, it provides a counterexample to a certain
conjecture about closed geodesics. This point is explained in Chapter 5.

Example 3.35 (Berger). Consider the 3-dimensional Lie algebra L that
is spanned by elements z1, z2, z3 with multiplication table

[z1, z2] = −2z3, [z1, z3] = 2z2, [z2, z3] = −2z1.



60 3. HOMOGENEOUS SPACES

It is straightforward to check that the inner product defined by making
z1, z2, z3 orthonormal is invariant under ad L. It is known that the simply
connected Lie group with Lie algebra L is the ordinary 3-sphere S3 which
is a 2-fold covering space of SO(3). In fact, by using the formula for the
curvature, one may easily show that the sectional curvature is constant
and equal to 1. We wish to consider the homogeneous space G/H with
G = S3 + R, and H the one-parameter subgroup generated by αz1 + βz4,
where z1 ∈ L, α2 + β2 = 1 and z4 is the l.i.v.f. tangent to R. If β �= 0,
then G/H is easily seen to be diffeomorphic to S3. In fact Π|S3 × {0} is a
non-singular smooth map from S3 to G/H.

Further, Π|S3 × {0} is trivially seen to be 1-1. (Notice that G does not
act effectively on G/H). G/H may be given a normal metric by taking
||z4|| = 1 and 〈zi, z4〉 = 0, i = 1, 2, 3. We note for future reference that
γ = Π

(
exp(t(−βz1 + αz4))

)
is a geodesic as follows from Corollary 3.33. In

fact, γ is periodic of length 2πβ, since

e2πβ(−βz1+αz4) = e2π(−β2z1+βαz4) = e2π((α2−1)z1+βαz4)

= e−2πz1e2πα(αz1+βz4) = e2πα(αz1+βz4).

(e−2πz1 = e since etz1 is a periodic geodesic of length 2π in S3.) Now if
z = βz1 − αz4, then

A = µ1z + µ2z2 + µ3z3,

B = ν1z + ν2z2 + ν3z3,

([A, B]) = 2λ1z1 + 2βλ2z2 + 2βλ3z3,

λ1 = µ2ν3 − µ3ν2,

λ2 = µ1ν3 − µ3ν1,

λ3 = µ1ν2 − µ2ν1.

Then one gets easily

||[A, B]h||2 = 4α2λ2
1,

||[A, B]||2 = 4β2(λ2
1 + λ2

2 + λ2
3),

||A ∧ B||2 = λ2
1 + λ2

2 + λ2
3 > 0,

K(A, B) =
(1 + 3α2)λ2

1 + β2(λ2
2 + λ2

3)
λ2

1 + λ2
2 + λ2

3

.

One sees that the sectional curvature satisfies

H = β2 ≤ KM ≤ 1 + 3α2 = 4 − 3β2 = K.

We note that if β2

(4−3β2)
< 1

9 , then

2πβ < 2π(4 − 3β2)−
1
2 = 2πK− 1

2

as an easy computation shows. In Chapter 5 we will show that for an even-
dimensional manifold M with K ≥ KM ≥ H > 0, every closed geodesic has
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length ≥ 2πK− 1
2 . If M is odd-dimensional with K ≥ KM ≥ 1

4K, the same
result obtains. Our example, however, shows that such a result does not
hold in general. The best one could hope for is K ≥ KM ≥ 1

9K.
We will now briefly discuss a special class of homogeneous spaces — the

symmetric spaces.

Definition 3.36. The Riemannian manifold M is called locally symmet-
ric if for each m ∈ M there exists r such that reflection through the origin
(in normal coordinates) is an isometry on Br(m). M is (globally) symmetric
if the above reflection extends to a global isometry Im : M → M .

Proposition 3.37. (1) M is locally symmetric if and only if ∇R = 0.
(2) M simply connected complete and locally symmetric implies M sym-

metric.
(3) M symmetric implies M homogeneous. M = G/H, where G is the

isometry group of M and H is the isotropy group of some point m ∈ M .
(4) Let M = G/H be symmetric with G the isometry group of M and H

the isotropy group of m ∈ M . Let I denote the symmetry about m. Then
g → IgI defines an automorphism σ of G such that σ2 = 1. The set F of
fixed points of σ is a closed subgroup containing H. Its identity component
F0 coincides with that of H.

(5) Conversely, let G be a Lie group, σ an automorphism such that
σ2 = 1, and 〈 , 〉 a left invariant metric on G/F, where F is the set of fixed
points of σ. The relation σ(gf) = σ(g)σ(f) = σ(g)f shows that σ induces a
diffeomorphism of G/F. If this diffeomorphism preserves 〈 , 〉, then G/F is
a symmetric space.2

(6) A simply connected Lie group G possesses an automorphism σ such
that σ2 = 1 if and only if g = p

⊕
h with

[h, h] ⊂ h, [h, p] ⊂ p, [p, p] ⊂ h.

In case G/F admits a σ-invariant Riemannian metric, G/F is therefore
globally symmetric and its curvature is given by

K(X, Y ) = −1
2
〈[[X, Y ], Y ], X〉 − 1

2
〈[[Y, X], X], Y 〉,

where X, Y ∈ p are orthnormal.

Proof. (1) Since Im is an isometry, dIm commutes with ∇R. Hence

−[∇XR](y, z)w = dIm([∇XR](y, z)w) = [∇−XR](−y,−z)(−w)

= [∇XR](y, z)w.

The converse, which is an easy consequence of Lemma 1.41, is left as an
exercise (or see Helgason [1962]).

2It can be shown that even if G/F does not admit a σ-invariant metric it nonetheless
admits a unique left invariant affine connection preserved by σ. Thus in general G/F is
affine symmetric.
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(2) This follows immediately from Cartan-Ambrose-Hicks Theorem, us-
ing the condition ∇R = 0 as above.

(3) Given a geodesic segment γ : [0, t] → M ,

γ(0, t) ∪ Iγ(t)(γ(0, t)) ∪ . . .

is γ extended arbitrarily far. Hence M is complete by the Hopf-Rinow The-
orem 1.10. Given p, q, let γ : [0, t0] → M be a geodesic segment from p to
q. Then I

γ(
t0
2

)
(p) = q. Hence M has a transitive group of isometries and is

homogeneous.
(4) The only nontrivial part is to show H0 = F0. Since H ⊂ F it suffices

to check that F0 ⊂ H. For f ∈ F , we have f(m) = I ◦ f ◦ I(m) = I ◦ f(m).
However, m is the only point of a normal coordinate ball Br(m) which is
fixed by I. Hence there is a neighborhood U of e in G such that F ∩U ⊂ H.
It follows that F ∩H is open (since H ⊂ F ). But F ∩H is also closed since
F and H are closed. Hence F0 = H0.

(5) The symmetry about a coset [gF ] is given by Lg ◦ σ ◦ Lg−1 .
(6) If g = p

⊕
h as above, then the linear map dσ defined by

dσ|h = 1, dσ|p = −1

is easily seen to be an automorphism of g such that (dσ)2 = 1. It induces an
automorphism σ of G by the remarks following Proposition 3.4. Conversely
given such a σ, take h, p to be its +1 and −1 eigenspaces, respectively. Then
for example

dσ([p1, p2]) = [dσ(p1), dσ(p2)] = [−p1,−p2] = [p1, p2]

shows [p, p] ⊂ h, and the other relations follow similarly.
If X, Y, Z ∈ p, then [X, Z] ∈ h and

〈(adX)∗(Y ), Z〉 = 〈Y, [X, Z]〉 = 0.

Therefore (adX)∗Y ⊂ h. Now if T ∈ h,

〈Y, [T, X]〉 = −〈[T, Y ], X〉
because the metric on G is right invariant under H. Therefore

〈(adX)∗(Y ), T 〉 = 〈Y, [X, T ]〉 = −〈[Y, T ], X〉 = −〈(adY )∗(X), T 〉.
Therefore, substituting in (3.32) gives

K(X, Y ) = −1
2
〈[[X, Y ], Y ], X〉 − 1

2
〈[[Y, X], X], Y 〉.

�
A complete classification of symmetric spaces is available (Helgason

[1962]). In particular, the only simply connected symmetric spaces hav-
ing positive curvature are the spheres of constant curvature, complex and
quaternionic projective spaces and the Cayley Plane. These are sometimes
referred to as rank one symmetric spaces, and except for the spheres they
have canonical metrics with sectional curvature varying between 1

4 and 1.
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As an example, we will compute the curvature of complex projective space.
The calculations for the other rank one spaces are similar.

Example 3.38. The unitary group U(n) is defined as the (compact)
group of n×n matrices with complex entries (αij) such that (αij)−1 = (ᾱji).
The special unitary group SU(n) is the subgroup of U(n) of matrices of
determinant 1. The Lie algebra u(n+1) of U(n+1) consists of skew hermitian
matrices (αij) = (−ᾱji). For su(n + 1) we must add the condition

trace(αij) = 0.

Complex projective space is the homogeneous space CP (n) = SU(n +
1)/U(n), where U(n) is embedded in SU(n + 1) as⎡⎢⎢⎣

U 0

0 det U

⎤⎥⎥⎦ ,

where U ∈ U(n). Geometrically, CP (n) may be thought of as the collection
of 1-dimensional complex subspaces of Cn+1.

The following may be easily checked. The rule 〈A, B〉 = −1
2trace(AB)

defines a bi-invariant metric on SU(n + 1) which gives rise to the decompo-
sition su(n + 1) = p + u(n), where p consists of matrices of the form

α =

⎡⎢⎢⎢⎣
ᾱ1

0
...
ᾱn

α1 . . . αn 0

⎤⎥⎥⎥⎦ .

p may be thought of as a complex n-space or real 2n-space. Multiplication
by i gives a real linear transformation J : p → p such that J2 = −1 and
〈x, y〉 = 〈J(x), J(y)〉. [p, p] ⊂ u(n), so that CP (n) is a symmetric space.

Now if ||α|| = ||β|| = 1 and 〈α, β〉 = 0, by Corollary 3.33,

〈R(α, β)β, α〉 = ||[α, β]||2,

where

[α, β] =

⎡⎢⎢⎢⎣
βiᾱj − αiβ̄j 0

0
∑
i
αiβ̄i − βiᾱi

⎤⎥⎥⎥⎦ .
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||[α, β]||2 = −1
8

∑
ij

(βiᾱj − αiβ̄j)(βjᾱi − αj β̄i)

− 1
8

∑
ij

(αiβ̄i − βiᾱi)(αj β̄j − βjᾱj)

=
∑

i

αiᾱi

∑
j

βj β̄j −
1
2

∑
i

βiᾱi

∑
j

βjᾱj

− 1
2

∑
i

αiβ̄i

∑
j

αj β̄j

− 1
2

∑
i

(β̄iαi − ᾱiβi)
∑

j

(αj β̄j − βjᾱj)

=
1
4
(||α||2||β||2) +

3
4
〈J(α), β〉2 =

1
4

+
3
4
〈J(α), β〉2,

where the last step follows from the relations∑
(αiβ̄i + βiᾱi) = 〈α, β〉,∑

(−αiβ̄i + βiᾱi) = i〈J(α), β〉.

If 〈J(α), β〉 = 1, then K(α, β) = 1, while if 〈J(α), β〉 = 0, K(α, β) = 1
4 .

Given a Lie algebra g, we define the Killing form as the form

B(g1, g2) = trace(adg2 , adg1).

Then B is easily seen to be symmetric. Further, for all x ∈ g, adx is skew
symmetric with respect to B; i.e.

B(adxy1, y2) = −B(y1, adxy2).

If B is nondegenerate, we say that g is semi-simple. It is easy to show that
this implies that g is a direct sum of simple ideals. An ideal is called simple
if it contains no proper ideal. It is also true that if g is a direct sum of
simple ideals, then g is semi-simple; but this is more difficult to prove; see
Helgason [1962].

Proposition 3.39. (1) If the group G is compact, the Killing form B
of g is negative semi-definite. If B is negative definite, G is compact.

(2) If G is semi-simple and noncompact, then g may be decomposed
as p

⊕
h such that B|h is negative definite, B|p is positive definite, h is a

(maximal compact) subalgebra, [h, h] ⊂ h, [h, p] ⊂ p, [p, p] ⊂ h.
(3) Let G be semi-simple and non-compact, and let g = p

⊕
h be as

above. Then B|p defines a metric invariant under dσ so that G/H becomes
a symmetric space. The curvature of G/H is given by

K(X, Y ) = −||[X, Y ]||2.
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(4) Let G be compact semi-simple. σ2 = I, and g = p
⊕

h the decom-
position into the + and − eigenspaces of σ. Then −B|g is a bi-invariant
metric and defines a symmetric metric on G/H. The curvature is given by
K(X, Y ) = ||[X, Y ]||2.

(5) Let g = p
⊕

h be as in (3) and let [ , ] denote the Lie algebra struc-
ture. Then the rule

(3.40) �p1, p2� = −[p1, p2], �p, h� = [p, h], �h1, h2� = [h1, h2]

defines a new Lie algebra structure � , � on g. Let B̂ denote the Killing form
of � , �. Then

B̂|p = −B|p, B̂(p, h) = 0, hatB|h = B|h.

In particular, B is negative definite.
Conversely, given � , �, define [ , ] by ( 3.40). Then [ , ], g = p

⊕
h are

as in (2).
(6) If G is a compact Lie group, then G = (G × G)/G is a symmetric

space, where G ⊂ G × G is the diagonal inclusion.

Proof. (1) If G is compact, then it admits a bi-invariant metric 〈 , 〉.
For all g, Adg is in the orthogonal group of 〈 , 〉. Therefore, for all x, adx

is represented by a skew symmetric matrix. But the trace of the square of
a non-zero skew symmetric matrix is negative. If, on the other hand, B is
negative definite, then −B induces a bi-invariant metric on G. Using the
fact that g has no center, the claim follows from Proposition 3.34.

(2) See Helgason [1962], p. 156.
(3) Everything but the formula for the curvature follows immediately

from (2). Moreover, if X, Y ∈ p, then [[X, Y ], Y ] ∈ p, and by Proposi-
tion 3.37(6),

K(X, Y ) = −1
2
〈[[X, Y ], Y ], X〉 − 1

2
〈[[Y, X], X], Y 〉

= −1
2
B([[X, Y ], Y ], X) − 1

2
B([[Y, X], X], Y )

= +
1
2
B([X, Y ], [X, Y ]) +

1
2
B([Y, X], [Y, X]).

But [X, Y ] ∈ h and B|h = −〈 , 〉|h. Therefore the above expression becomes
−||[X, Y ]||2.

(4) This follows by an argument completely analogous to that of (3).
(5) This is straightforward, and we omit the details.
(6) Set σ(g1, g2) = (g2, g1). �
The metric in the Berger example is, of course, −B. The symmetry

about e in G considered as a symmetric space is given by g → g−1.
A pair of symmetric spaces related as in (5) are called dual to one an-

other.
We note that in a locally symmetric space since ∇R = 0, the Jacobi

equation ∇T∇T J = R(T, J)T has constant coefficients and hence may be
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solved explicitly. In fact, if T, E1, . . . , En are an orthonormal base of eigen-
vectors of x → R(T, x)T , at t = 0, then solutions vanishing at t = 0 are of
the form

sin(t
√

λ)E(t), sinh(t
√
−λ)E(t), tE(t)

according as λ > 0, λ < 0, λ = 0, where E(t) is a parallel eigenvector with
eigenvalue λ. In particular, if G is a compact Lie group then

R(T, J)T = −1
4
(adT )2(J).

Since the nonzero eigenvalues of the square of a skew symmetric matrix
occur in pairs, we have:

Proposition 3.41 (Bott). If G is a compact Lie group with bi-invariant
metric, then all conjugate points are of even order.

The following result will be utilized in Chapter 5 in the proof that in a
symmetric space geodesics minimize up to the first conjugate point. Suppose
that G is compact, σ : G → G, σ2 = 1 and H is the fixed point set of σ. Let

g = p ⊕ h, dσ(h) = h, dσ(p) = −p.

Call g ∈ G a transvection if g ∈ exp p = L. g ∈ L clearly implies σ(g) = g−1,
but not conversely.

Proposition 3.42. The map Φ : [gH] → gσ(g−1) defines an embedding
of G/H onto L. If 〈 , 〉 is a bi-invariant metric, then L is a totally geodesic
submanifold, and the metric on G/H induced by Φ is 2 times the normal
metric.

Proof. (1) Φ is well defined:

ghσ((gh)−1) = ghσ(h−1g−1) = ghσ(h−1)σ(g−1) = ghh−1σ(g−1)

= gσ(g−1).

(2) Φ is injective:
gσ(g−1) = fσ(f−1)

implies
f−1g = σ(f−1)(σ(g−1))−1 = σ(f−1)σ(g) = σ(f−1g).

This implies f−1g ∈ H or [fH] = [gH].
(3) Φ(G/H) = L: G/H is compact and therefore complete. Hence

exp[H]|G/H[H] is onto. dπ : p → G/H[H] is injective. By Corollary 3.33,
one-parameter subgroups of G are geodesics and project to geodesics in
G/H. Therefore π ◦ exp maps p onto G/H. Given g and let ep ∈ L be such
that [gH] = [epH]. Then

Φ(g) = Φ(ep) = epσ(e−p) = e2p ∈ L

Thus Φ(G/H) ⊂ L. But given g = ep ∈ L,

Φ(ep/2) = ep/2Φ(e−p/2) = ep = g.
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(4) Let Br(e) be a normal coordinate ball. Then

Br(e) ∩ L = expe(Br(0) ∩ p).

Clearly expe(Br(0) ∩ p) ⊂ Br(e) ∩ L.
Conversely if g ∈ Br(e) ∩ L, then σ maps the unique minimal geodesic

etx = exptx : [0, 1] → M

from e to g into the unique minimal geodesic from e to g−1 = exp(−x) = e−x.
But this geodesic is just e−tx, so that g = ex with dσ(x) = −x.

(5) Φ ◦ π(g) = g2 if g ∈ L. Thus dΦ ◦ dπ|p = 2I, where I is the identity
map. In fact,

Φ ◦ π(g) = gσ(g−1) = gg = g2.

(6) Φ is an embedding and the metric on G/H induced by Φ is 2 times
the normal metric: At [H] this follows from (5), so it suffices to prove the
relation

epΦ([e−pg])ep = Φ(g)
for all ep ∈ L. For then, taking [epH] = [gH] as is possible by (5), the above
implies

dRg ◦ dLg ◦ dΦe = dΦg.

But, in fact,

epΦ([e−pg])ep = epe−pgσ(g−1ep)ep = gσ(g−1)e−pep = Φ(g).

(7) L is a totally geodesic submanifold: By (3),(4) it follows that if Br(e)
is a normal coordinate ball then L∩Br(e) is a submanifold which is geodesic
at e. Therefore it suffices to verify that ep/2Lep/2 = L. But if ex ∈ L, then
by (3),

ep/2exep/2 = Φ(ep/2ex/2) ∈ L.

This completes the proof. �

We shall now briefly describe some applications of Theorem 3.20 to the
problem of finding examples of manifolds which admit a metric of nonneg-
ative curvature but are not diffeomorphic to a homogeneous space.

Example 3.43. Let G be a Lie group, K a compact subgroup and 〈 , 〉
a metric right invariant under K. Let M be a manifold on which K acts by
isometries. Then K acts by isometries on the product G × M by k(g, m) =
(gk−1, km). Clearly K acts without fixed point, and the quotient, which we
write as G ×K M , is a manifold.

Π : G × M → G ×K M is a submersion. Topologically, G ×K M is the
bundle with fiber M , associated with the principal fibration K → G → G/K.
Since K acts by isometries, G ×K M naturally inherits a metric such that
Π becomes a Riemannian submersion. If the metrics on G and M have
nonnegative curvature, then by Theorem 3.20 so does the metric on G×K M .
For G compact, we could take the bi-invariant metric on G, which does
have nonnegative curvature. Even if M is homogeneous, if K does not act
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transitively then G×KM is not, in general, homogeneous; see Cheeger [1973]
for details.

Example 3.44 (Gromoll and Meyer). Let Sp(n) denote the n-dimen-
sional symplectic group realized by n × n matrices Q, with quaternionic
entries, satisfying QQ̄t = I. Sp(n) is a compact Lie group and carries a
bi-invariant metric. Let Sp(1) act on Sp(2) by

Q →
[

q 0
0 q

]
Q

[
q 0
0 1

]
, q ∈ Sp(1), Q ∈ Sp(2).

This action is free and the quotient space turns out to be an exotic 7-
sphere. Thus this exotic sphere carries a metric of nonnegative curvature.
A calculation shows that on an open dense set of points the curvature is
actually strictly positive.

At present all known examples of manifolds of nonnegative curvature
are constructed by techniques closely related to the above.



CHAPTER 4

Morse Theory

Morse Theory is the study of the topology of the differentiable mani-
folds by means of the analysis of critical-point behavior of smooth functions.
Specifically, if one is given a manifold M and a generic function f : M → R,
one can find a homotopy equivalence between M and a CW-complex which
has one cell for each critical point of f .

This theory was originated by Marston Morse (ca. 1930; see Morse
[1934]) and has been a very fruitful tool in the study of differential ge-
ometry and topology. Since a beautiful exposition (Milnor [1963]) is already
available, we will merely discuss those results which will be needed in other
chapters, and for the most part rely on Milnor for the proofs. We begin with
the study of critical points.

Definition 4.1. Let f : M → R and p ∈ M . Then p is called a critical
point of f if (df)p = 0; i.e. (df)p is the zero element of M∗

p . We call c a
critical value of f if there exists some critical point p of f such that f(p) = c.

Lemma 4.2. If p is a critical point of f : M → R, and X and Y are vector
fields on M, then (X(Y f))(p) depends only on X(p) and Y (p). Furthermore,
the map X(p), Y (p) → X(Y (f))(p) is a symmetric bilinear form on Mp.

Proof. We have

(X(Y f))(p) − (Y (Xf))(p) = ([X, Y ])f(p) = df([X, Y ])p = 0,

so X(Y f)(p) is symmetric in the vector fields X and Y . Also X(Y f)(p)
depends only on X(p) and Y (Xf)(p) depends only on Y (p), so X(Y f)(p)
depends only om X(p), Y (p) and is symmetric by the above. It is clearly
bilinear, so the lemma follows. �

Definition 4.3. Let p be a critical point of f , and let Hpf : Mp×Mp →
R be the map defined by the above lemma. Hpf is called the Hessian of f .
If Hpf is a nondegenerate bilinear form, i.e. if the map x → Hpf(x, ) is an
isomorphism of Mp onto M∗

p , we say that p is a nondegenerate critical point .
The dimension λ of the subspace of maximum dimension on which Hpf is
negative definite is called the index of p.

Let f be expressed in local coordinates with the origin at p. Let D2
xf

denote the matrix whose i, j-th entry is ∂2f(x)/∂xi∂xj . Via the standard
inner product we may identify symmetric matrices with symmetric bilinear
forms. With this identification it is easy to see that Hpf = D2

0f .
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All manifolds admit functions which have only nondegenerate critical
points. In fact, any function can be approximated in the Cr topology by a
function of this type; see Milnor [1963], p. 32.

We now state the Morse Lemma, which gives a canonical form for f in
a neighboring of any nondegenerate critical point. Our proof is from some
notes of J.J. Duistermaat.

Lemma 4.4. Let p be a nondegenerate critical point of f : M → R. Then
there exists about p a chart φ : U → M

f ◦ φ(x) = f(p) + x2
1 + · · · + x2

n−λ − y2
1 − · · · − y2

λ.

To prove Lemma 4.4, we shall need some elementary notions about bi-
linear maps.

Let V be a finite-dimensional vector space, and let Q : V × V → R be a
bilinear map. Then if V ∗ is the dual space of V , Q̃ : V → V ∗ is defined by
the equation

Q̃(v)(w) = Q(v, w).
Let L(V ) be the space of linear transformations from V to itself, and

let SB(V ) be the symmetric bilinear forms on V , i.e., Q(v, w) = Q(w, v).
Given Q ∈ SB(V ), define G : L(V ) → SB(V ) by

G(S)(v, w) = Q(S(v), S(w)).

Lemma 4.5. If Q is nondegenerate, dG has maximal rank in a neigh-
borhood of I, where I is the identity map in L(V). Therefore there exists a
neighborhood N of Q in SB(V) and a smooth map J : SB(V ) → L(V ) such
that G ◦ J is the identity on N.

Proof. The second statement follows immediately from the first by the
implicit-function theorem. To prove the first statement we need only show
that at I, dG : L(V ) → SB(V ) is surjective. But

dG(S)(v, w) = Q(S(v), w) + Q(v, S(w)). (∗)
Given C ∈ SB(V ), we can check by using (∗) that at I, dG(S) = C if
S = 1

2Q̃−1C. The lemma follows. �
Proof of Lemma 4.4. Fix a chart ψ : O → M about p, where O is a

neighborhood of the origin in Rn and ψ(0) = p. Then it suffices to prove
the lemma for g = f ◦ ψ : O → R, which has a critical point at the origin.
We can assume that H0g = D2

0g is in diagonal form with n − λ eigenvalues
equal to 1 and λ eigenvalues equal to −1.

Denote by Bz the element of SB(Rn) defined by

Bz(v, w) =
∫ 1

0
D2

tzg(v, w)dt.

Then B0 = H0g and, since the origin is a critical point, by Taylor’s Theorem
we have

g(z) = g(0) + Bz(z, z).
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Let Q = H0g ∈ SB(Rn), and let G, J be as in Lemma 4.5. Then for
sufficiently small z, Bz is in the domain of J . For such z we may define η(z)
by

η(z) = J(Bz)(z).

Then
Bz(z, z) = H0g(η(z), η(z)).

Note that at the origin, dη = I. Therefore, by the implicit function theorem,
η is a diffeomorphism; η : U0 → U , for suitable neighborhoods U, U0 of the
origin. Set φ = η−1. Then

g(φ(x)) = g(0) + Bφ(x)(φ(x), φ(x)) = g(0) + H0g(x, x).

Since H0g is in diagonal form, in coordinates this just says

g(φ(x)) = g(0) + x2
1 + · · · + x2

n−λ − y2
1 − · · · − y2

λ.

�

Corollary 4.6. Non degenerate critical points are isolated.

Proof. It is clear from the form of f ◦ φ : U → R that its only critical
point is at 0. Thus f has no critical points in U except p, so p is isolated. �

Now we begin to study the relationship between critical points and ho-
motopy type. Let f : M → R and let

Ma = {p ∈ M |f(p) ≤ a}.

Lemma 4.7. If a is not a critical value of f, then Ma is a manifold with
boundary f−1(a).

Proof. Given p ∈ Ma, f(p) < a, then there is a neighborhood of p in
M which is included in Ma. If f(p) = a, and p is not a critical point of
a, then by the implicit-function theorem one can find functions, x2, . . . , xn

which together with f form a coordinate system near p. One then gets a
half-space chart for Ma by the restriction f(x) ≤ a. �

Theorem 4.8. If f−1[a, b] is compact and contains no critical points of
f, then Ma is diffeomorphic to M b. In fact Ma is a deformation retract
of M b, which is a diffeomorphism at each stage. Therefore the inclusion
Ma → M b is a homotopy equivalence.

Proof. See Milnor [1963], p. 12. The idea is to fix a Riemannian struc-
ture on M and consider the gradient vector field gradf of f . Then M b is
deformed into Ma by pushing it at constant speed down the integral curves
of gradf . The fact that gradf is nowhere zero in f−1[a, b] is crucial, as is
the compactness of f−1[a, b]. (See Fig. 4.1). �
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Theorem 4.9. Let f : M → R have a nondegenerate critical point
p of index λ such that f(p) = c. Assume that there exists ε such that
f−1[c − ε, c + ε] is compact and contains no critical points except p. Then
M c+ε has the homotopy type of M c−ε with a cell of dimension λ attached.
(See Fig. 4.2).

Proof. See Milnor [1963], p. 14. �

Theorem 4.10. If f : M → R has only nondegenerate critical points,
and for all a ∈ R, Ma is compact, then M has the homotopy type of a
CW-complex with one cell of dimension λ for each critical point of index λ.

Proof. See Milnor [1963], p. 20. This theorem, of course, follows from
repeated applications of Theorem 4.9. �

Note that any function satisfying the hypothesis of the above theorem
must be bounded below. For if {pi}∞i=1 is a sequence of points such that
f(pi) → −∞, then {pi} ⊆ Ma for some a and {pi} clearly has no limit point
and hence no convergent subsequence.

The following lemma will prove useful in the next chapter.

Lemma 4.11. (1) Let f : M → R be as in the above theorem, except that
critical points may be degenerate. Let p, q ∈ M and let γ : [0, 1] → M be a
smooth curve from p to q. Let a = max{f(p), f(q)}. Then given ε > 0, γ is
homotopic, keeping endpoints fixed to a curve γ̂, where f |γ̂ ≤ max(a, c) + ε
and c is the largest critical value of index one or zero.
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(2) If M is connected, f has no degenerate critical points, and if there
are no critical points of index one, then there is at most one critical point
of index zero.

Proof. (1) First assume that f has nondegenerate critical points. Let
b = max{f |γ[0, 1]}, and let p1, . . . , pk be the critical points of f in M b −Ma

with values f(pi) = ci. Since the critical points are isolated, it is easy to
alter f (without changing its critical set and without changing a and b) so
that {ci} are distinct. So assume b ≥ c1 > c2 > · · · > ck > a.

For any ε, there exists a deformation retract h1
s : M b → M c1+ε by

Theorem 4.8. Let γ1 = h1
1γ. If p1 has index zero, it is a strict local minimum,

and if ε is small enough, p is contained in a component H of M c1+ε such
that f(H) ⊆ [c1, c1 + ε]. Therefore, either γ1 ⊆ H or γ1 ∩ H = ∅.

If γ1 ⊆ H, then f(p), f(q) ≥ c1, which contradicts c1 > a. Thus γ1∩H =
∅, so if p1 has index zero we can forget about it. Hence we assume that p1

has index at least two.
From the proof of Theorem 4.9 (Milnor [1963], p. 14) we know that for

ε sufficiently small there is a deformation h2
s : M c1+ε → M c1−ε ∪ H, where

H is a neighborhood of p1, small enough so that f can be written in the
form of the Morse lemma:

f(x) = c1 + x2
1 + · · · + x2

n−λ − y2
1 − · · · − y2

λ.

Applying this deformation to γ1 to get γ2 ⊆ M c1−ε ∪ H. Note that the
deformations h1

s, h2
s are constructed to leave Ma pointwise fixed, so the

deformations do not move the endpoints of γ. Let L ⊂ H be the set on
which y1, . . . , yλ are zero. It is a standard result of transversality theory
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(see Sternberg [1964], for example) that given manifolds I and L ⊆ M and
a map γ2 : I → M , then if dimI + dimL < dimM , γ2 can be perturbed by
an arbitrary small amount so that γ2(I) ∩ L = ∅. Thus in the above (since
λ ≥ 2) we can perturb γ2 so that it does not meet L, and since we need only
change γ2 at those points where its image lies near L, we can still leave the
endpoints fixed.

There is a third deformation h3
s : (M c1−ε ∪H)−L → M c1−ε, which one

performs by deforming H into points of the form (0, 0, . . . , y1, . . . , yλ) (simply
contract the x-coordinates to zero) and then projecting from the center of
the subspace of the y-coordinates. Since only points in L have y-coordinates
all zero, H −L can be deformed in this fashion and the deformation extends
to M c2 as well (see Milnor [1963], pp. 17–19).

Applying this deformation to γ2, we get γ3 ⊆ M c2−ε. Continuing induc-
tively we get γ3 ⊆ M ck−ε. But since f has no critical points in M ck−ε−Ma,
we can deform M ck−ε to Ma and thus get the theorem in this case. (See
Fig. 4.3).

If f has degenerate critical points, approximate f by f̂ as in Milnor
[1963], p. 32. Since the index is lower semicontinuous, we may apply the
previous argument to f̂ .

(2) If p1 and p2 are nondegenerate critical points of index zero, by
Lemma 4.4 there exist distinct coordinate balls B1 and B2 about p1 and p2

such that f restricted to the boundary of Bi is bounded below by f(pi)+2ε.
But if we let γ be a curve from p1 to p2, by (1), γ can be deformed to γ̂,
where f |γ̂ ≤ max{f(p1), f(p2)} + ε. Since γ̂ must cross ∂B1 and ∂B2, we
have a contradiction and the lemma follows. �

Now we turn to the most important use of Morse Theory in Riemannian
geometry, namely, its application to the space of curves on a manifold. Again
we will merely summarize the results appearing in Milnor [1963].

Let Ω(p, q) be the set of continuous piecewise smooth curves in M from
p to q; that is, γ ∈ Ω(p, q) if γ : [0, 1] → M is continuous, γ(0) = p, γ(1) = q,
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and there exist 0 = t0 < t1 < · · · < tn = 1 such that γ|[ti, ti+1] is smooth.
We define a metric on Ω(p, q) as follows: Let γ, γ0 be two curves in Ω(p, q),
and let L(t), L0(t) be functions denoting the arclength of γ (respectively γ0)
from γ(0) to γ(t). then d(γ, γ0) the distance from γ to γ0 is defined by

d(γ, γ0) = max
0≤t≤1

{
ρ(γ(t), γ0(t)) +

[ ∫ 1

0

(dL

dt
− dL0

dt

)2
dt

] 1
2
}
.

It is easy to see that d is a metric and that the energy function

E(γ) =
∫ 1

0

(dL

dt

)2
dt

is continuous from Ω(p, q) to R. Note that if T is the tangent vector to γ,

E(γ) =
∫ 1

0
||T ||2dt.

Also, by the Schwarz inequality, we have

(L[γ])2 =
(∫ b

a
||T ||dt

)2
≤

∫ b

a
||T ||2dt

∫ b

a
12dt = E(γ)(b − a),

with equality if and only if ||T || is constant.
We would like to investigate the topology of Ω(p, q) by studying the crit-

ical points of E. However, since Ω(p, q) is not a finite-dimensional manifold,
we use an indirect approach.1

Let
Ωc(p, q) = {γ ∈ Ω(p, q)|E(γ) ≤ c}.

We shall cunstruct a subspace Ω(t0, . . . , tk)c of Ω(p, q)c which is a defor-
mation retract of Ωc(p, q), and is also a manifold. Then we will examine
E|Ω(t0, t1, . . . , tk)c.

Given c, let rc(M) be chosen such that for any point m with ρ(p, m) ≤√
c expm is a diffeomorphism on the ball Brc(M) ⊂ Mm. Choose 0 = t0 <

t1 < · · · < tk = 1 such that

c−1(rc(M))2 ≥ ti+1 − ti.

Let Ω(t0, . . . , tk) be a set of paths γ in Ω(p, q) such that γ|[ti, ti+1] is a
geodesic. Let

Ωc(t0, . . . , tk) = Ω(t0, . . . , tk) ∩ Ωc.

The broken geodesic γ in Ωc(t0, . . . , tk) is uniquely determined by the points
{γ(ti)}.

The map γ → (γ(t1), . . . , γ(tk−1)) thus defines an injection of

Ωc(t0, . . . , tk) → M × · · · × M (k − 1 times).

1It is possible to extend Morse Theory to infinite-dimensional manifolds in such a
way that Ω(p, q) may be treated more directly, see Palais [1969] and Schwartz [1964].
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The image of this map will be a submanifold of M × M × · · · × M with
boundary, whose interior corresponds to

{γ ∈ Ω(t0, . . . , tk)|E(γ) < c}.
Therefore we can endow Ωc(t0, . . . , tk) with the structure of a manifold, and
the function E|Ωc(t0, . . . , tk) is a smooth function.

We now proceed to construct a deformation of Ωc(p, q) onto Ωc(t0, . . . , tk).
Let γ ∈ Ωc(p, q). Define σi

s to be the unique minimal geodesic from γ(ti) to
γ(ti + s(ti+1 − ti)). Define hs(t) by

hs(t) =

{
σi

s(t), ti ≤ t ≤ ti + s(ti+1 − ti),
γ(t), ti + s(ti+1 − ti) ≤ t ≤ ti+1.

Let
γi

s = γ|[ti, ti + s(ti+1 − ti)].
Then

E(γi
s)s(ti+1 − ti) ≥ (L[γi

s])
2 ≥ (L[σi

s])
2 = E(σi

s)s(ti+1 − ti).

Since E(γi
s) ≥ E(σi

s), it follows that for all s, hs ∈ Ωc(p, q). hs obviously
defines a deformation retraction of Ωc(p, q) onto Ωc(t0, . . . , tk).

Now it remains to discuss the critical points of E. First take a 1-
parameter family of curves {cs} ⊆ Ω(p, q). Then computing as in (1.5),
we find

1
2

d
ds

(E(cs))
∣∣∣
s=0

= −
∫ 1

0
〈W,∇T T 〉dt +

∑
i

∆ti〈W, T 〉,

where
T =

∂

∂t
(cs(t)), W =

∂

∂s
(cs(t)),

and
∆ti〈W, T 〉 = lim

t→t+i

〈W, T 〉 − lim
t→t−i

〈W, T 〉,

where {ti} are the points at which c0 may fail to be smooth. If c0 is a broken
geodesic

∫
〈W,∇T T 〉 = 0 and c0 is smooth, then

∑
∆ti〈W, T 〉 = 0. In fact,

d(E(ct))/dt = 0 for all variations of c0 exactly when c0 is a non-broken
geodesic, and, conversely, the unbroken geodesics are the critical points of
E|Ωc(t0, . . . , tk). The argument is as in Chapter 1.

We can compute the second variation of E in a similar fashion. Namely,
if γ is a geodesic in Ω(p, q), if u and v are the parameters of a 2-parameter
variation of γ, and if V and W are the vector fields on γ induced by the
variation, then computing as in (1.18) we get

∂2E

∂u∂v
=

∫ 1

0
〈∇T V,∇T W 〉 + 〈R(V, T )W, T 〉,

which we defined in Chapter 1 to be I(V, W ), the index form. If we again
consider E|Ωc(t0, . . . , ti), then γ is varied through broken geodesics, so V
and W above will be broken Jacobi fields. Thus the index of a critical
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point of E|Ωc(t0, . . . , ti) is the index of I( , ) on broken Jacobi fields. It will
follow from Lemma 4.17 and 4.18 that this is the same as the index of I on
all vector fields.

Proposition 1.20 says in particular that γ is a degenerate critical point
of E if and only if p is conjugate to q along γ. However, for any M it is
possible to find p, q in M which are not conjugate along any geodesic. In
fact, it is a consequence of Sard’s Theorem that given p, for almost all q, q is
not conjugate to p along any geodesic. For a proof, see Milnor [1963], p. 98.
For such p and q, E|Ωc(t0, . . . , ti) satisfies the hypothesis of Theorem 4.10.
Thus Ωc(t0, . . . , ti) has the homotopy type of a CW-complex with one cell
of dimension λ for each critical point γ of index λ. We shall soon prove the
Morse Index Theorem, which says that the index of γ as a critical point of
E is equal to the number of points on γ conjugate to p, counted according
to their multiplicity.

Thus Ωc has the homotopy type of a CW-complex that has a cell of
dimension λ for each geodesic γ from p to q of energy ≤ c which has λ
points conjugate to p.

Since Ω =
⋃

c∈R+

Ωc, an increasing union, we find the following result.

Theorem 4.12 (Fundamental Theorem of Morse Theory). If p is not
conjugate to q along any geodesic, then Ω(p, q) has the homotopy type of a
CW-complex with one cell of dimension λ for each geodesic γ from p to q
which contains λ points conjugate to p. (See Milnor [1963], p. 95.)

As an interesting example, we apply this theorem to a compact Lie group
G. If we endow G with a bi-invariant metric, we know by Proposition 3.41
that all conjugate points have even order. Thus the index of any geodesic is
even. Hence, if p, q ∈ G are not conjugate, Ωp,q(G) is homotopy equivalent to
a CW-complex with only even-dimensional cells. It follows that the integral
homology of Ωp,q(G) is trivial in odd dimensions and free abelian in even
dimensions. The rank of Hλ(Ωp,q) equals the number of geodesics of index
λ; cf. Milnor [1963].

The following will be useful in Chapter 5.

Proposition 4.13. If M and M0 are manifolds with geodesics γ, γ0 of
equal length, and if for all t the minimum curvature of M at γ(t) is greater
than or equal to the maximum curvature of M0 at γ0(t), then the index of γ
must be greater than or equal to the index of γ0. Hence γ as a critical point
of E has greater index than γ0.

Proof. Choose a correspondence between vector fields along γ, γ0, as
in the proof of Rauch I. Then the result is immediate from the formula for
the second variation of E. �

Let γ : [0, 1] → M be a geodesic from p to q. Then the index form I is
a symmetric bilinear form on the set of continuous piecewise smooth vector
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fields χ0(γ) on γ which vanish at p and q. The following theorem furnishes
a good method for computing the index.

Theorem 4.14 (Morse Index Theorem). The subspace of χ0(γ) on which
I is negative definite is finite dimensional, and its dimension is equal to
the number of conjugate points to p on γ([0, 1]) counted according to their
multiplicity. The null space of I is zero unless q is conjugate to p, and in
that case its dimension is the order of the conjugate point q.

Proof. The proof of this theorem consists of several steps. If V, W are
in χ(γ), then

I(V, W ) =
∫ 1

0
〈∇T V,∇T W 〉 − 〈R(T, V )T, W 〉

=
∑

i

∆ti〈∇T V, W 〉 −
∫ 1

0
〈∇2

T V, W 〉 + 〈R(T, V )T, W 〉.

In particular, if for all i, V |[ti, ti+1] is a Jacobi field, then

I(V, W ) =
∑

∆λi
〈∇T V, W 〉.

Now pick an increasing sequence

0 = t0 < t1 < · · · < tn = t ≤ 1

such that each segment γ|[ti, ti+1] has no pair of conjugate points. Let

χ1 = {V ∈ χ0(γ)|V (ti) = 0}
and let χ(t0, . . . , tk) be the subspace of those vector fields in χ0(γ) which
are Jacobi fields on each segment [ti, ti+1]. Since a Jacobi field on γ|[ti, ti+1]
is determined by its values at the endpoints,

χ(t0, . . . , tk) = Mγ(t1) ⊕ · · · ⊕ Mγ(tk−1).

This identification is exactly the tangent map at γ to the injection

Ωc(t0, . . . , tk) → M × M × · · · × M.

Also,
χ0(γ) = χ1 ⊕ χ(t0, . . . , tk),

where for V ∈ χ0(γ), the element of χ(t0, . . . , tk) is determined by V (t1),
V (t2), . . . , V (tk−1). �

We pause for a moment to prove several preparatory lemmas.

Lemma 4.15. V ∈ χ0(γ) is in the null space of I if and only if V is a
Jacobi field.

Proof. This is just a restatement of Proposition 1.20. �
Corollary 4.16. The dimension of the null space of I equals the order

of the conjugate point q.

Lemma 4.17. I|χ1 is positive definite.
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Proof. Let Ii be the index form on γ|[ti, ti+1]. Then I|χ1 =
∑

Ii. Let
W ∈ χ1. Then by the index lemma,

Ii(W, W ) ≥ Ii(J, J),

where J is a Jacobi field such that Jti = Jti+1 = 0. But then J = 0 on
[ti, ti+1], so Ii(W, W ) ≥ 0. Also, Ii(W, W ) = 0 only when W = J = 0.
Therefore,

I(W, W ) =
∑

i

Ii(W, W ) ≥ 0

with equality only when W = 0 on all of γ. �
Lemma 4.18. χ1 and χ(t0, . . . , tk) are perpendicular with respect to I.

Proof. Let W ∈ χ(t0, . . . , tk), W ∈ χ1. The lemma is immediate from
the fact that W vanishes at the jumps of ∇T V , and the formula for I when
V is a broken Jacobi field. �

Corollary 4.19. Index(I) = Index(I|χ(t0, . . . , tk)). Hence the index
is finite.

Proof. Use Lemmas 4.17 and 4.18. �
Proof of the Morse Index Theorem 4.14. By use of the identifi-

cation of χ(t0, . . . , tk−1, t), for variable t, with

Mγ(t1) ⊕ · · · ⊕ Mγ(tk−1) = v.

we can view I|χ(t0, . . . , tk−1, t) as a 1-parameter family of bilinear forms It

on a fixed vector space v. Let v ∈ Mγ(tk−1) and Jt,v be the Jacobi field
on [tk−1, t] such that Jt,v(tk−1) = v and Jt,v(t) = 0. Clearly Jt,v varies
continuously with t. Hence so does It. Moreoever, for t′ > t, let J̃t,v be the
field on [tk−1, t

′] which agrees with Jt,v on [tk−1, t] and is zero on [t, t′]. Then
by the First Index Lemma,

I(J̃t,v, J̃t,v) > I(Jt′,v, Jt′,v).

Thus for fixed v ∈ v, t′ > t implies It′(V, V ) < It(V, V ). It follows that the
index of It′ for t′ > t is at least equal to the index of It, plus the nullity of
It. Because It depends continuously on t, for t′ − t sufficiently small, the
opposite inequality is also true. For t sufficiently small, the index of It is
zero by the basic index lemma. The theorem now follows from an obvious
counting argument and Lemma 4.15. �

Remark 4.20. There is also an index theorem for focal points. (See
Postnikov [1965].)





CHAPTER 5

Closed Geodesics and the Cut Locus

In Corollary 1.9, we observe that for each p the exponential map is
injective on a sufficiently small ball in Mp. Hence we take up the question of
determining the maximum radius of such a ball. This is definitely a global
problem. The results of the chapter will be applied in Chapters 6 and 7.

Let γ : [0,∞) → M be a geodesic with γ(0) = m. All geodesics in
this chapter will be parameterized by arc length, unless we make explicit
mention to the contrary, and all manifolds are assumed to be complete. For
sufficiently small t > 0 we know that ρ(γ(t), γ(0)) = t, since expm is injective
on a sufficiently small ball in Mm. On the other hand if ρ(γ(t1), γ(0)) < t1,
then for any α > 0

ρ(γ(t1 + α), γ(0)) ≤ ρ(γ(t1 + α), γ(t1)) + ρ(γ(t1), γ(0)) < t1 + α.

It follows that the set of t for which ρ(γ(t), γ(0)) = t is either [0,∞) or [0, t0)
for some t0 > 0. In the latter case, γ(t0) is called the cut point of γ with
respect to m. The union of all cut points is called the cut locus of m and
denoted by C(m). If M is compact, it follows that every γ must have a cut
point. Conversely if for some m ∈ M , every γ has a cut point, then M is
necessarily compact.

Example 5.1. M = Sn. In this case, for any m ∈ Sn, C(m) is the
antipodal point m.

The following gives a useful characterization of cut points.

Lemma 5.2. γ(t0) is a cut point of m = γ(0) along γ if and only if one
of the following holds for t = t0 and neither holds for any smaller value of
t:

(a) γ(t0) is conjugate to m along γ, or
(b) there is a geodesic σ �= γ from m to γ(t0) such that L[σ] = L[γ].

Proof. Let εi > 0 be a sequence with εi → 0. Let σi �= γ be a sequence
of minimal geodesics from m to γ(t0+εi). By compactness of the unit sphere
in Tm(M) we may assume that there is a geodesic σ such that σ′

i(0) → σ′(0)
for some subsequence. By continuity, L[σ] = L[γ], and either σ �= γ or, by
the inverse-function theorem, dexpm must be singular at t0γ

′(0).
As we know, geodesics do not minimize past the first conjugate point.

Similarly, if there exists σ �= γ from γ(0) to γ(t0), then the curve σ|[0, t−ε]∪τ
has length < t + ε, if τ is the nimimal geodesic from σ(t− ε) to γ(t + ε). �
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Corollary 5.3. If γ(t0) is a cut point of γ(0) along γ, then γ(0) is a
cut point of γ(t0) along −γ.

Proposition 5.4. The distance to the cut point is a continuous function
defined on an open subset of the unit sphere bundle of M. In particular, C(m)
is a closed set.

Proof. Let γi(0) → γ(0), γ′
i(0) → γ′(0), and let ti0, t0 be distances

to the cut points of γi, γ (with possibly ti0 = ∞). If for infinitely many
γi and fixed t, ρ(γi(t), γi(0)) = t, it follows by continuity of the distance
function that ρ(γ(t), γ(0)) = t and hence that the dependence is upper
semicontinuous. Let t̄ = lim sup ti0. Since the set of singular values of the
exponential map is closed, an accumulation point of conjugate points is a
conjugate point. We may therefore assume that there is a sequence ti0 → t̄
such that there exist σi �= γi, with

σi(0) = γi(0), σi(ti0) = γi(ti0), L[σi] = L[γi], σi → σ.

We may also assume that γ(t̄) is not conjugate to γ(0). Hence by the
inverse function theorem there is a neighborhood U of t̄γ′(0) in T (M) on
which expp|U is locally one to one for all p ∈ Π(U), where Π : T (M) →
M . It follows that σ �= γ, and hence that the above dependence is lower
semicontinuous. �

It follows from Proposition 5.4 that for each p there exists q ∈ C(p) such
that ρ(p, q) = ρ(p, C(p)) provided C(p) �= ∅.

Let
G = {v ∈ Mm|ρ(expmv, m) = ||v||}.

The boundary ∂G is called the cut locus in the tangent space Mm. By what
we have seen above, if M is compact, G is homeomorphic to a closed ball
and M is obtained from this ball by making certain identifications on the
boundary. Note also that M−m is homotopy equivalent by radial projection
to the cut locus C(m). Now expm|G−∂G is 1-1 onto M −C(m), and hence
M − C(m) is an open ball. It is important to be able to estimate a lower
bound for the size of this ball (or, more precisely, minv∈∂G(||v||) in terms of
geometric properties of M . Roughly speaking, this allows one to distinguish
between local and global situations in M .

Definition 5.5. The injectivity radius i(M) of M is the largest r such
that for all m, expm is an embedding on the open ball of radius r in Mm.
Alternatively

i(M) = min{||v||
∣∣m ∈ M, v ∈ ∂G(m)}.

As above, it follows from Proposition 5.4 that if M is compact, there
exist p, q ∈ C(p) such that ρ(p, q) = i(M).

Lemma 5.6. Let q realize the minimum distance from p to its cut locus.
Then either there is a minimal geodesic γ from p to q along which q is
conjugate to p, or there are precisely two minimal geodesics γ, σ from p to
q such that γ′(p) = −σ′(p).
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Proof. By Lemma 5.2, we may assume that there exist distinct minimal
geodesics γ, σ such that q is not conjugate to p along either. If γ′(q) �=
−σ′(q), then there must exist v ∈ Mq such that

〈v,−γ′(q)〉 > 0, 〈v,−σ′(q)〉 > 0.

Let τ be a geodesic such that τ ′(0) = v. Since q is not conjugate to p along
γ or σ, for sufficiently small s there exist 1-parameter families of geodesic
segments γs, σs going from p to τ(s) with γ0 = γ, σ0 = σ.

By the first variation formula,

d
ds

(L[γs])
∣∣∣
s=0

< 0,
d
ds

(L[σs])
∣∣∣
s=0

< 0,

and hence for sufficiently small s, we have say

L[γs] ≤ L[σs] < L[γ] = L[σ].

It follows from Lemma 5.2 that there is a cut point of σs between p and
τ(s). Since L[σs] < L[γ], this is a contradiction. �

Corollary 5.7 (Klingenberg). If K ≥ KM ≥ H > 0, then

i(M) ≥ min
{ π√

K
, half the length

of the shortest smooth closed geodesic in M
}
.

Proof. We can assume that there exist p, q ∈ C(p) such that ρ(p, q) =
i(M) and q is not conjugate to p along any minimal geodesic. Then there
exist precisely two geodesics γ, σ such that

γ(0) = σ(0) = p, γ(t0) = σ(t0) = q, γ′(t0) = −σ′(t0).

Now q ∈ C(p) implies p ∈ C(q), and clearly p, which is not conjugate to q, is
a point of C(q) closest to q. Hence σ′(0) = −γ′(0), and γ and σ fit together
to form a smooth closed geodesic. If, on the other hand, q is conjugate to
p, then by Corollary 1.35, ρ(p, q) > π√

K
. �

We now derive some results on finding a lower bound for i(M) in various
situations. First, we will give a completely general theorem which is not as
sharp as possible in the special situations handled by the theorems which
follow it. However, if one of the bounds is removed and no other restrictions
are added then counterexamples exist.

Let d(M) denote the diameter of M and V (M) the volume; see Kobaya-
shi and Nomizu [1963, 1969].

Theorem 5.8 (Cheeger [1970]). Given n, d, V > 0 and H, there exist
cn(d, V, H) > 0 such that if M is an n-dimensional Riemannian manifold
such that d(M) ≤ d, V (M) > V and KM ≥ H, then every smooth closed
geodesic on M has length > cn(d, V, H).
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Proof. The idea is to show that the existence of a sufficiently short
closed geodesic would imply V (M) ≤ V . As a matter of notation, in a
vector space with inner product let at,θ(v) (respectively a′t,θ(v)) denote the
set of vectors of length ≤ t making an angle α ≤ θ < 1

2π (respectively
θ ≤ α ≤ 1

2π) with either v or −v. Let MH denote the canonical simply
connected space of constant curvature H and dimension n. Define θ∗ by the
condition

V (expm(a′d,θ∗(v))) =
1
2
V,

where m ∈ MH and v ∈ MH
m . Clearly θ∗ < 1

2π. Now define r by

V (expm(ar,θ∗(v))) =
1
2
V.

(If H > 0, it follows easily from Rauch I that r < 1
2π/

√
H, since in that case

1
2V < 1

2V (M) ≤ 1
2V (MH).) Now let σ, τ be geodesics in MH such that

σ(0) = τ(0), �(σ′(0), τ ′(0)) = α ≤ θ∗ <
1
2
π.

Since σ|[0, r] is minimal, it follows from the first variation formula that
ρ(σ(r), τ(t)) is strictly decreasing for sufficiently small t. Using the conti-
nuity of the distance function, and the fact that θ∗ is strictly less than 1

2π,
we deduce the existence of a number cn(d, H, V ) > 0 such that for any σ, τ
as above, with α ≤ θ∗, ρ(σ(r), τ(t)) < r provided t ≤ cn(d, H, V ). We write
cn(d, H, V ) because this number clearly depends only on n, H and r, where
r depends only on n, H, d, V .

We now show that cn(d, H, V ) has the property claimed in the theorem.
Let γ be a smooth closed geodesic in M of length l ≤ cn(d, H, V ). It will
suffice to show that the cut locus in Mγ(0) is contained in a′d,θ∗(γ

′(0)) ∪
ar,θ∗(γ′(0)). This region is depicted in Fig 5.1. Then by Rauch I, we have

V < V (M) ≤ V (expγ(0)(a
′
d,θ∗(γ

′(0)))) + V (expγ(0)(ar,θ∗(γ′(0))))

≤ V (expm(a′d,θ∗(v))) + V (expm(ar,θ∗(v))) =
1
2
V +

1
2
V = V.

which is a contradiction.
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Since d(M) ≤ d, it suffices to show that if w ∈ ar,θ∗(γ′(0)), then
expγ(0)tw does not minimize beyond t = r. Now either �(w, γ′(0)) ≤ θ∗

or �(w,−γ′(0)) ≤ θ∗. Suppose the former. Toponogov’s Theorem 2.2 and
the construction of cn(d, H, V ) imply that ρ(expγ(0)rw, γ(l)) < r. (We can
apply Toponogov because cn(d, H, V ) < π/

√
H) and if expγ(0)tw|[0, r] is not

minimal, there is nothing to prove. (The fact that dimMH may be > 2
is of no importance, since σ, τ above span a 2-dimensional totally geodesic
submanifold.) Since γ is closed, γ(l) = γ(0). Thus ρ(expγ(0)rw, γ(0)) < r,
which implies that expγ(0)tw does not minimize past t = r. Since γ is smooth
and closed,

−γ′(0) = −γ′(l).
Therefore, if

�(w,−γ′(0)) = �(w,−γ′(l)) ≤ θ∗,

the same argument applies. �
Note that in case the Ricci curvature of M satisfies

Ric(x, x) ≥ (n − 1)H > 0

for all unit vectors x, then by Meyer’s Theorem, d(M) ≤ π
√

H. Also, if the
Euler characteristic or some Pontryagin number #(M) is nonzero and B
denotes the corresponding characteristic form (see Chern [1944], Kobayashi
and Nomizu [1963, 1969]),∫

B = #(M),
∫

||B||dA ≥ |#(M)| ≥ 1,

then
V (M) ≥ (max||B||)−1.

Now max||B|| may be estimated from above in terms of max||KM ||. Thus
if these conditions are satisfied, Theorem 5.8 is particularly useful.

Theorem 5.9. Let M be even-dimensional orientable and K ≥ KM > 0.
Then:

(1) (Klingenberg) If p,q are such that q ∈ C(p) and ρ(p, q) = i(M), then
q is conjugate to p. Hence i(M) ≥ π/

√
K.

(2) (Synge) M is simply connected.

Proof. (1) The proof involves a quite typical application of the second
variation formula. By Corollary 5.7, we may assume that there is a smooth
closed normal geodesic γ with γ(0) = p through p and q such that L[γ] =
l = 2i(M). By parallel translating around γ we obtain an isometry Pγ :
Mγ(0) → Mγ(0 which is orientation preserving and such that Pγ(γ′(0)) =
γ′(0). Hence the restriction of Pγ to the subspace N ⊂ Mγ(0) normal to
γ′(0) is an orientation-preserving isometry of N to itself. Since M is even
dimensional, N is odd dimensional, and it follows from elementary linear
algebra that Pγ |N must leave some vector v ∈ N invariant. Hence v extends
to a parallel vector field V (t) normal to γ such that V (l) = V (0). Choose
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a smooth variation of γ by closed curves hs such that h0 = γ and such
that the variation vector field is V (e.g. hs(t) = expγ(t)sV (t)). Apply the
second variation formula. Using the fact that V (0) = V (l), we see that the
boundary terms cancel, and we get

l′′(0) =
∫ l

0
(−K(V, γ′)dt < 0

since V ′ = 0 and K > 0. Therefore L[hs] 1has a strict local maximum at
s = 0.

Let qs be a point on hs farthest from hs(0), and let σs be a minimal
geodesic from qs to hs(0). Since ρ(hs(0), qs) < i(M), σs is in fact unique
and qs is not conjugate to hs(0) along σs. It follows from the first variation
formula that σ′

s(0) ⊥ h′
s(0). Now, since q is the unique point on γ farthest

from p, it follows by continuity that lim
s→0

qs = q. By (local) compactness
of the unit sphere bundle, there exists an accumulation point w ∈ Mq of
σ′

s(0). By continuity of the distance function and the exponential map, if σ
is the geodesic with σ′(0) = w, then σ|[0, 1

2 l] is a minimal segment from q
to p. Clearly σ′

s(0) ⊥ γ′, and thus σ does not coincide with either segment
of γ. But since p realizes the distance from q to C(q), by Lemma 5.6, q is
conjugate to p.

(2) We show that if M is compact, each nontrivial free homotopy class
h of loops contains a member of minimal length which is a smooth closed
geodesic. In fact, let l be the infimum of the lengths of curves in some
nontrivial class, and let 0 = t0 < · · · < tn = 1 be a subdivision of [0, 1] such
that ti+1−ti < i(M)/l for all i. Let γj be a sequence of curves parameterized
proportional to arc length such that

lim
i→∞

L[γi] = l = inf
h∈h

L[h].

By the argument of Chapter 4, we may assume that each γj is a broken
geodesic with breaks at γj(ti). By compactness of M , we may assume that
the sequence γj(ti) converge. Hence {γj} approaches some limit curve γ
which is clearly in the same free homotopy class and is a geodesic with at
most breaks at γ(ti). But since γ has minimal length, an easy application
of the first variation formula shows that γ is actually smooth. However, the
argument of (1) shows that a smooth closed geodesic can be deformed to
shorter curves, which contradicts the minimality of γ. Hence there exists no
nontrivial free homotopy class and M is simply connected. �

In case M is odd dimensional, simply connected, and has curvature
satisfying K ≥ KM ≥ 1

4K > 0, then the first part of the above result still
holds. We shall only treat the case KM > 1

4K. The case KM ≥ 1
4K is

similar but technically more complicated (see Cheeger and Gromoll [1972]).
The proof does not use explicitly the fact that M is odd dimensional, only
that dimM ≥ 3.
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Theorem 5.10 (Klingenberg). Let M be a simply connected Riemannian
manifold of dim ≥ 3 such that K ≥ KM ≥ H > 1

4K > 0. Then i(M) ≥
π/

√
K.

Proof. By Corollary 5.7, it suffices to show that any smooth closed
geodesic has length ≥ 2π/

√
K. In fact, let γ be any closed geodesic of length

< 2π/
√

K, not necessarily smooth. Since M is simply connected, there is a
homotopy Hs such that H1 = γ and H0 ≡ γ(0). As in Chapter 4, we may
assume that the Hs are piecewise smooth and parameterized proportional
to arc length, i.e. we may view Hs as a curve in some finite-dimensional
approximation to Ω(γ(0), γ(0)). Now by Proposition 4.13, comparing with
a sphere of curvature H, every geodesic in Ω(p, q) of length ≥ π/

√
H has

index at least n − 1 ≥ 2. Hence by Lemma 4.11 we may replace Hs by a
homotopy (also denoted by Hs) such that for any fixed s,

L[Hs] ≤ π/
√

H + ε < 2π/
√

K − 2ε1

for sufficiently small ε, ε1. We now show how this implies that γ can be lifted
to a closed curve in Mγ(0). Since the lift of a geodesic is always a ray, this
will give a contradiction. Let s0 be such that si → s0 and the curves Hsi

can each be lifted to closed curves

H̃si ⊂ Bπ/
√

K−ε1
(0) ⊂ Mγ(0)

(open ball). Then by Ascoli’s Theorem, it follows that there is a convergent
subsequence H̃sij

→ H̃s0 , where H̃s0 is a closed curve lifting Hs0 . We claim

that H̃s0 is also contained in the open ball Bπ/
√

K−ε1
(0). If not, by the

Gauss Lemma we could find t0 ≤ t1 such that∫ t0

0
||H̃ ′

s0
(t)r||dt +

∫ 1

t1

||H̃ ′
s0

(t)r||dt ≥ 2π/
√

K − 2ε1,

where ( )r denotes the radial component. But ||H̃ ′
s0

(t)r|| ≤ ||H̃ ′
s0

(t)||, so the
above inequality would imply

L[Hs0 ] ≥ 2π/
√

K − 2ε1 ≥ π/
√

H − ε1,

which is a contradiction. Thus the set of values for which Hs may be lifted to
Bπ/

√
K−ε1

(0) is closed. Let s0 be such that Hs0 may be lifted to Bπ/
√

K−ε1
(0).

Since exp is locally a diffeomorphism on this ball (see the remarks following
Theorem 1.34), by compactness there exists r, s such that, for any s such
that |s0 − s| < s, each point Hs(t) has a unique inverse image H̃s(t) in
the ball Br(H̄s0(t)). For sufficiently small r, it is straightforward to check
that the H̃s(t) define a continuous closed lift of Hs(t) which is contained
in Bπ/

√
K−ε1

(0). Thus the set of s such that Hs may be lifted is open and
closed, so by the connectedness of [0,1], γ itself can be lifted, which is our
final contradiction. �
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One might conjecture that by use of a different argument the hypothesis
KM ≥ 1

4K could be removed as in the even-dimensional case. The Berger
Example 3.35 shows that this is not possible, and that the best one could
hope to prove is L[γ] ≥ 2π/

√
K if K ≥ KM ≥ 1

9K.
Another application of Lemma 4.11 is contained in the following more

special result.

Theorem 5.11. If M is simply connected and if, for m ∈ M , the first
conjugate point along every geodesic γ with γ(0) = m is of order ≥ 2, then
all geodesics from m minimize up to the first conjugate point.

Proof. Let γ|[0, t] have index zero and γ(t) be not conjugate to γ(0)
along γ. Since the set of singular points of expγ(0) is closed, it follows from
the Morse Index Theorem that there exist ε1, ε2 such that if �(σ′(0), σ′(0)) <
ε1 and ε < ε2, then σ is of index zero on [0, t + ε]. Now by Sard’s Theorem
(Sternberg [1964]), there exists a sequence of points pi → γ(t) such that
every geodesic from m to pi has nonconjugate endpoints and hence is of
index 0 or ≥ 2. By Lemma 4.11, then for each pi there is just one geodesic
segment γi of index zero from m to pi, and hence γi must be the unique
minimal segment from m to pi. However, since dexpm is nonsingular at
tγ′(0), it maps some small neighborhood of tγ′(0) onto a neighborhood of
γ(t). Thus for ρ(pi, γ(t)) sufficiently small, there exist segments γ̄i → γ from
m to pi which by the above are of index zero. By uniqueness of the γi we
have γ̄i = γi and hence γi → γ. Since γ is the limit of segments which are
minimal on [0, t], it must itself be minimal on [0, t]. �

Corollary 5.12. If G is a simply connected Lie group with bi-invariant
metric, then all geodesics minimize up to the first conjugate point.

Proof. This is immediate from Proposition 3.41 and Theorem 5.11. �

More generally:

Theorem 5.13. Let M = G/H be a symmetric space with metric in-
duced from the Killing form of G, where G is a compact simply connected
semi-simple Lie group and H is the fixed point set of an involutive automor-
phism σ. Then:

(1) geodesics minimize up to the first conjugate point in M;
(2) M is simply connected;
(3) H is connected.

Proof. (1) By Corollary 5.12, we know that geodesics in G minimize up
to the first conjugate point, By Proposition 3.42, the map Φ : G/H → G,
Φ([gH]) = gσ(g−1) embeds M as a totally geodesic submanifold of G in
such a way that the induced metric is 2 times the normal metric on M . It
will suffice then to check that if γ : [0,∞) → M is a geodesic, then the
first conjugate point occurs at the same value of t as it does for Φ(γ) ⊂ G.
We may assume Φ(γ(0)) = e. Recall from Chapter 3 that we have the
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decompositions

g = p ⊕ h, [h, h] ⊂ p, [h, p] ⊂ p, [p, p] ⊂ h

where h is the Lie algebra of H and p is identified with Φ(M)e. Now by
the remark preceeding Proposition 3.4 we know that the conjugate points
of γ in G occur at values π/λi, where the corresponding Jacobi field is of
the form sin(

√
(λit))Ei, and Ei is the parallel translate of an eigenvector of

−1
4Ad2(T ), where T = dΦ(γ′(0)). Let v be an eigenvector with eigenvalue

λi. Since T ∈ p, and above relations show that

−1
4
Ad2(T )(h) ⊂ h, −1

4
Ad2(T )(p) ⊂ p.

Hence v = vp + vh, vp ∈ p, vh ∈ h and vp, vh are also eigenvectors. It follows
that either p or h contains a nonzero eigenvector. In fact, Ad(T ) is easily
seen to provide an isomorphism between the set of eigenvectors in p and
those in h. We conclude that the first conjugate point occurs in M at the
same value of t as in G, and in fact with one half of the order.

(2) Assume that M is not simply connected, and let γ : [0, t0] → M be
a minimal closed geodesic in some nontrivial homotopy class. Then there
exists t1 ≤ 1

2t0 such that γ(t1) is the cut point of γ. So by (1), γ(t1) must
be a conjugate point. But in this case γ can be deformed to a shorter curve
(as in proof of Corollary 1.29), which is impossible.

(3) G → G/H = M is a fibration, so we have the exact homotopy
sequence (Spanier [1966])

· · · → Π1(M) → Π0(H) → Π0(G) → . . .

Since G is connected and M is simply connected, it follows that H is con-
nected. �

The above result is originally due to Crittenden [1962], where it is proved
differently. Our proof is taken from Cheeger [1969].

Appendix

As set A ⊂ M is called strongly convex if its closure Ā has the property
that for any q, q′ ∈ Ā there is a unique minimal geodesic τq,q′ from q to q′

such that the interior of τq,q′ is contained in A. We are going to show that
a sufficiently small open metric ball in any Riemannian manifold is strongly
convex.

We have seen the distance of a point q to its cut locus is a continuous
function of q. Let Br(p) be contained in some compact set C. Let J denote
the infimum of this function over C. Let K denote the supremum of sectional
curvatures at points of C. In what follows interpret π/

√
K as infinity if

K ≤ 0.

Theorem 5.14 (cf. Whitehead [1932]). If r < 1
2min{π/

√
K, J}, then

Br(p) is strongly convex. In particular, there exists a positive continuous
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function r(p), the convexity radius, such that r < r(p) implies Br(p) is
strongly convex.

The proof of Theorem 5.14 depends on the following, more local, state-
ment.

Lemma 5.15. Let Br(p) be a normal coordinate ball such that r <
1
2π/

√
K. Let τ : [0, 1] → Br(p) be a geodesic segment. Then the func-

tion ρ(τ(t), p) has at most one critical point for 0 < t < 1, and such a
critical point must be a minimum.

Proof. The uniqueness follows easily from the statement that any crit-
ical point t0 is a minimum. Let σq : [0, 1] → M denote the unique minimal
geodesic from p to q. Set L[στ(t0)] = l and consider the variation στ(t)(s) of
στ(t0). By the second variation formula (1.17)

d2

dt2
L[στ(t)] =

∫ l

0
(〈∇T V,∇T V 〉 − 〈R(T, V )V, T 〉)dt.

Here the endpoint terms 〈∇V V, T 〉 vanish because τ is a geodesic and the
terms (T 〈V, T 〉)2 vanish because the variation is through geodesics and 〈V, T 〉
vanish at the endpoints. If K ≤ 0, the integrand is clearly positive. In the
space of constant curvature K > 0, let V̄ be a vector field along some
geodesic σ̄ with the same expression in parallel frames as V . Then by the
Index Lemma 1.24,∫ l

0
(〈∇T V,∇T V 〉 − 〈R(T, V )V, T 〉) =

∫ l

0
(〈∇T V,∇T V 〉 − K(T, V )〈V, V 〉)

≥
∫ l

0
(〈∇T V,∇T V 〉 − K〈V, V 〉)

=
∫ l

0
(〈∇T̄ V̄ ,∇T̄ V̄ 〉 − K〈V̄ , V̄ 〉)

=
∫ l

0
(〈∇T̄ V̄ ,∇T̄ V̄ 〉 − 〈R̄(T̄ , V̄ )V̄ , T̄ 〉)

≥
∫ l

0
K(cos2(t

√
K) − sin2(t

√
K)).

Since l < π
2
√

K
, the last term is positive, which suffices to complete the

proof. �
Proof of Theorem 5.14. The existence of r(p) is an easy consequence

of the first statement. Let q, q′ ∈ B̄r(p). Since

ρ(q, q′) ≤ ρ(q, p) + ρ(p, q′) ≤ 2r < J,

it follows easily that there is a unique minimal geodesic γ from q to q′

which varies continuously with q, q′. Choose ε > 0 such that r + ε <
1
2min(π/

√
K, J), and set

Vr+ε = {(q, q′) ∈ B̄r(p) × B̄r(p)|γ ⊂ Br+ε(p)}.



5. CLOSED GEODESICS AND THE CUT LOCUS 91

Using the fact that γ varies continuously with q, q′ we see that Vr+ε, which
is obviously nonempty, is relatively open. Moreover by Lemma 5.15, if
(q, q′) ∈ Vr+ε then int(γ) ⊂ Br(p). Otherwise ρ(γ(t), p) would have an
interior maximum. Since γ varies continuously with (q, q′) it follows that if
(q, q′) ∈ V̄r+ε, then γ ⊂ B̄r(p) ⊂ B̄r+ε(p). Therefore V̄r+ε ⊂ Vr+ε which is to
say that Vr+ε is closed. Thus Vr+ε is nonempty, relatively open and closed.
By connectedness, Vr+ε = B̄r(p)× B̄r(p), and as we have seen, the theorem
holds for all pairs of points in Vr+ε. �





CHAPTER 6

The Sphere Theorem and its Generalizations

In this chapter we will show that if M is simply connected and the
sectional curvature of M satisfies 1 ≥ KM > 1

4 , then M is homeomorphic to a
sphere. This result is known as the Sphere Theorem. The symmetric spaces
of positive curvature are known to admit metrics such that 1 ≥ KM ≥ 1

4 ;
see Example 3.38. In fact, we will prove that any Riemannian manifold with
1 ≥ KM ≥ 1

4 , which is not a sphere is isometric to one of these spaces.
The Sphere Theorem was first proved by Rauch [1951], in 1954, under

the assumption 1 ≥ KM ≥ δ ≈ 3
4 .

Previously, by the use of Hodge theory, Bochner and Yano [1953] had
given curvature conditions under which M must be a homology sphere.
Rauch’s proof used only the Rauch Comparison Theorem. Later, by bringing
in the injectivity radius, Klingenberg [1959] simplified the argument and
proved the theorem for smaller δ. Then Berger [1960] and Klingenberg [1961]
proved it for δ = 1

4 , which, as we have asserted, is the best possible result.
Finally, Berger [1961] proved the rigidity theorem for the case 1 ≥ KM ≥ 1

4 .

Theorem 6.1 (The Sphere Theorem). If M is a complete, simply con-
nected n-dimensional manifold with 1 ≥ KM > 1

4 , then M is homeomorphic
to the n-sphere Sn.

To prove this theorem we will need several lemmas. The idea of the
proof is to exhibit M as the union of two imbedded balls joined along their
common boundary.

We begin with the following general lemma, which is of interest in its
own right and useful in other contexts; see Lemma 8.17, Theorem 8.18.

Lemma 6.2 (Berger). Let M be any compact Riemannian manifold. Fix
p ∈ M and choose q ∈ M so that ρ(p, q) is maximal. Then for any vector
v ∈ Tq, there exists a minimal geodesic γ from q to p such that <)(γ′(0), v) ≤
1
2π.

Proof. Let σ be the geodesic from q such that σ′(0) = v. Pick a
sequence {qi} on σ such that qi → q and let γi be a minimal geodesic from
qi to p. If there exists a subsequence γj such that <)(γ′

j , σ
′) ≤ 1

2π, then the
lemma is proved, for any such subsequence must have as a limit point some
minimal geodesic γ, and by continuity <)(γ′(0), v) ≤ 1

2π; compare the proof
of Lemma 5.2.

93
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Therefore we can assume that there exists some t0 > 0 such that for all
t ∈ (0, t0] and for any minimal geodesic γt from p to σ(t) we have <)(γ′

t, σ
′) >

1
2π. Now consider a variation {cs} of γt such that cs goes from p to σ(t− s).
Using the first variation of arc length (1.5) we find

d
ds

(L[cs])
∣∣∣
s=0

= 〈γ′
t, σ

′〉 < 0.

Therefore as t goes from t0 to 0, the distance from p to σ(t) must be strictly
decreasing. But this contradicts the fact that q = σ(0) is at maximum
distance from p. The lemma follows. (See Fig. 6.1.) �

Lemma 6.3. Let KM ≥ H > 0 and suppose d(M) > π
2
√

H
. Then for p,q

as above
B π

2
√

H
(p) ∪ B π

2
√

H
(q) = M.

Proof. Let KM ≥ H, and let (γ1, γ2, α) determine a hinge with α ≤ 1
2π.

Suppose L[γi] = li > π
2
√

H
. The we claim

ρ(γ1(0), γ2(l2)) <
π

2
√

H
.

In fact, by Toponogov’s Theorem, it suffices to check this when M is the
sphere of constant curvature H. Using step (1) of the proof of that theorem,
we can assume that α = 1

2π. Let θ denote the segment of γ2 from γ2(l2) to
γ2(π/

√
H), and let τ denote the segment of −γ1 from γ1(0) to γ2(π/

√
H).

Then τ and θ meet at the point antipodal to γ2(0) and

<)(−θ′(π/
√

H − l2),−τ ′(π/
√

H − l1)) =
1
2
π.
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Since L[θ], L[τ ] < π
2
√

H
, it follows that

ρ(θ(0), τ(0)) = ρ(γ1(0), γ2(l2)) <
π

2
√

H
.

(See Fig. 6.2.)

Now let q be at maximum distance from p and assume ρ(p, x) > π
2
√

H
.

Let γ2 be a minimal geodesic from p to x and by Lemma 6.2 choose a minimal
geodesic γ1 from q to p such that

<)(−γ′
1(l1), γ

′
2(0)) ≤ 1

2
π.

By the above, ρ(q, x) < π
2
√

H
. �

Remark. Tsukamoto [1961] proves this lemma using the Rauch theorem
instead of Toponogov’s theorem.

Lemma 6.4. Suppose 1 ≥ KM ≥ H > 1
4 , and let p,q be at maximum

distance. Then for every geodesic γ from p there exists a unique point r ∈ γ
such that

ρ(p, r) = ρ(q, r) ≤ π

2
√

H
.

Proof. By Theorems 5.9 and 5.10, i(M) ≥ π > π
2
√

H
. Therefore we

have ρ(p, γ(t)) = t for 0 ≤ t ≤ π. By Lemma 6.3, ρ(q, γ(π)) ≤ π
2
√

H
. Hence

the continuous function ρ(q, γ(t))−ρ(p, γ(t)) is positive at t = 0 and negative
at t = π. Existence of r follows from the Intermediate-Value Theorem. For
uniqueness, assume there exist r1, r2 on γ each one equidistant from p and
q. Assume ρ(p, r1) < ρ(p, r2). Then

ρ(q, r2) = ρ(p, r2) = ρ(p, r1) + ρ(r1, r2) = ρ(q, r1) + ρ(r1, r2).
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So ρ(q, r2) = ρ(q, r1) + ρ(r1, r2). If σ is a minimal geodesic from r1 to q,
then the segment of −γ from r2 to r1 must fit together with σ to form a
smooth geodesic to q. Then σ must coincide with the segment of −γ from
r1 to p. This implies q = p, which is a contradiction. �

Proof of Theorem 6.1. Suppose 1 ≥ KM ≥ H > 1
4 , and let p, q ∈ M

be at maximal distance. Let Sn denote the unit n-sphere, p̄, q̄ ∈ Sn a pair
of antipodal points and I : Sn

p̄ → Mn
p an isometry. For each nonzero vector

v ∈ Mn
p define f(v) = t0v by letting expf(v) be the point along the geodesic

t → expptv which is equidistant from p and q. The existence of

f(v) ≤ π

2
√

H
< π ≤ i(M)

follows from Lemma 6.4. Thus we can define h : Sn → Mn by

h(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

p, x = p̄,

expp

(
ρ(x,p̄)

1
2
π

(f ◦ I ◦ exp−1
p (x))

)
, x ∈ Bπ/2(p̄) − p̄,

expq

(
ρ(x,q̄)

1
2
π

(exp−1
q ◦ expp ◦ f ◦ I ◦ exp−1

p (x))
)
, x ∈ Bπ/2(q̄) − q̄,

q, x = q̄.

We claim:
(1) h is continuous: Inspection shows that it suffices to check that v →

||f(v)|| continuous on the unit sphere in Mp. This follows easily from the
uniqueness part of Lemma 6.4 and the continuity of the distance function.

(2) h is injective: Since ||f || < i(M), it follows that h|Bπ/2(p̄) is injective
as is h|Bπ/2(q̄). Thus it suffices to show

h(Bπ/2(p̄) ∩ Bπ/2(q̄)) = ∅.

Suppose for example x ∈ h(Bπ/2(p̄)). Then x = γ(t) with γ(0) = p and
ρ(x, p) < ||f(γ′(0))||. This uniqueness statement of Lemma 6.4 together with
the Intermediate-Value Theorem gives ρ(x, p) < ρ(x, q). By the same argu-
ment, if x ∈ h(Bπ/2(q̄)), then ρ(x, q) < ρ(x, p). Therefore x ∈ h(Bπ/2(p̄))
implies x /∈ h(Bπ/2(q̄))

(3) h is surjective: If ρ(x, p) ≤ ρ(x, q), let γ be a minimal normal geodesic
from p to x and define t by the equation x = γ(t). By Lemma 6.4 and the
argument above there exists t0 ≥ t such that t0 = ||f(v)||. Then clearly x ∈
Bπ/2(p̄). By a symmetric argument, if ρ(x, q) ≤ ρ(x, p), then x ∈ Bπ/2(q̄).

Since h is an injective, surjective, continuous map between compact
manifolds, it follows that h is a homeomorphism. �

Theorem 6.5 (Maximal Diameter Theorem (Toponogov)). Let M be a
complete n-manifold such that KM ≥ H > 0 and suppose that the diame-
ter of M is equal to π/

√
H. Then M is isometric to Sn

1/
√

H
, the sphere of

curvature H.
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Proof. Pick p, q ∈ M such that ρ(p, q) = π/
√

H. We shall show that
all normal geodesics from p reach q at time π/

√
H and are therefore minimal

to q.
Let

γ1 : [0, t0] → M, 0 < t0 < π/
√

H,

be any geodesic segment such that γ1(t0) = p, and let

γ2 : [0, π/
√

H] → M

be any minimal geodesic from p to q. Applying (B) of Toponogov’s Theorem
gives ρ(q, γ1(0)) = π√

H
− t0. Thus if σ is a minimal geodesic from q to γ1(0),

then
L[σ ∪ γ1] = π/

√
H.

So σ ∪ γ1 must form a smooth minimal geodesic from p to q.
It follows that expp|Bπ/

√
H(0) ⊂ Mp is nonsingular. Moreover, if γ is any

geodesic from p to q and V is any Jacobi field along γ which vanishes at γ(0),
then V must also vanish at γ(π/

√
H). The argument of Proposition 4.13

shows that all sectional curvatures of sections spanned by γ′, V must be equal
to H. Lemma 1.41 implies that Bπ/

√
H(p) is isometric to Bπ/

√
H(p̄), where

p̄ ∈ Sn
1/

√
H

. By continuity all plane sections of M have curvature H, so M

has constant curvature. By Theorem 1.43 the universal covering space of M
is isometric to Sn. On the other hand if I : (Sn

1/
√

H
)p̄ → Mn

p is any isometry,

then f = expp ◦ I ◦ exp−1
p̄ obviously extends to a homeomorphism between

Sn
1/

√
H

and Mn. So Mn must itself be isometric to Sn
1/

√
H

. Alternatively it
is not difficult to see directly that f extends to an isometry. �

In the course of the following theorem we will be using implicitly the
estimate i(M) ≥ π, if dim M is odd, M is simply connected and 1 ≥ KM ≥
1
4 . We have proved this only in the case 1 ≥ KM > 1

4 ; see the remarks
preceding Theorem 5.10, and Cheeger and Gromoll [1972].

Theorem 6.6 (Minimal Diameter Theorem (Berger)). Let M be a com-
plete simply connected manifold such that 1 ≥ KM ≥ 1

4 .
(1) If d(M) > π, M is homeomorphic to Sn.
(2) If d(M) = π, M is isometric to a symmetric space.

The proof of this theorem is quite long and intricate. In order to prove
(1) we shall require three preliminary lemmas.

Lemma 6.7. Fix p ∈ M and assume that 1 ≥ K(σ) ≥ H > 0 for all plane
sections σ. Let x, y, z ∈ Mp be linearly independent unit vectors. Assume
that x is not perpendicular to both y and z. Let K(x,y) denote the curvature
of the plane spanned by x,y and suppose K(x, y) = K(x, z) = H. Then
K(y, z) < 1.
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Proof. It follows from the usual symmetry properties of the curvature
tensor that u → R(u, x)x is s symmetric linear transformation. The smallest
nonzero eigenvalue of this transformation is at least H. Therefore if

〈u, x〉 = 〈v, x〉 = 〈u, v〉 = 0

and K(u, x) = H, then

R(u, x)x = Hu, 〈R(u, x)x, v〉 = 0.

Now given x, y, z as above, choose u, v such that x, u, v are orthonormal and

y = ax + bu, z = cx + du + ev.

Then using

R(u, x)x = Hu, R(v, x)x = Hv, R(x, u)u = Hx, R(x, v)v = Hx,

one computes directly that

K(y, z) =
(ad − bc)2H + e2(a2H + b2K(u, v))

||y||2||z||2 − 〈y, z〉2

=
((ad − bc)2 + (a2 + b2)e2)H + e2b2(K(u, v) − H)

1 − (ac + bd)2
.

Using
||y||2 = a2 + b2 = ||z||2 = c2 + d2 + e2 = 1,

one computes easily that

(ad − bc)2 + e2 = 1 − (ac + bd)2.

Therefore,

K(y, z) = H +
e2b2(K(u, v) − H)

(ad − bc)2 + e2
≤ 1.

Equality holds if and only if K(u, v) = 1, b = 1, a = 0, c = 0, which completes
the proof. �

Now we consider a special case of Lemma 6.2.

Lemma 6.8. Let p, q ∈ M be chosen so that ρ(p, q) is maximal and fix
v ∈ Mq. Assume there is no minimal geodesic γ from q to p such that
<)(γ′, v) < 1

2π. Then there exist at least two minimal geodesics λ, λ0 from q
to p such that

<)(λ′, v) =<)(λ′
0, v) =

1
2
π.

Proof. By Lemma 6.2, we know there must be one such geodesic; call
it λ. Now consider the vector v − tλ′ (t > 0). By Lemma 6.2, there exists a
minimal geodesic λt from q to p such that

〈λ′
t, v − tλ′〉 ≥ 0.

But 〈λ′
t, v〉 ≤ 0. Hence 〈λ′

t, λ
′〉 ≤ 0. As t → 0, the collection of geodesics

{λt} has at least one limit point; let it be λ0. Then 〈λ′
0, λ

′〉 ≤ 0, so λ and
λ0 are distinct and 〈λ′, v〉 = 〈λ′

0, v〉 = 0. �
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Lemma 6.9. Let 1 ≥ KM and i(M) ≥ π. Let τ1, τ2 : [0, π] → M be
distinct geodesics such that τ1(0) = τ2(0), τ1(π) = τ2(π) and <)(τ ′

1(0), τ ′
2(0))

�= π. Then for all unit vectors

V = ατ ′
1(0) + βτ ′

2(0),

with α, β ≥ 0, we have
expτ1(0)πV = τ1(π).

The union of the geodesics

expτ1(0)tV, 0 ≤ t ≤ π,

is an imbedded totally geodesic piece of surface of curvature 1. In particular,
the plane section spanned by τ ′

1(0), τ ′
2(0) has curvature 1.

Proof. For t ≤ 1
2π, consider the path −τ2 ∪ τ1 from τ2(1

2π) to τ1(t).
Since this path is not smooth, it has length < π. Similarly, for π ≥ t > 1

2π,

ρ(τ1(t), τ2(
1
2
π)) < π.

Therefore we may apply Corollary 1.35, with m = τ2(1
2π), c = τ1 and M0

the sphere of curvature 1.
Let L denote the lune bounded by expm0

◦I ◦exp−1
m (τ1) = c0 and expm0

◦
I ◦ exp−1

m (τ2). Since L[c] = L[c0] = π it follows from the remarks after the
proof of Theorem 1.34, and from the proof of Corollary 1.35, that expm ◦
I−1◦exp−1

m0
|L is an immersion whose differential is an isometry at each point

of L. The image of a geodesic in L which runs from c0(0) to c0(π) is thus
a curve of length π. Hence since ρ(c(0), c(π)) = π, it is a geodesic in M . It
follows that expm ◦ I−1 ◦ exp−1

m0
(L) is totally geodesic of curvature 1. This

suffices to complete the proof. �
Proof of Theorem 6.6(1). By Theorem 6.5, we can assume that the

diameter d(M) satisfies π < d(M) = l < 2π. Pick p, q ∈ M such that
ρ(p, q) = d(M). Suppose M can be written as the union of open balls
M = Bπ(p) ∪ Bπ(q). Then

M = Br(p) ∪ Br(q)

for some r < π, and we may proceed exactly as in the Sphere Theorem.
Therefore assume that there is a point x such that ρ(p, x) ≥ π and ρ(q, x) ≥
π. Let σ be a minimal geodesic from p to x and choose γ1 : [0, l] → M to be
minimal from q to p such that <)(−γ′

1(l), σ
′(0)) ≤ 1

2π. Let (γ̄, σ̄, ᾱ determine
a hinge on the sphere of curvature 1

4 with

L[γ̄] = L[γ1], L[σ̄] = L[σ]

and
ᾱ =<)(−γ′

1(l), σ
′(0)).

Then reasoning as in the proof of Lemma 6.3, we see that L[σ] = π, ᾱ = 1
2π

and
ρ(γ1(0), σ(π)) = ρ(γ̄1(0), σ̄(π)) = π.
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Since we have equality, Corollary 2.3, the rigid version of Toponogov’s Theo-
rem, applies. Thus if τ̄1 is the minimal geodesic from σ̄(π) to γ̄1(0), we obtain
a corresponding geodesic τ1 from σ(π) to γ1(0) = q such that L[τ1] = π and
γ1, σ, τ1 span an embedded totally geodesic piece of surface having curvature
1
4 . In particular

(1) π ><)(−σ′(π), τ ′
1(0)) = 1

2 l > 1
2π,

(2) τ ′
1(0) is in the plane spanned by σ′(0) and the image of γ′

1(0) under
parallel translation.

(3) The curvature of the plane section spanned by τ ′
1(0), σ′(π) is equal

to 1
4 .
Since we were able to conclude that for arbitrary γ1, <)(−γ′

1(l), σ
′(0)) ≤

1
2π implies <)(−γ′

1(l), σ
′(0)) = 1

2π, it follows from Lemma 6.8 that there
exists a geodesic γ2 from q to p which is distinct from γ1 and such that
<)(−γ′

2(l), σ
′(0)) = 1

2π. The above argument shows the existence of τ2 from
x to q satisfying the same three conditions as τ1. Conditions (1) and (2)
imply that τ ′

1(0) �= τ ′
2(0) and that

<)(−σ′(π), τ ′
1(0)) �= 1

2
π, <)(−σ′(π), τ ′

2(0)) �= 1
2
π.

Lemma 6.9 implies that the curvature of the section spanned by τ ′
1(0), τ ′

2(0)
is equal to 1. But if τ ′

2(0) lies in the plane spanned by σ′(π), τ ′
1(0), this

contradicts (3) above. If σ′(π), τ ′
1(0), τ ′

2(0) are linearly independent, then
applying Lemma 6.7, we again contradict (3). This proves 6.6(1). �

The proof of Theorem 6.6(2) will also require three lemmas.

Lemma 6.10. Let KM ≥ H, and τ : [0, l] → M be a geodesic.
(1) If there exists p ∈ M such that

ρ(τ(0), p) ≥ π

2
√

H
, ρ(τ(l), p) >

π

2
√

H
, l ≤ π/

√
H.

then the function ρ(τ(t), p) does not have a weak minimum for 0 < t < l.
(2) If there exists p ∈ M such that

ρ(τ(0), p) = ρ(τ(l), p) =
π

2
√

H
l ≤ π/

√
H,

then the function ρ(τ(t), p) does not have a weak minimum unless ρ(τ(t), p)
≡ π

2
√

H
.

Proof. (1) Let ρ(τ(t), p) have a weak minimum at t0. Let σ : [0, l1] →
M be a minimal geodesic from p to τ(t). Then 〈σ′(l1), τ ′(t0)〉 = 0. Thus
σ, and τ |[t0, l] determine a right hinge. If L[σ] ≤ π

2
√

H
and t0 < π

2
√

H
, then

using Toponogov’s Theorem as in Lemma 6.3 we find that

ρ(τ(0), p) <
π

2
√

H
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(see Fig. 6.2). Similarly, l − t ≤ π
2
√

H
implies

ρ(τ(l), p) ≤ π

2
√

H

in this case. In the same way L[σ] ≤ π
2
√

H
implies that ρ(τ(0), p) and

ρ(τ(l), p) are less than ρ(τ(t0), p) = L[σ].
(2) The argument is the same as above. �
Lemma 6.10 may be paraphrased as saying that if KM ≥ H, then the

complement of a ball of radius π
2
√

H
is convex.

Lemma 6.11. Let 1 ≥ KM ≥ 1
4 and τ : [0, l] → M be such that

p(τ(t), p) ≡ π for 0 ≤ t ≤ l. Then for every minimal geodesic γ : [0, π] → M
such that γ(0) = p and γ(π) = τ(0) we have

〈γ′(π), τ ′(0)〉 = 0.

Proof. Let σε be a minmal geodesic from p to τ(ε). Then by the first
variation formula 〈σ′

ε(π), τ ′(ε)〉 = 0. Let σ : [0, π] → M be a geodesic such
that σ′(0) is a limt point of {σ′

ε(0)}. Then

σ(π) = τ(0), 〈σ′(π), τ ′(0)〉 = 0.

Let E(t) be the parallel field along σ generated by τ ′(0). Consider the curve

hε = expσ(t)ε sin(
1
2
t)E(t).

By Rauch II, comparing with a sphere of curvature 1
4 , L[hε] ≤ π, and hε is

a geodesic for each ε. Therefore there is a Jacobi field J along σ such that

J(0) = 0, J(π) = E(π) = τ ′(0).

Let c̃ : (−ε, ε) → Mp be such that

||c̃(s)|| ≡ π, c̃(0) = πσ′(0), dexppc̃
′(0) = J(π) = τ ′(0).

Set
exppc̃(s) = c(s).

Since i(M) ≥ π, we have ρ(c(s), p) = π. Therefore by the first variation
formula, for any minimal geodesic γ from p to c(0) = τ(0) we have

〈γ′(0), c′(0)〉 = 〈γ′(0), τ ′(0)〉 = 0.

�
Lemma 6.12. Let 1 ≥ KM ≥ 1

4 , d(M) = π, and let γ : [0, π] → M be a
normal geodesic. Let v ∈ Mγ(π) be such that there exists some Jacobi field
J along γ with J(0) = 0 and J(π) = v. Then if E(t) is the parallel field
along γ generated by v, sin 1

2 tE(t) is a Jacobi field along γ. In particular,
the curvature of the plane section spanned by γ′(t) and E(t) satisfies

K(γ′(t), E(t)) ≡ 1
4
.
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Proof. Let c : (−ε, ε) → M constructed as in the proof of the previous
lemma such that

c(0) = τ(0), c′(0) = v.

Let τε : [0, lε] → M be the unique minimal geodesic from c(0) to c(ε).
By Lemma 6.10(2) and the assumption that d(M) = π , it follows that
ρ(τε(s), p) ≡ π for 0 ≤ s ≤ lε. By Lemma 6.11 it follows that 〈τ ′

ε(0), γ′(π)〉 =
0 and by the proof of that lemma, sin 1

2 tEε(t) is a Jacobi field. That
K(γ′(t), E(t)) ≡ 1

4 then follows from the Jacobi equation. �
Proof of Theorem 6.6(2). Let γ : [0, π] → M be a geodesic. Let

J1 denote the space of Jacobi fields along γ vanishing at γ(0), γ(π). Since
1 ≥ KM , the elements of J1 are of the form ε sin tF (t), where F (t) is a
parallel field and K(γ′(t), F (t)) ≡ 1. By Lemma 6.12, the space J of Jacobi
fields vanishing at γ(0) splits up as J1

⊕
J 1

4
, where the members of J 1

4
are

of the form sin 1
2 tE(t). Since 1

4 and 1 are eigenvalues of the symmetric
transformation x → R(x, γ′)γ′, we have

〈J 1
4
, J1〉 ≡ 0

and the decomposition J = J1
⊕

J 1
4

is unique. Therefore it agrees with the
corresponding decomposition for γ|[t0, π + t0] for 0 < t0 < π. In this way we
see that the decomposition J = J1

⊕
J 1

4
extends for all values of t. Now let

Iγ(0) denote the local geodesic symmetry about γ(0) (see Proposition 3.37).
If J is a Jacobi field along γ such that J(0) = 0, then it is easily seen that

dIγ(0)(J(t)) = −J(−t).

Thus dIγ(0) preserves J1, J 1
4

and clearly, restricted to these subspaces, it is
norm preserving. It follows that Iγ0 is a local isometry. Hence, since M is
simply connected, by Proposition 3.37, M is a symmetric space. �

It follows from the classification of symmetric spaces that the only simply
connected symmetric spaces with positive curvature are Sn, the projective
spaces CP (n), QP (n) and the Cayley Plane; see Helgason [1962].

We now give a somewhat weakened generalization of the Sphere Theo-
rem.

Theorem 6.13 (Homotopy Sphere Theorem). Let M be a complete sim-
ply connected manifold such that KM ≥ H > 0, such that d(M) > π

2
√

H
.

Then M is a homotopy sphere.

Proof. Fix p, q ∈ M so that ρ(p, q) = d(M), and let γ be a closed
geodesic from p. It follows from Lemma 6.10 that L[γ] > π/

√
H. By

Proposition 4.13 it follows that the index of γ is ≥ n− 1. After possibly ap-
proximating the energy function by one with nondegenerate critical points,
from Morse Theory (Theorem 4.10) it follows that Ω(p, p) the loop space at
p is (n−2)-connected. Therefore M is (n−1)-connected, so it is a homotopy
sphere. �



6. THE SPHERE THEOREM AND ITS GENERALIZATIONS 103

Remark 6.14. From the Poincaré conjecture (Perelman [2002], [2003])
and the generalized Poincaré conjecture (Smale [1956], Friedman [1982]) it
follows that any M which satisfies the hypothesis of the above theorem is a
topological sphere.





CHAPTER 7

The Differentiable Sphere Theorem

In this chapter we will refine the Sphere Theorem by showing that
there exists a constant δ such that if M is a complete simply connected
n-dimensional Riemannian manifold satisfying 1 ≥ KM > δ, then M is dif-
feomorphic to the standard sphere Sn. Such an M is called δ-pinched. It
is known that for n ≥ 7 there exist manifolds which are homeomorphic to
but not diffeomorphic to the n-sphere with its standard differential struc-
ture. However, it is not known that any of these “exotic” spheres actually
admit Riemannian metrics of strictly positive sectional curvature. Thus it
is conceivable that the best possible value for δ in the differentiable case is
again 1

4 . As we have mentioned in Example 3.44, there does exist an exotic
sphere which carries at least a metric of nonnegative curvature. On the
other hand, by applying a result of Singer and Lichnerowicz, Hitchin [1972]
has observed that some exotic spheres do not even admit metrics of positive
scalar curvature.

The Differentiable Sphere Theorem was first proved by Gromoll [1966]
and Calabi. However, they needed a different constant δn for cach dimen-
sion and lim

n→∞
δn = 1. It was shown recently by Shiohama that δ can be

chosen independent of n. The actual value of δ was improved succesively
by Sugimoto, Shiohama and Karcher [1971] and Ruh [1971]. The most re-
cent estimate is δ ≈ 0.80. In order to avoid nonconceptual complications,
we shall content ourselves with showing the existence of some δ which is
independent of n.

The main point in the proof of the Sphere Theorem of Chapter 6 was
to show that if M is simply connected and satisfies 1 ≥ KM ≥ H > 1

4 , then
M may be written as the union of two embedded balls. In order to handle
the differentiable case, we will refine this condition as follows. Let Bn

r ⊂ Rn

denote the ball of radius r.

Definition 7.1. A smooth manifold Mn is called a twisted sphere if
there are smooth embeddings h1, h2 : Bn

1+ε → Mn such that

h1(B̄n
1 ) ∪ h2(B̄n

1 ) = Mn, h1(Bn
1 ) ∩ h2(Bn

1 ) = ∅.

The proof of the Sphere Theorem shows that a twisted sphere is home-
omorphic to the standard sphere. Let Sn−1 = ∂Bn

1 or ∂Bn
2 . The function

f = h−1
2 ◦ h1|Sn−1 is a diffeomorphism f : Sn−1 → Sn−1. Recall that a dif-

feomorphism f is said to be isotopic to a diffeomorphism g if there exists a

105
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smooth 1-parameter family of diffeomorphisms Ft with F1 = f and F0 = g.
A basic fact about twisted spheres is that Mn is diffeomorphic to the stan-
dard sphere if f = h−1

2 ◦ h1 is isotopic to the identity map. Moreover, in
order to show that f is isotopic to the identity it suffices to check that for
all y ∈ Sn−1 and v ∈ Sn−1 with ||v|| = 1,

ρ(y, f(y)) ≤ 1
2
π, and ||v − dfy(v)|| < 1. (∗)

One might object to the second inequality here because v and dfy(v) are in
different tangent spaces. We consider Sn−1 with its standard embedding in
Rn so all tangent spaces are hyperplanes in Rn and thus such a subtraction
is permitted.

Once these results have been established, we observe that if Mn is simply
connected and 1 ≥ KM ≥ δ > 1

4 , then Mn is a twisted sphere. Further, if
δ is sufficiently close to 1, then f satisfies (∗). Hence f is isotopic to the
identity and Mn is diffeomorphic to Sn.

Proposition 7.2. Let Mn be a twisted sphere. If f is isotopic to the
identity, then Mn is diffeomorphic to the standard sphere Sn.

Proof. Let
h̃1(Bn

1+ε) ∪ h̃2(Bn
1+ε) = Sn

denote the usual covering of Sn, i.e. h̃2 is h̃1 followed by reflection in the
equator. Then for 1 − ε < t < 1 + ε and y ∈ Sn−1, we have

h̃−1
2 ◦ h̃1(ty) = (2 − t)y.

It will suffice to find a cover of Mn by embeddings ki : Bn
1+ε → Mn such

that
k−1

2 ◦ k1(ty) = (2 − t)y.

Then we may define a diffeomorphism H : Mn → Sn by setting

H|ki(Bn
1+ε) = h̃i ◦ k̃−1

i .

In order to produce the ki, the hi must be suitably modified. Set

Vi = dhi

( ∂

∂r

)
, Nε1 = h1(Bn

1+ε1 − B
n
1−ε1).

Choose ε1 sufficiently small so that Nε1 ⊂ h2(Bn
1+ε) and such that on Nε1

we have

(7.3) V1(||h−1
2 (x)||) < 0, V2(||h−1

1 (x)||) < 0.

Let α : [0, 1] → [0, 1] satisfy

α(0) = 0, α(1) = 1,

α′(x) ≥ 0,

α′(0) = 0, α′(1) = 0.

Define a vector field W on Nε1 by

W (h1(ty)) = (1 − α(u))V1 − α(u)V2,
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where
u =

t

2ε1
− 1 − ε1

2ε1
.

Define vector fields V1,s on h1(Bn
1+ε1

) and V2,s on h2(Bn
1 ) ∪ Nε1 by

V1,s(x) =
(1 − s)V1 + sW

((1 − s)V1 + sW )(||h−1
1 (x)||)

,

V2,s(x) =
(1 − s)V2 − sW

((1 − s)V2 − sW )(||h−1
2 (x)||)

.

(7.3) guarantees that the denominator above does not vanish. Let ψi,s,z

denote the integral curve of Vi,s with ψ′
i,s,z(0) = z. Define

hi,s(x) = ψi,s,z(t),

where t is defined by

hi(x) = hi,0(x) = ψi,0,z(t).

Using Vi,s(||h−1
i (x)||) > 0, it follows easily that hi,s(x) is an embedding. We

have
h1,s(∂B̄n

1 ) = h2,s(∂B̄n
1 ).

Set
h−1

2,s ◦ h1,s|Sn−1 = fs.

Then
h−1

2,1 ◦ h1,1(ty) = g(y, t)f1(y),
where

g : Sn−1 × [1 − ε1, 1 + ε1] → Sn−1 × [1 − ε1, 1 + ε1]
is a suitable smooth function with ∂g/∂t < 0. (See Fig. 7.1.)

Let
β(y, t) : Sn−1 × [0, 1 + ε1] → R+
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be a smooth function such that

∂β/∂t > 0,

β(y, t) =

{
t, 0 ≤ t ≤ 1

2(1 − ε1),
g(y, 2 − t), 1 − ε1 ≤ t ≤ 1 + ε1.

Set
ĥ1 = h1,1, ĥ2(ty) = h2,1(β(y, t)y), f̂ = f1.

Then
ĥ−1

2 ◦ ĥ1(ty) = (2 − t)f̂(y).

Finally, let 0 < r1 < r2 < 1 − ε1, and let Ft : Sn−1 × [0, 1] → Sn−1 be an
isotopy with F0 = 1 and F1 = f̂ . Set k1 = h1 and define k2 by

k2(ty) =

⎧⎪⎨⎪⎩
ĥ2(ty), 0 ≤ t ≤ r1,

ĥ2(tFα(u0)(y)), r1 ≤ t ≤ r2,

ĥ2(tf̂(y)), r2 ≤ t ≤ 1 + ε1,

where

u0 =
t

r2 − r1
− r1

r2 − r1

and α is the function defined previously. (See Fig. 7.2.) Then

k−1
2 ◦ k1(ty) = k−1

2 ◦ ĥ1(ty) = k−1
2 ◦ ĥ2((2 − t)f̂(y)) = (2 − t)y.

This suffices to complete the proof. �

The following proposition is not as sharp as possible; see Sugimoto et
al. [1971].
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Proposition 7.4. Let f : Sn−1 → Sn−1 be a diffeomorphism of the unit
sphere. If for all y ∈ Sn−1, v ∈ Sn−1

y , ||v|| = 1, we have

ρ(y, f(y)) ≤ 1
2
π, ||v − dfy(v)|| ≤ 1,

then f is isotopic to the identity map.

Proof. Since in particular, y and f(y) are not antipodal, the map

ft(y) = expy(t exp−1
y f(y))

is well defined and smooth. Thus we need only check that ft is a diffeomor-
phism for each t. To do this we just have to check that dft is nonsingular.
Let φ(s) be a curve such that

φ(0) = u, φ′(0) = v.

Since t → ft(φ(s)) is a geodesic, it follows that

dft(v) =
d
ds

ft(φ(s))

is a Jacobi field Z(t) along ft(u). Set β = ρ(y, f(y)). If β = 0, then

Z(t) = tdf(v) + (1 − t)v.

Clearly, Z(t) �= 0 unless dfy(v) = −kv for some k ≥ 0. But then, if ||v|| = 1,
we have ||v−dfy(v)|| ≥ 1. So assume that β �= 0. Then by Proposition 1.16
and its sequel,

Z(t) = (at + b)T (t) + c sinβtE + d cosβtF,

where
d
dt

(ft(y)) = T (t)

and E, F are perpendicular to T (t). Now if Z(t0) = 0, clearly E = F . Since
for 0 ≤ t ≤ 1 and 0 ≤ β ≤ 1

2π we have sinβt, cosβt ≥ 0, it follows that c
and d have opposite signs, as do b and a + b. Since

Z(0) − Z(1) = bT (0) − (a + b)T (1) + (d − c sinβ)E

and 〈T (0), T (1)〉 ≥ 0, clearly

||v − dfy(v)|| = ||Z(0) − Z(1)|| ≥ ||Z(0)|| = 1,

which is a contradiction. Thus Z(t) does not vanish. �
In order to verify the hypothesis of Proposition 7.4 it will be helpful to

have the following result.

Lemma 7.5. There is a function µ(ε) ≥ 0 satisfying lim
ε→0

µ(ε) = 0 with

the following property. Let f : Sn−1 → Sn−1 be a diffeomorphism such that
for all v with ||v|| = 1:

(1) 1 − ε ≤ ||dfy(v)|| ≤ 1/(1 − ε);
(2) there exists y0 ∈ Sn−1 such that ρ(y0, f(y0)) < ε, and for all y1 with

ρ(y0, y1) = 1
2π we have ρ(y1, f(y1)) < ε.
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Then for all y we have ρ(y, f(y)) < µ(ε).

We will need the following standard formula from spherical trigonom-
etry. Consider a geodesic triangle with sides A, B, C and opposite angles
α, β, γ on the sphere Sn

1/
√

δ
of curvature δ. Then

(7.6) cosA
√

δ = cos B
√

δ · cosC
√

δ + sinB
√

δ · sinC
√

δ · cos α.

Proof of Lemma 7.5. It suffices to consider the case y not antipodal
to y1. Let y1 be the mid-point of the geodesic segment which goes from
y0 to its antipodal point and passes through y. Consider the triangle with
vertices y0, f(y), y and the triangle with vertices y0, f(y), y1. Denote by θ
the angle at y0 which is common to these triangles. (See Fig. 7.3).

Applying (7.6) gives

(7.7)
cos ρ(y, f(y)) = cos ρ(y0, y) cos ρ(y0, f(y))

+ sin ρ(y0, y) sin ρ(y0, f(y)) cos θ.

Also, using the formula again gives

(7.8) cos ρ(y1, f(y)) = sin ρ(y0, f(y)) cos θ

because ρ(y0, y1) = π/2.
Substituting (7.8) into (7.7) gives

(7.9) cos ρ(y, f(y)) = cos ρ(y0, y) cos ρ(y0, f(y))+sinρ(y0, y) cos ρ(y1, f(y)).
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Now by the triangle inequality,

|ρ(y0, f(y)) − ρ(f(y0), f(y))| < ρ(y0, f(y0))(7.10)

|ρ(y1, f(y)) − ρ(f(y), f(y1))| < ρ(y1, f(y1)).(7.11)

Using (1) and (2) of the hypothesis, (7.10) and (7.11) imply

|ρ(y0, f(y)) − (1 ± ε)ρ(y0, y)| < ε(7.12)

|ρ(y1, f(y)) − (1 ± ε)ρ(y, y1)| < ε.(7.13)

Substituting (7.12), (7.13) into (7.9) and using 1
2π − ρ(y0, y) = ±ρ(y, y1)

gives

(7.14)
cos ρ(y, f(y)) ≈ cos ρ(y0, y) cos[(1 ± ε)ρ(y0, y) + ε]

+ sin ρ(y0, y) cos[±((1 ± ε)(
1
2
π − ρ(y0, (y))) + ε].

Using

cos(
1
2
π − ρ(y0, y)) = sin ρ(y0, y), and cos2 ρ(y0, y) + sin2 ρ(y0, y) = 1,

this clearly suffices to complete the proof. �
Up to this point, our preliminaries have been purely topological. To

apply these results, we will need the following estimate, which compares the
behavior of a Jacobi field on a δ-pinched manifold with that of a Jacobi
field on the unit sphere. We introduce the notation K(δ) for any positive
decreasing function defined on (0,1) whose limit as δ → 1 is 0.

Lemma 7.15. Suppose 1 ≥ KM > δ > 0. Let γ : [0, t] → M be a normal
geodesic and J be a Jacobi field along γ with J(0) = 0 and 〈J, γ′〉 ≡ 0. Set

Pγ(t)(J
′(0)) = E(t).

Then for 0 < t < π,

||J(t) − sin tE(t)|| ≤ (1 − δ)(et − 1 − t)||J ′(0)|| = K(δ).

Proof. Set sin t E(t) = Z(t) and J−Z = W . The Jacobi field equation
for J may be written in matrix form as a first order system[

J
J ′

]′
=

[
0 I

−Rt 0

] [
J
J ′

]
,

where Rt(v) = R(v, γ′(t))γ′(t). Also, Z satisfies[
Z
Z ′

]′
=

[
0 I
−I 0

] [
Z
Z ′

]
.

Then [
W
W

]′
=

[
0 −I
I 0

] [
W
W ′

]
+

[
0 0

I − Rt 0

] [
J
J ′

]
=

[
0 −I
I 0

] [
W
W ′

]
+

[
0

(I − Rt)(J)

]
.
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Notice that for x of unit length,

1 − 〈Rt(x), x〉 = 1 − 〈R(x, γ′)γ′, x〉 ≤ (1 − δ).

Since x → R(x, γ′)γ′ is self-adjoint, it follows that

||(I − Rt)|| ≤ 1 − δ.

Then by the above(((((
[

W
W ′

](((((
′

≤
(((((

[
W
W ′

]′ ((((( ≤
(((((

[
W
W ′

]((((( + (1 − δ)||J ′(0)||t,

since by Rauch I (comparing with Rn),

||J(t)|| ≤ ||J ′(0)||t.

Since W (0) = W ′(0) = 0, integrating the above yields(((((
[

W
W ′

]((((( ≤ (1 − δ)
1
2
t2||J ′(0)|| +

∫ t

0

(((((
[

W
W ′

](((((ds.

Iterating this estimate yields(((((
[

W
W ′

]((((( ≤ (1− δ)
(t2

2
+ · · ·+ tn

n!

)
||J ′(0)||+

∫ t

0

∫ s

0
. . .

(((((
[

W
W ′

]((((( . . .ds.

Let

M = max
[0,t]

(((((
[

W
W ′

](((((.

Then the second term on the right is smaller than Mtn−1/(n − 1)!. Thus
letting n → ∞,

M = max
[0,t]

(((((
[

W
W ′

]((((( ≤ (1 − δ)(et − 1 − t)||J ′(0)||.

�

We are now ready to state our main result.

Theorem 7.16. There exists 1 > δ ≥ 1
4 such that if Mn is a complete

simply connected Riemannian manifold satisfying 1 ≥ KM > δ, then Mn is
diffeomorphic to the n-sphere Sn.

In order to prove Theorem 7.16 we will need three lemmas. We begin by
recalling the proof of the Sphere Theorem. In Chapter 6 it was shown that
for p, q ∈ Mn at maximal distance and any normal geodesic τ emanating
from p there exists a unique value t0 such that

1
2
π ≤ ρ(τ(t0), p) = ρ(τ(t0), q) ≤

π

2
√

δ
.
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Let E be the set of such τ(t0), which is precisely the set of points which are
equidistant from p and q. Set

ρp(x) = ρ(x, p), ρq(x) = ρ(x, q).

Since i(M) ≥ π, ρp and ρq are smooth in a neighborhood of E = (ρp −
ρq)−1(0). Since grad ρp = τ ′(t0) and grad ρq = τ ′

0(t0), where τ0 is the unique
normal minimal geodesic from q to τ(t0), it follows that 0 is the regular
value of ρp − ρq and E is a smooth submanifold. It follows easily from the
first variation formula that the tangent space Eτ(t0) of E consists of the
hyperplane of vectors making equal angles with −τ ′(t0) and −τ ′

0(t0). Let
Φp(x) = exp−1

p x/|| exp−1
p x||. Then Φp is smooth on Bπ(p) − p and Φp|E is

given by τ(t0) → τ ′(0). Define Φq similarly on Bπ(q)−q. Then if w ∈ Eτ(t0),
and

Z(t) = J(t) + atT

is the unique Jacobi field along τ such that Z(0) = 0 and Z(t0) = w, we
find that dΦp(w) = J ′(0). In particular dΦp, dΦq are nonsingular. Hence
Φ−1

p , Φ−1
q are diffeomorphisms from Sn−1 to E. Then

t0 = ρp ◦ Φ−1
p = ρq ◦ Φ−1

q

is a smooth function of τ ′(0) and of τ ′
0(0). We now have easily:

Lemma 7.17. Let Mn be as in Theorem 7.16. Then Mn is a twisted
sphere.

Proof. Let
η(t, s) : [0, 1] ×

[π

2
,

π

2
√

δ

]
→ R

be a smooth function satisfying ∂η/∂t > 0 and

η(t, s) =

{
t, 0 ≤ t ≤ 1

4 ,

ts, 3
4 ≤ t ≤ 1.

Choose isometries

I1 : (Rn)0 → Mn
p , I2 : (Rn)0 → Mn

q .

Identify Rn with (Rn)0 and set

ψp(x) = ρp ◦ Φ−1
p (I1(x/||x||)), ψq(x) = ρq ◦ Φ−1

q (I2(x/||x||)).
Define

h1(x) = exppη(||x||, ψp(x))I1(x), h2(x) = expqη(||x||, ψq(x))I2(x).

Then for sufficiently small ε it follows that h1, h2|Bn
1+ε satisfy the conditions

of Definition 7.1. �

Fix a minimal geodesic γ from p to q and I as above. Let sγ′ denote
reflection in the hyperplane perpendicular to γ′(d), where d = ρ(p, q). From
now on, we will always choose I2 = sγ′ ◦Pγ ◦ I1. Note that if Mn is actually
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Sn and dhi = Ii, then this choice coincides with the standard covering of
Sn used in Proposition 7.2.

Let g = Φq ◦ Φ−1
p denote the map defined by τ ′(0) → τ ′

0(0). Then since
η(1, s) = s, we see that

f(x) = h−1
2 ◦ h1|Sn−1 = I−1

2

(
exp−1

q

(expp ψp(x)I1(x)
||ψq(x)||

))
= I−1

2 ◦ g ◦ I1 = I−1
1 ◦ P−1

γ ◦ s−1
γ′ ◦ g ◦ I1.

Since I1, Pγ and sγ′ are isometries, we have

||f − 1|| = ||sγ′ ◦ Pγ − g||
where 1 means the identity map. Also for all y,

||dfy − 1|| = ||sγ′ ◦ Pγ − dgy||.
Therefore, to estimate ||f − 1|| and ||dfy − 1||, it suffices to estimate

||sγ′ ◦ Pγ − g|| and ||sγ′ ◦ Pγ − dgy||.
In fact, we will estimate

||sτ ′
0
◦ Pτ∪τ0 − g||, and ||sτ ′ ◦ Pτ∪τ0 − dgy||

for any τ .

Lemma 7.18. Let Mn be as in Theorem 7.16 and let τ ′(0) ∈ Sn−1
p . Then

dgτ ′(0) : (Sn−1)τ ′(0) → (Sn−1
q )τ ′

0(0)

satisfies
||sτ ′

0
◦ Pτ∪τ0 − dgτ ′(0)|| ≤ K(δ).

Proof. Consider the geodesic triangle with vertices at p, q and τ(t0) =
τ0(t0). Then π ≤ ρ(p, q) ≤ π/

√
δ and π

2 ≤ t0 ≤ π
2
√

δ
. We begin by estimat-

ing �(−τ ′(t0), τ ′
0(t0)) = θ by use of Toponogov’s Theorem. The comparison

triangle on Sn−1

1/
√

δ
for which θ̄ is maximal, has side lengths π

2
√

δ
, π

2
√

δ
, π. Ap-

plying (7.6) gives the estimate

(7.19) π
√

δ ≤ θ ≤ π.

Let v ∈ (Sn−1
p )τ ′(0), ||v|| = 1, and let Z(t) = J(t) + atT be the Jacobi field

such that J(0) = 0, J ′(0) = v and Z(t0) ∈ Eτ(t0). Let Z0(t) be the Jacobi
field along τ0 such that

Z0(0) = 0, Z0(t0) = Z(t0).

Then since Eτ(t0) makes equal angles with −τ ′(t0) and −τ ′
0(t0), it follows

that
Z0(t) = J0(t) + atT0(t), ||J(t0)|| = ||J0(t0)||.

It follows from the remarks preceding Lemma 7.17 that

dgτ ′(0)(v) = J ′
0(0).
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Moreover, (7.19) implies

(7.20) |a| ≤ cos
1
2
π
√

δ = K(δ).

Now by Rauch I, we have the estimate

||J0(t0)|| = ||J(t0)|| ≤ sin(δt0).

Similarly,
(sin t0)||J ′

0(0)|| ≤ ||J0(t0)||.
Combining these gives

(7.21) ||J ′
0(0)|| ≤ sin(δt0)

sin t0
≤ 1 + K(δ).

By Lemma 7.15 and (7.21) we have

|| sin t0E(t0) − J(t0)|| ≤ K(δ)

||J0(t0) − sin t0E0(t0)|| ≤ K(δ)(1 + K(δ)) = K(δ),(7.22)

where
E(t) = Pτ(t)(J

′(0)), E0(t) = Pτ0(t)(J
′(0)).

Since dgτ ′(0)(v) = J ′
0(0), we have

(7.23) ||Pτ∪−τ0(v) − dgτ ′(0)(v)|| = ||E(t0) − E0(t0)||.

But since Z(t0) = Z0(t0), we have

| sin t0|||E(t0) − E0(t0)|| ≤ || sin t0E(t0) − Z(t0)|| + ||Z(t0) − sin t0E0(t0)||
≤ || sin t0E(t0) − J(t0)|| + ||J0(t0) − sin t0E0(t0)||

+ |a||t0|||T0(t0) − T (t0)||.

Using (7.22) to estimate the first two terms on the right-hand side and (7.20)
to estimate the third gives

| sin t0|||E(t0) − E0(t0)|| ≤ K(δ).

This estimate together with (7.23) and π
2 ≤ t0 ≤ π

2
√

δ
completes the proof.

�

Lemma 7.24. Let Mn be as in Theorem 7.16 and let τ ′(0) ∈ Sn−1
p . Then,

for u = τ ′(0) or 〈u, τ ′(0)〉 = 0, we have

||sτ ′
0
◦ Pτ∪−τ0(u) − g(u)|| ≤ K(δ).

Proof. If u = τ ′(0), then the estimate is obvious from Lemma 7.18. So
suppose 〈u, τ ′(0)〉 = 0. Let E(t) = Pτ(t)(u), and define s0 by

expp(s0u) = expq(s0g(u)).

Set
c(t) = expτ(t)(s0E(t)).
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We use Corollary 1.36 of Rauch II to compare the length of c to that of the
corresponding curve (which is a circle of latitude) on the sphere Sn

1/
√

δ
. This

gives the estimate

L[c] ≤ t0

2π/
√

δ

1√
δ

sin
(√

δ(
1
2
π
√

δ − s0)
)
.

Using π
2 ≤ s0 ≤ π

2
√

δ
, we find

(7.25) L[c] ≤ K(δ).

Let E0(t) be the parallel field along τ0 such that E0(t0) is the vector per-
pendicular to τ ′

0(t0) which makes the smallest angle with E(t0). Then if

c0(t) = expτ0(t)(s0E0(t))

as above, we have

(7.26) L[c0] ≤ K(δ).

Now P−τ0(E(t0)) = Pτ∪−τ0(u). The inequality of Lemma 7.18 implies

<)(E(t0), E0(t0)) =<)(Pτ∪−τ0(u), E0(0)) = K(δ).

Then Toponogov’s Theorem gives the estimate

(7.27)
ρ(expτ(t0)s0E(t0), expτ(t0)s0E0(t0)) ≤ (1/

√
δ)K(δ) = K(δ),

ρ(expτ0(t0)s0Pτ∪−τ0(u), expτ0(0)s0E0(0)) ≤ (1/
√

δ)K(δ) = K(δ).

Adding (7.25), (7.26), (7.27) gives

ρ(expps0u, expqs0Pτ∪−τ0(u)) ≤ K(δ).

Therefore

(7.28) ρ(expqs0g(u), expqs0Pτ∪−τ0(u)) ≤ K(δ).

Now choose K(δ) in (7.28) to be smaller than 2π
(
1 − 1

2
√

δ

)
. Then the

minimal geodesic σ from expq(s0g(u)) to expq(s0Pτ∪−τ0(u)) is contained
in Bπ(q). Set α =<)(g(u), Pτ∪−τ0(u)). Since i(Mn) ≥ π, we may apply
Corollary 1.35 of Rauch I (comparing with Sn

1 ) and (7.6) to get

K(δ) ≥ cos−1
(

cos2
π

2
√

δ
+ sin2 π

2
√

δ
cos α

)
.

Therefore

(7.29) α ≤ cos−1
(cos K(δ) − cos2 π

2
√

δ

sin2 π
2
√

δ

)
≤ K(δ).

This suffices to complete the proof. �

The proof of Theorem 7.16 is now easy.
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Proof of Theorem 7.16. By Lemma 7.17, Mn is a twisted sphere.
By Lemma 7.5, Lemma 7.18 and Lemma 7.24 we have for any τ ,

(7.30) ||g − sτ ′ ◦ Pτ∪−τ0|| ≤ K(δ),

(7.31) ||sτ ′ ◦ Pτ∪−τ0 − dgτ ′(0)|| ≤ K(δ).

Thus if γ is the minimal geodesic from p to q, (7.31) says in particular that

(7.32) ||sγ′ ◦ Pγ − g|| ≤ K(δ).

Restricting to Sn−1
τ ′(0) and adding (7.30), (7.31), (7.32) gives

(7.33) ||sγ′ ◦ Pγ − dgτ ′(0)|| ≤ K(δ).

As we have observed before Lemma 7.18, (7.32) and (7.33) imply that for
all y,

||f − 1|| ≤ K(δ), ||dfy − 1|| ≤ K(δ).
For δ sufficiently close to 1, K(δ) will be so small that f satisfies the hy-
pothesis of Proposition 7.4. Then f is isotopic to the identity and by Propo-
sition 7.2, Mn is diffeomorphic to Sn. �

We will now discuss without proof some results which may serve to
put the theorems of Chapter 6 and the present chapter in perspective. As
the theorems suggest, what we would really like to do is to classify com-
pact manifolds of positive curvature. This problem is almost entirely open.
Corollary 1.32, Theorem 5.9 and Theorem 8.23 (for nonnegative curvature)
provide some information about the stucture of the fundamental group.
However, it was only recently that Singer and Lichnerowicz, by use of the
Index Theorem, gave the first result in the simply connected case. They
showed that the Â genus of a compact manifold which admits a metric of
positive curvature vanishes. In fact, this holds if only the scalar curvature
is positive. Their theorem provides the first examples of compact simply
connected manifolds which can be shown not to admit a metric of positive
curvature. On the other hand, Example 3.44 describes the best attempt so
far to construct a simply connected nonhomogeneous manifold which actu-
ally does admit a metric of positive curvature. Moreover there are only a
few conjectures concerning the properties of such manifolds. One such is
the Hopf conjecture, that the product of compact manifolds does not admit
a metric of positive curvature. A related conjecture of Hopf and Chern says
that the Euler characteristics of an even-dimensional manifold admitting a
metric of positive (nonnegative) curvature is positive (nonnegative). This is
known in dimensions 2 and 4.

In view of the lack of information in the general case, it is natural to
see what can be said about manifolds admitting a δ-pinched metric, for
various specific values of δ. The theorems of Chapter 6 and the present
chapter essentially provide a classification for δ = 1

4 . For smaller values of δ
there are fragmentary results which are proved by analytic (Hodge theory)
techniques. In even dimensions at least there is the following result.
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Theorem 7.34 (Cheeger [1970], Weinstein [1967]). Given n and δ >
0, there are at most finitely many diffeomorphism classes of 2n-manifolds
admitting a metric such that 1 ≥ KM ≥ δ.

In odd dimensions Theorem 7.34 is false without assuming simple con-
nectivity (lens spaces), and even in that case it is not known. The reason
for this is that the proof depends on Corollary 1.32 and Theorem 5.9 (which
holds only in even dimensions).

The problem of studying a δ-pinched manifold may be thought of as that
of studying a manifold whose curvature is similar to that of the sphere. Then
a natural generalization is to replace the sphere by an arbitrary compact
simply connected Riemannian manifold. More explicitly, we would like to
weaken the hypothesis of the Cartan-Ambrose-Hicks Theorem 1.42 to some
sort of topological equivalence. In order to do this, the behavior of ∇R, the
covariant derivative of the curvature tensor, must be taken into account. We
make the following definition.

Definition 7.35. Let M, M0 be as in Theorem 1.42. Given N > 0,
define

ρN (M, M0) = sup
γ
{||R − I−1

γ (R0)||, ||∇R − I−1
γ (∇R0)||},

where the sup is taken over all broken geodesics with at most N breaks,
each segment of which has length ≤ 1.

As usual, let V (M) denote the volume of M .

Theorem 7.36 (Cheeger [1967]). Given a compact simply connected Rie-
mannian manifold Mn, there exists N > 0 such that given V > 0 there exists
ε > 0 such that if M0 is a compact simply connected Riemannian manifod
for which V (M0) > V and ρN (M, M0) < ε, then M0 is diffeomorphic to M .

The proof of Theorem 7.36 proceeds by a monodromy argument similar
to the proof of the Cartan-Ambrose-Hicks Theorem. As we have seen, in
certain special cases such as Theorem 7.16, the hypothesis on ∇R, ∇R0 can
be removed. In fact, it can be shown that this can be done when Mn is
any symmetric space of rank one. However, at present, one cannot get any
topological conclusion at all in the general case without such a hypothesis.
But there is the following analogue of Theorem 7.34.

Theorem 7.37 (Cheeger [1970]). Given n, d, V, K > 0, there are at most
finitely many diffeomorphism classes of n-manifolds which admit a metric
such that d(M) < d, V (M) > V , |KM | < K.



CHAPTER 8

Complete Manifolds of Nonnegative Curvature

In this chapter we shall investigate the topological and geometrical prop-
erties of complete noncompact manifolds of nonnegative curvature. For fur-
ther discussion see Cheeger and Gromoll [1968, 1971, 1972], Gromoll and
Meyer [1969] and Milnor [1968]. We will show first of all that a manifold M
with KM ≥ 0 contains a compact totally geodesic submanifold S. Actually,
S has a much stronger property of being totally convex in the sense of Def-
inition 8.1. S is called the soul of M . The existence of a totally geodesic
submanifold is remarkable in view of the fact that most Riemannian mani-
folds do not contain nontrivial totally geodesic submanifolds. Furthermore,
we shall see that the inclusion i : S → M is a homotopy equivalence. More
generally this is true for any totally convex set C ⊂ M . Thus in particular
the noncompact manifold M has the homotopy type of a compact manifold.
If KM > 0, S reduces to a point. With more technical work (see Cheeger
and Gromoll [1972]) one can show that M is actually diffeomorphic to the
normal bundle ν(S) of S. So KM > 0 implies M is diffeomorphic to Rn.
The diffeomorphism does not in general arise from the exponential map.

Definition 8.1. A set C is called totally convex if whenever p, q ∈ C
and γ is a geodesic segment from p to q, then γ ⊂ C.

It is clear from the point of view of Morse Theory that totally convex
sets are of interest, since all critical points of the energy function on Ωp,q(M)
are already contained in C. Therefore C should be topologically similar to
M in some sense. Proper totally convex sets (C �= M) do not exist in most
manifolds. In Euclidean space, any convex set is an intersection of half-
spaces. We now give a way of constructing a half-space which makes sense
in any noncompact Riemannian manifold.

A ray γ : [0,∞) → M is a geodesic parmeterized by arclength each finite
segment of which realizes the distance between its endpoints.

In any noncompact manifold M there is at least one ray starting at each
point of M . Given p, let pi be a sequence of points such that ρ(p, pi) → ∞.
Let γi be a sequence of minimal geodesics from p to pi, and let v be an
accumulation point of the vectors γ′

i(0). Let γ : [0,∞) → M be the geodesic
such that γ′(0) = v. Then for any a, γ|[0, a] is minimal. In fact γ|[0, a] is the
uniform limit of the segments γi|[0, a], which are all minimal for sufficiently
large i. Thus γ|[0, a] is minimal so γ is a ray. Let Br(p) as usual denote
the open metric ball of radius r centered at p. Given γ, we define Bγ to

119
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be
⋃

t Bt(γ(t)) and Hγ to be the complement (Bγ)′ of Bγ . In Euclidean
space, Hγ is a half-space in the usual sense. Notice also that since the balls
Bt(γ(t)) are open, γ(0) ∈ (Bγ)′ = Hγ . Hence Hγ is nonempty.

Theorem 8.2. Let M be a noncompact manifold of nonnegative curva-
ture. Then for any ray γ, Hγ is totally convex.

The reader should compare our construction to those in Lemma 6.10. In
both situations we are making use of the principle that positive curvature in
M tends to make the complement of a sufficiently large metric ball convex.

Proof. We use Toponogov’s Theorem. Suppose there exists a geodesic
γ0 : [0, 1] → M with endpoints γ0(0), γ0(1) ∈ (Bγ)′, but γ0(s) ∈ Bγ for some
s ∈ (0, 1). It follows from the triangle inequality that t2 ≥ t1 > 0 implies
Bt2(γ(t2)) ⊃ Bt1(γ(t1)), and hence that for q = γ0(s) ∈ Bγ there exists
t0 > 0 such that q ∈ Bt(γ(t)), t ≥ t0. In fact setting

t0 − ε = ρ(q, γ(t0)), ε > 0,

we have

ρ(q, γ(t)) ≤ ρ(q, γ(t0)) + ρ(γ(t0), γ(t))
= t0 − ε + t − t0 = t − ε

for all t ≥ t0.
Let γ0(st) be a point on γ0 which is closest to γ(t). Further, consider

the restriction γt
0 = γ0|[0, st], and minimal geodesics γt

1 from γ0(st) to γ(t),
γt

2 from γ(t) to γ0(0). It follows from the above that for all t ≥ t0,

L[γt
2] ≥ L[γt

1] + ε.

On the other hand, since L[γt
0] < L[γ0] is finite, we will have

L[γt
2] + L[γt

1] > L[γt
0],

for t sufficiently large. Hence we may construct a triangle in Euclidean 2-
space as in Toponogov’s Theorem(A). In particular, for this triangle we have
ᾱt

2 ≤ αt
2.

Using the law of cosines in the Euclidean plane, we obtain

cos ᾱt
2 =

L2[γt
0] + L2[γt

1] − L2[γt
2]

2L[γt
0]L[γt

1]

=
L[γt

1] + L[γt
2]

2L[γt
1]

L[γt
1] − L[γt

2]
2L[γt

0]
+

L[γt
0]

2L[γt
1]

.

Now
L[γt

2] − L[γt
1] ≥ ε, L[γt

0] < L[γ0], L[γt
2] ≥ t,

so for sufficiently large t we have cos ᾱt
2 < 0, implying 1

2π < ᾱt
2 ≤ αt

2.
However, γ0(st) is closest to γ(t) and st ∈ (0, 1), so αt

2 = 1
2π, contradiction.

�
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Example 8.3. Consider the paraboloid of revolution z = x2 + y2 (see
Fig. 8.1). This is a manifold whose curvature is strictly positive (but not
bounded away from zero). One can check that the rays on the paraboloid
are precisely the meridians z = (1 + α2)x2.

The half-spaces Hγ are the caps indicated in Fig. 8.1. We leave the
verification as a (nontrivial) exercise.

Example 8.4. Consider the cylinder x2 + y2 = 1 (see Fig. 8.2). The
rays, as we have seen in Example 2.4, are the geodesics parallel to the z-
axis. The half-spaces are the pieces of the cylinder below or above some
plane z = constant.

Once we have constructed a single nontrivial totally convex set (t.c.s.)
it is easy to construct a compact one. What we want to look at eventually
are t.c.s. which are in some sense as small as possible.

Proposition 8.5. With M as above and p ∈ M , there exists a family of
compact totally convex sets Ct, t ≥ 0, such that

(1) t2 ≥ t1 implies Ct2 ⊃ Ct1 and

Ct1 = {q ∈ Ct2 | ρ(q, ∂Ct2) ≥ t2 − t1}.
In particular

∂Ct1 = {q ∈ Ct2 | ρ(q, ∂Ct2) = t2 − t1}.
(2)

⋃
t≥0

Ct = M ,

(3) p ∈ ∂C0.
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Here our notation is ∂A = clA ∩ clA′ = clA − intA, where clA denotes
the closure and intA the interior of a subset A in M .

Proof. Set Ct =
⋂

γ(Bγt)′, where the intersection is taken over all rays
γ emanating from p, and γt : [0,∞) → M denotes the restricted ray from
γ(t) to ∞ with γt(s) = γ(s + t). Clearly Ct is totally convex and closed. If
some Ct were not compact, it would contain a sequence of points pi → ∞.
Let γi : [0, βi] → M be a sequence of minimal normal geodesics from p
to pi. Each γi is contained in the t.c.s. Ct. Then by compactness of the
unit sphere in Mp, we may choose a subsequence of γi converging to a ray
γ : [0,∞) → Ct. But then by definition, γ(t′) /∈ Ct for t′ > t. Hence for
large i, pi �∈ Ct. which is a contradiction. It follows that Ct is compact.

(1) Assume that t2 > t2. Since

Bs(γt2(s)) = Bs(γ(s+ t2)) ⊂ Bs+t2−t1(γ(s+ t2)) = Bs+t2−t1(γt1(s+ t2− t1)),

we obtain that Bγt2
⊂ Bγt1

for any ray γ and hence Ct2 ⊃ Ct1 .
Given a ray γ from p, we have

Bγt1
= {q | ρ(q, Bγt2

) < t2 − t1}.

For if ρ(q, Bγt2
) < t2 − t1, then there is q′ ∈ Bγt2

such that ρ(q, q′) < t2 − t1.
So when s > 0 is sufficiently large, q′ ∈ Bs(γt2(s)) and, by the triangle
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inequality,
q ∈ Bs+t2−t1(γ(s + t2)) ⊂ Bγt1

.

Conversely, if q ∈ Bγt1
, then, for some s > 0,

q ∈ Bs+t2−t1(γt1(s + t2 − t1)) = Bs+t2−t1(γt2(s)) ⊃ Bs(γt2(s)).

Hence
ρ(q, Bγt2

) ≤ ρ(q, Bs(γt2(s))) < t2 − t1.

If Ai is an arbitrary collection of nonempty subsets of M , then

ρ
(
q,

⋃
Ai

)
< t2 − t1

if and only if there exists j with ρ(q, Aj) < t2 − t1. Therefore⋃
γ

Bγt1
=

{
q | ρ

(
q,

⋃
γ

Bγt2

)
< t2 − t1

}
,

where γ ranges over all rays emanating from p, and hence

Ct1 =
{
q | ρ

(
q,

⋃
γ

Bγt2

)
≥ t2 − t1

}
.

Note that for any A ⊂ M, q ∈ A′ one has ρ(q, A) = ρ(q, ∂A), and
∂A = ∂A′. Let A =

⋃
γ
Bγt2

. This completes the proof.

(2) It follows from the triangle inequality that for any q ∈ M we have
q ∈ Ct whenever t ≥ ρ(p, q).

(3) This is an immediate consequence of the construction. �
We will now show that for any closed totally convex set C, there exists a

set N ⊂ C which has the structure of a smooth connected embedded totally
geodesic submanifold such that C ⊂ N̄ . This result may be thought of as a
sort of regularity theorem and is necessary to complete the construction of
the soul S of M . The arguments from this point up to Theorem 8.9 do not
depend on any curvature assumptions.

Because all of our arguments use only local (as opposed to total) con-
vexity, we will recall some information from the appendix to Chapter 5. A
subset A of M is called strongly convex if for any q, q′ ∈ A there is a unique
minimal geodesic segment τq,q′ from q to q′ and τq,q′ ⊂ A. There exists a
positive continuous function r : M → [0,∞), the convexity radius, such that
any open metric ball B(p′) ⊂ Br(p)(p) is strongly convex. We say that a set
C ⊂ M is convex if for any p ∈ clC there is a number 0 < ε(p) < r(p) such
that C∩Bε(p)(p) is strongly convex. A totally convex set is of course convex
and connected. Notice also that the closure if a convex set is again convex.

Assume C is convex. Let 0 ≤ k ≤ n denote the largest integer such that
the collection {Nα} of smoothly embedded k-dimensional submanifolds of M
which are contained in C is nonempty. Let N =

⋃
α Nα. Let p ∈ N . Then

p ∈ Nα for some α, and since Nα is a smoothly embedded submanifold, there
is a neighborhood U ⊂ Nα ∩ Bε(p)/2(p) of p in Nα and a positive δ < 1

2ε(p)
such that the exponential map restricted to the set of vectors of length < δ
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in the normal bundle of U is a diffeomorphism onto a neighborhood Tδ of p
in M . In order to show that N is an embedded submanifold, it will suffice
to show that N ∩ Tδ = U . In fact, if q ∈ (C ∩ Tδ)−U , and q′ is the point of
U closest to q, then the minimal geodesic from q to q′ is perpendicular to U .
Then for a sufficiently small open neighborhood q′ ∈ U ′ ⊂ U , the minimal
geodesic from q to any q′′ ∈ U ′ intersects U ′ transversally. It follows that
the cone

{exp(tu) |u ∈ Mq, ||u|| < ε(q), exp(u) ∈ U ′, 0 < t < 1}
is a (k + 1)-dimensional smooth submanifold of M which is contained in C
by convexity. But this contradicts the definition of k. By convexity of C
and the existence of Tδ, it is immediate that the submanifold N is totally
geodesic. It remains to show that N is connected and C ⊂ N . This is an
easy consequence of the following lemma.

Lemma 8.6. Let C be convex and connected, and let

p ∈ C ∩ N, p′ ∈ Bε(p)/4(p) ∩ C, q ∈ Bε(p)/4(p) ∩ N.

Let γ be the normal geodesic in M such that γ|[0, ε] is the minimal segment
from q to p′, where ε = ρ(q, p′). Then γ|[0, ε) ⊂ N and hence p′ ∈ N . If
furthermore p′ /∈ N , then γ(s) /∈ C for all ε < s < ε + 1

4ε(p).

Proof. Let W be sufficiently small (k − 1)-dimensional hypersurface
of Bε(p)/4(p) ∩ N through q which is transversal to γ. (See Fig. 8.3.) Let
0 < ε̂ < ε + 1

4ε(p) and p̂ = γ(ε̂) ∈ C. The cone

V = {exp(tw) |w ∈ Mp̂, ||w|| < ε(p), exp(w) ∈ W, 0 < t < 1}

is a smooth k-dimensional submanifold of M and V ⊂ C, since C is convex.
Hence V ⊂ N by construction of N . In particular, taking p̂ = p′, we have
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γ[0, ε) ⊂ N . On the other hand, ε < ε̂ < 1
4ε(p) would imply p′ ∈ N . The

lemma follows. �

Lemma 8.7. N is connected and C ⊂ N .

Proof. Let N0 be a connected component of N . It follows that C ⊂ N0.
Otherwise, since C is connected, there exist

p ∈ C ∩ N0, p′ ∈ Bε(p)/4(p) ∩ (C − N0), q ∈ Bε(p)/4(p) ∩ N0.

But p′ ∈ N0 by Lemma 8.6. Suppose N1 is another connected component
of N . Since both N0 and N1 are dense in C, we must have N0 = N1 = N .
This completes the proof. �

It is now easy to show that a closed onvex set C is an embedded topolog-
ical submanifold with smooth interior N and possibly nonsmooth boundary
(which might be empty). We shall not prove this result because we do not
need it. What we shall use instead is the following discussion of tangent
cones.

The tangent cone Cp at p ∈ C is defined by the set

{v | v ∈ Mp, expp(tv/||v||) ∈ N forsomepositive t < ε(p)} ∪ {0} ⊂ Mp.

Let Ĉp denote the subspace of Mp generated by Cp. Clearly, if p ∈ N ,
then Cp = Ĉp = Np. If, on the other hand, p ∈ ∂C = C − N , then by
Lemma 8.7 there exists q ∈ Bε(p)/4(p) ∩ N . Letting γ denote the minimal
normal geodesic from p to q, by Lemma 8.6 it follows that γ′(0) ∈ Cp but
−γ′(0) /∈ Cp. Hence in this case Cp �= Ĉp. Moreover, if q′ ∈ Bε(p)/4(p) ∩ N
and if for sufficiently small t, σt denotes the minimal normal geodesic from
γ(t) to q′, then

σ′
0(0) = lim

t→0
σ′

t(0).

Since N is totally geodesic, Nγ(t) is invariant under parallel translation along
γ. As usual, letting P[ ] denote parallel translation along [ ], we have Ĉp ⊂
P−γ(Nq). However, as in the proof of Lemma 8.6, if we form the geodesic
cone at p and a small hypersurface W of N through q and transversal to
γ, we see that Cp − 0 is open in P−γ(Nq). Therefore, Ĉp = P−γ(Nq). In
particular,

dim Cp = dim Ĉp = dim N.

Moreover, if

p′ ∈ Bε(p)/4(p) ∩ ∂C and q ∈ Bε(p)/4(p) ∩ N

Lemma 8.7), then for minimal segments γ, γ̄ from p to p′ to q, we have

Ĉp = P−γ∪γ̄(Ĉp′).

It follows that Ĉp varies continuously with p.
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Lemma 8.8. Let C ⊂ M be closed and convex. Suppose that there exist
p ∈ ∂C, q ∈ intC, and a minimal normal geodesic γ : [0, d] → C from q to p
such that L[γ] = ρ(q, ∂C). Then Cp − 0 is the open half-space

H = {v ∈ Mp| <)(v,−γ(d)) < π/2}.

Proof. Take s < d such that ρ(γ(s), p) < 1
2ε(p). Clearly γ|[s, d] realizes

the distance from γ(s) to ∂C and hence

Bd−s(γ(s)) ∩ ∂C = p.

It follows easily that Cp ⊃ H. Conversely, let q′ ∈ Bε(p)(p) ∩ C and let γ̄
denote the minimal geodesic from p to q′. If

<)(γ̄′(0),−γ′(d)) >
1
2
π,

then −γ̄′(0) points into Bd−s(γ(s)). Hence, by Lemma 8.6 we would have
p ∈ intC. Since, as we have previously remarked, Cp − 0 is open in Ĉp, this
suffices to complete the proof.

Any half-space H ⊂ Ĉp with the property Cp ⊂ H will be called a
supporting half-space for C at p ∈ ∂C. If p ∈ ∂C and q ∈ intC with ρ(p, q) <
ε (Lemma 8.7), then the closest point p′ ∈ ∂C to q satisfies ρ(p, p′) < 2ε.
Hence by Lemma 8.8, the set of points having a unique supporting half-
space is dense in ∂C. Moreover, if p ∈ ∂C is arbitrary, and pi → p where
pi ∈ ∂C has supporting half-space Hi, then by local compactness of the unit
sphere bundle, we may assume Hi converges to some half-space H. By an
argument similar to the discussion above, it follows that H is a supporting
half-space for C at p. �

The following theorem is the key to constructing the soul of M . For C
a closed and convex set with ∂C �= ∅, we set

Ca = {p ∈ C|ρ(p, ∂C) ≥ a} and Cmax =
⋂

Ca �=∅
Ca.

Theorem 8.9. Let M have nonnegative curvature, let C be closed and
convex, respectively totally convex, and let ∂C �= ∅. Then:

(1) for any a, Ca is convex, respectively totally convex,
(2) dim Cmax < dim C.

Theorem 8.9 is actually a corollary of the following more general theo-
rem.

Theorem 8.10. With the hypothesis of Theorem 8.9, let ψ : C → R
be defined by ψ(x) = ρ(x, ∂C). Then for any normal geodesic segment γ
contained in C, the function ψ ◦ γ(t) is (weakly) convex, i.e.

ψ ◦ γ(αt1 + βt2) ≥ αψ ◦ γ(t1) + βψ ◦ γ(t2),

where α, β ≥ 0, and α + β = 1. Moreover, suppose

ψ ◦ γ(t) ≡ d
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is constant on some interval [a, b]. Let V (s) denote the parallel field along
γ|[a, b] such that V (a) = γ̇a(0), where γa is any minimal geodesic from γ(a)
to ∂C. Then for any s

t → expγ(s)tV (s)|[0, d]

is a minimal geodesic from γ(s) to ∂C and the rectangle

φ : [a, b] × [0, d] → M

defined by
φ(s, t) = expγ(s)tV (s)

is flat and totally geodesic.

Theorem 8.10 implies Theorem 8.9 as follows: If γ : [0, d] → C were a
normal geodesic segment such that γ(0), γ(d) ∈ Ca but γ[0, d] � Ca, then
ψ ◦ γ would have a strict interior minimum which is impossible for a convex
function. This proves (1), and (2) is then trivial.

Proof of Theorem 8.10. For simplicity we will assume that C is to-
tally convex. If C is convex the proof must be slightly modified and we leave
this to the reader. The second part of the theorem follows easily from (a)
below.

Let γ : [a, b] → C be a normal geodesic. For a < s0 < b let γs0 : [0, d] →
C be a minimal connection from γ(s0) to ∂C. It will suffice to show that on
some interval (s0 − δ, s0 + δ), ψ ◦ γ is bounded above by the linear function
d − cos α(s − s0), where

α =<)(γ′(s0), γ′
s0

(0)),

for this implies that ψ ◦ γ is locally the minimum of linear (and therefore
convex) functions. The minimum of convex functions is convex. Hence
ψ ◦ γ is locally convex. For the argument, it is only necessary to consider
s > s0. Following an idea suggested by the proof of Toponogov’s Theorem
we distinguish three cases.

(a) α = 1
2π. Let E(t) denote the parallel field along γs0 generated

by γ′(s0). By Rauch II, if follows that there exists δ > 0, such that for
s0 ≤ s ≤ s0 + δ, the curve

γs(t) = expγs0
(s − s′)E(t)

has length ≤ d = r − cos 1
2π. If equality holds for some s′, then it must

also hold for all smaller s′′, as follows easily from the proof of Rauch II. The
curves

s → expγs(t)
sE(t)

must be geodesics, since they are minimal and from the proof of Rauch II
the totally geodesic rectangle which they therefore determine must be flat.
The function

γs(t) : [s0, s
′] × [0, d] → C
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defines a flat totally geodesic rectangle. Clearly ψ ◦ γ ≡ d unless for some
fixed s the curve γs(t) ⊂ intC for 0 ≤ t ≤ d. On the other hand, by
Lemma 8.8, this is impossible for t = d.

(b) α > 1
2π. In this case let E(0) be the convex combination of γ′

s0
(0)

and γ′(s0) which is perpendicular to γ′
s0

(0). Constructing a family γs(t) as
above, it follows as in (a) that for small δ and s0 ≤ s ≤ s0 + δ, that

ρ(expγ(s0) cos
(
α − 1

2
π
)
(s − s0)E(0), ∂C) ≤ d.

But by Rauch I,

ρ(γ(s), expγ(s0) cos
(
α − 1

2
π
)
(s − s0)E(0)) ≤ (s − s0) sin

(
α − 1

2
π
)

= −(s − s0) cos α.

So by the triangle inequality,

ρ(γ(s), ∂C) ≤ d − (s − s0) cos α.

(c) α < 1
2π. Let as be the minimal segment from γs0 to γ(s), where

as(0) = γs0(ts). Then a′s(0) ⊥ γ′(ts). As above,

ρ(γ(s), ∂C) ≤ d − ts.

By Rauch I and the law of cosines,

(ρ(γs0(ts), γ(s)))2 ≤ t2s + (s − s0)2 − 2tss cos α.

Since the angle at γs0(ts) is a right angle, we also have

(s − s0)2 ≤ (ρ(γs0(ts), γ(s)))2 + t2s.

Combining these two inequalities yields

2ts(s − s0) cos α ≤ 2t2s

or
(s − s0) cos α ≤ ts.

Thus again
ρ(γ(s), ∂C) ≤ d − cos α(s − s0).

�

Now choose a compact t.c.s C as in Proposition 8.5 such that ∂C �= ∅.
By iterating Theorem 8.9, we may construct a flag of compact t.c.s., where
each set consists of all points at maximum distance from the boundary of
the preceding set and is of lower dimension. Thus we have by induction:

Theorem 8.11. M contains a compact totally geodesic submanifold S
without boundary which is totally convex, 0 ≤ dim S < dim M . In particu-
lar, S has nonnegative curvature.
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A manifold S constructed as above will be called a soul of M . The
construction of S depended on the choice of some arbitrary point p ∈ M . A
different choice of p will sometimes lead to a different soul. S may sometimes
consist of a single point.

In a sense Theorem 8.11 is a rigid version of the following result, which
was proved first (see Gromoll and Meyer [1969]), and without resort to
Toponogov’s Theorem. Still earlier results for the two-dimensional case are
due to Cohn-Vossen [1935], [1936].

Corollary 8.12. If KM > 0, then a soul of M is a point.

Proof. This is clear from Theorem 8.10. �

It will be convenient to change our notation slightly by reindexing the
expanding and contracting families of t.c.s. we have constructed. Let C0

be the t.c.s. of Theorem 8.9. In case dimC0 = dimM let us now agree
to denote Cmax

0 = Ca0
0 by C0. Then what was previously denoted by Ct

becomes Ct+a0 and Ca
0 becomes Ca0−a. Conclusions (1),(2) of Theorem 8.9

hold for the family as reindexed. In addition, with our new notation

dim C0 < dim M, dim Ct = dim M, t > 0.

Moreover, we have the flag of t.c.s.

C0 = C(1) ⊃ · · · ⊃ C(k) = S,

where C(i + 1) = C(i)max.

Example 8.13 (continued). The (unique) soul of the paraboloid is the
vertex.

Example 8.14 (continued). Any circle going around the cylinder per-
pendicular to the axis is a soul.

Example 8.15. The tangent bundle T (S2) of the 2-sphere admits a
complete metric of nonnegative curvature.

This example is especially interesting because the metric is not locally a
product even though the soul (the zero section) is not a point. The metric
may be described as follows: Take the T (S2) with its standard connection
coming from the metric of constant curvature on S2. At each point v in
a fibre F there is a horizontal complement H to the fibre determined by
the connection. Let H be perpendicular to F and define the metric on H
by making the projection π : T (S2) → S2 an isometry (with the standard
metric on S2). Instead of the usual flat metric (dr2 + r2dθ2) on the fibres,
use the metric,

dr2 +
r2

1 + r2
dθ2.

A more direct way of viewing the metric on T (S2) arises from Exam-
ple 3.43. Take the Riemannian product S3 × R2, where S3 has its standard
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metric of constant curvature which is bi-invariant with respect to its Lie-
group structure. Let

φ → eφx = e(2π+φ)x

denote a (closed) 1-parameter subgroup of S3 and let S1 act by isometries
on S3 × R2 by

φ(g, r, θ) = (geφx, r, θ + φ).
This gives rise to a fibration

S1 −−−−→ S3 × R2⏐⏐�π

T (S2)
Since S1 acts by isometries, we get an induced metric on the quotient

space T (S2) by setting ||x|| = ||π−1(x)||, where π−1(x) is any inverse image
of x which is perpendicular to the fibre S1. π becomes a Riemannian sub-
mersion and the formula of O’Neill implies that the curvature of T (S2) is
nonnegative. One can check that the metric on T (S2) is the one we have
described above.

We will now give an indication of the proof that the inclusion i : S → M
is a homotopy equivalence.

Theorem 8.16. Let C be a compact totally convex set in M, ∂C = ∅.
Then the inclusion C ⊂ M is a homotopy equivalence.

Proof. We consider the space ΩC of piecewise smooth curves c : [0, 1] →
M such that c(0), c(1) ∈ C. As in Chapter 4, one has the space Ωa

C of curves
of energy ≤ a which may be replaced by a finite-dimensional manifold of
broken geodesics. Since C is totally convex, the constant geodesics

γ : [0, 1] → p ∈ C

are the only critical points of the energy function on Ωa
C and these form a

submanifold diffeomorphic to C. Hence using the trajectories of the gradient
of E there is a strong deformation retract of ΩC onto C. Let Dk denote the
k-disc. Now a map

(Dk, ∂Dk) → (M, C)
induces in a standard fashion a map

(Dk−1, ∂Dk−1) → (ΩC , C)

and vice versa, for k ≥ 1. Therefore πk(M, C) is trivial for all k ≥ 1.
The theorem now follows from the homotopy sequence of a pair and the
Whitehead Theorem (Spanier [1966]). �

Theorems 8.11 and 8.16 imply that if KM > 0, then M is contractible.
We are now going to discuss the special cases where codim < S = 1 or

dim S = 1. We begin with a slight generalization of Lemma 6.2 which is
proved in just the same way. The proof will be omitted.
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Lemma 8.17. Let D be a compact subset of a closed t.c.s. C in an
arbitrary complete Riemannian manifold M. If the function q → ρ(q, D)
assumes a (relative) maximum at p ∈ intC, then for any v ∈ Cp there is a
minimal geodesic σ : [0, d] → M from p to D such that 〈v, σ̇(0)〉 ≥ 0.

Theorem 8.18. Let S ⊂ M be a soul and suppose dim S = dim M − 1.
Let ν(S) be the normal bundle of S. Then expS |ν(S) is an isometry between
ν(S) with its standard (flat) bundle metric and M.

Proof. By Proposition 8.5, M =
⋃

t Ct, where Ct is totally convex and
S = Cmax

1 . Now for any p ∈ S and t > 0 there is a minimal connection
σ to ∂Ct. However, since all points of S are equidistant from ∂Ct we have
σ̇(0) ∈ ν(S). But by Lemma 8.17 it then follows that −σ is also a minimal
connection to ∂Ct for any t. By the argument of Theorem 8.10 it follows
that expS |ν(S) is a local isometry (where ν(S) has its induced metric) and
hence a covering. Since S is totally convex it follows that each p ∈ S has
just one inverse image and hence that expS |ν(S) is a global isometry. �

To handle the case dim S = 1 we use the following Splitting Theorem
which is actually valid under the weaker hypothesis RicM ≥ 0. The proof
for that case is more difficult and relies on results from analysis outside the
scope of this book.

A line is a geodesic γ : (−∞,∞) → M , each finite segment of which
realizes the distance between its endpoints. If M has positive curvature,
an argument very much like Theorem 1.31 shows that M contains no lines.
Thus the result which follows is a rigidity theorem.

Theorem 8.19 (Cheeger and Gromoll [1972], Toponogov [1964]). M
may be written uniquely as the isometric product M ×Rk, where M contains
no lines and Rk has its standard flat metric.

Proof. By induction, it suffices to show that if M contains a line σ,
then M is isometric to M × R. Now it follows from the fact that σ is a
line that Bσa and B−σa are at distance precisely 2a. By Proposition 8.5 and
Lemma 8.8, any geodesic τ : (−∞,∞) → M such that

τ(0) = σ(0), and τ ′(0) ⊥ σ′(0)

does not meet int((Bσ0)
′). The prime ′ denotes set-theoretic complement.

Hence by Theorem 8.10, ρ(τ(t), ∂B−σa) = a for all t; similarly ρ(τ(t), ∂Bσa)
= a. Suppose

ρ(q, ∂((B−σa)
′ ∩ (Bσa)

′)) ≥ a

for some q ∈ (B−σa)′ ∩ (Bσa)′ and let γ be a geodesic from σ(0) to q. Then
by Proposition 8.5,

γ ⊂ (B−σa)
′ ∩ (Bσa)

′,

which implies by Lemma 8.8 that γ′(0) ⊥ σ′(0). Then by the above

ρ(q, ∂((B−σa)
′ ∩ (Bσ0)

′)) = a,
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and therefore
((B−σa)

′ ∩ (Bσa)′)max = expσ(0)ν(σ).
Furthermore, expσ(0) ν(σ) has no boundary. If q were a boundary point and
q = expσ(0) t0v, then by Lemma 8.6 we would have for t > t0 that

expσ(0)tv /∈ expσ(0)ν(σ),

which is ridiculous. The proof may now be completed as in Theorem 8.18 �
Theorem 8.20. If dim S = 1 (in which case S is a circle), then M is a

locally isometrically trivial bundle over S.

Proof. Let ρ : M̃ → M denote the natural projection of the universal
covering space M̃ on M . Since ρ is a local isometry it follows easily that
ρ−1(S) is totally convex. However, since M has the homotopy type of S1,
we have π(M) ∼= Z and hence ρ is an infinite covering. Thus ρ−1(S) is
a noncompact 1-dimensional totally convex submanifold of M̃ . In other
words, ρ−1(S) is a line. Let M̂ × R be the corresponding splitting of M̃

guaranteed by Theorem 8.19. Let π2 : M̂ × R → R be the projection. It
is easy to see that π2 commutes with covering transformations and hence
induces π : M → S. Further, it follows easily that if I1, I2 form a covering
of S1 = S by open intervals, then π−1(Ii) is isometric to Ii × M̂ in such a
way that on I1 ∩ I2 the isometric product structure is preserved. �

We now apply Theorem 8.19 to study the fundamental group of M . As
we know, if KM > 0, then π1(M) is finite. We should then expect that if
KM ≥ 0, π1(M) can be infinite only under very special circumstances.

Definition 8.21. Suppose that M is a Hausdorff space and G is a group
which acts on M . We say that G acts properly discontinuously if for each
p ∈ M there is a neighborhood U � p such that U ∩ g(U) �= ∅ for at most
finitely many g ∈ G. G is said to act uniformly if the orbit space M/G is
compact in the identification topology.

If G acts properly discontinuously, then M/G is Hausdorff. A group G of
isometries of Rk which acts properly discontinuously and uniformly is called
crystallographic group. The structure of crystallographic groups is given in
the following theorem. The reader is referred to Wolf [1966] for a proof. If
each element is fixed point free, G is said to be a Bieberbach group.

Theorem 8.22 (Bieberbach). Let G be a crystallographic group acting
on Rk. Then G contains a normal free abelian subgroup of rank k, the group
of translations, which is of finite index. k is called the rank of G.

Let G be a properly discontinuous group of isometries of Rn such that
each element is fixed point free. Then Rn/G is in a natural way a flat
Riemannian manifold which might not be compact. However, our main
result shows the existence of a flat compact soul S of the homotopy type of
M . It follows that G is a Bieberbach group on Rk with k = dim S ≤ n.
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In view of Theorem 8.22, the following result provides a good description
of the fundamental group in case KM ≥ 0.

Theorem 8.23. Let M be a complete manifold of nonnegative curvature.
Then there exists a finite normal subgroup Φ ⊂ π1(M) such that π1(M)/Φ
is a Bieberbach group.

Proof. By Theorem 8.11 and Theorem 8.16 we may assume M to be
compact. Let M̃ ∼= M×Rk be the splitting of the universal covering which is
guaranteed by Theorem 8.16. The main point is to show that M is compact.
We identify π = π1(M) with the group of isometric covering transformations
of M̃ .

(1) π preserves the splitting M × Rk. Hence any element of π is of the
form (x, y) → (f(x), g(y)).

(2) There exists d such that for any p, q ∈ M̃ , we have ρ(π(p), q) < d.
In fact let d be the diameter of M . Let

γ : [0, l] → M, l < d,

be a minimal geodesic from σ(q) to σ(p), where σ denotes the covering
projection. Let γ̃ : [0, l] → M̃ be such that γ̃(0) = q and dσ(γ̃′(0)) = γ′(0).
Since σ is a local isometry, it commutes with exponential maps. Hence
σ(γ̃(l)) = σ(p), which means γ̃(l) ∈ π(p).

(3) Let π1, π2 denote the projections of M×Rk on M and Rk respectively.
By (1), we have well-defined groups of isometries π1 ◦ π and π2 ◦ π. Now
since π1 and π2 are distance decreasing, it follows from (2) that π1 ◦ π and
π2 ◦ π act uniformly.

(4) If M is not compact there exists a sequence of points pi such that
ρ(p0, pi) → ∞. Let γi : [0, di] → M be a sequence of minimal normal
geodesics from p0 to pi. Then by (3) there exist gi ∈ π1 ◦ π such that

ρ(g−1
i (γi(di/2)), p0) < d.

Hence we may choose a subsequence such that

g−1
i (γi(di.2)) → p, dg−1

i (γ′
i(di/2)) → v ∈ Mp.

Then if γ : (−∞,∞) → M such that γ′(0) = v, then γ is a line. This is a
contradiction.

(5) The kernel Φ of π2 consists of elements of the form (f, 1). Since π
is a group of covering transformations there exists ε > 0 such that for all
p ∈ M and g ∈ π, we have ρ(g(p), p) > ε. Since M is compact, it follows
that Φ is finite.

(6) Similarly it follows that π2 ◦ π ∼= π/Φ is discrete. This suffices to
complete the proof. �

We will return briefly to the study of the global behavior of geodesics
which was initiated in Chapter 2. The discussion will depend essentially on
Proposition 8.5, which was based on Toponogov’s Theorem. Ct will denote
a filtration of M by t.c.s. as reindexed after Corollary 8.12.
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Theorem 8.24. Let M be complete noncompact and have nonnegative
curvature.

(1) If γ : (−∞,∞) → M is a geodesic and γ ⊂ C for some compact set
C, then γ ⊂ ∂Ca for some a > 0 or γ ⊂ C0.

(2) Any geodesic intersecting a soul S transversally goes to infinity in
both directions.

(3) If σ, τ : [0,∞) → M are geodesics such that

σ(0) = τ(0), 〈σ′(0), τ ′(0)〉 > 0

and σ is a ray, then τ goes to infinity.
(4) If σ, τ are as in (3) except 〈σ′(0), τ ′(0)〉 = 0 and τ does not go to

infinity, then τ ⊂ ∂Hσ. If V denotes the parallel field along τ generated by
σ′, then

[0,∞) × [0,∞) → expτ(t)sV (t)

defines a flat (immersed) totally geodesic rectangle.
(5) If M is not contractible and C is a compact t.c.s., then through each

point p ∈ C there is at least one geodesic γ : [0,∞) → M which stays in C.
(6) If KM > 0, then any geodesic γ : [0,∞) → M goes to infinity.

Item (4) describes the rigidity phenomenon mentioned in Chapter 2; (2),
(3) and half of (1) are weakened generalizations of (6). The other half of (1)
and (4) are rigid versions of (6). (5) is in the nature of a converse to (6).

Proof. (1) If γ : [0,∞) → M does not go to infinity, let

a = inf
γ⊂Ct

t.

We may suppose a > 0. By Theorem 8.10,

ρ(γ(t), ∂Ca) : [0,∞) → R+

is a convex function of t which is bounded below with greatest lower bound
0. Hence ρ(γ(t), ∂Ca) ≡ 0. (In case a = 0, a further refinement based on
Theorem 8.10 is obviously possible.)

(2) Let
C0 = C(1) ⊃ · · · ⊃ C(k) = S

be the flag of t.c.s. described after Corollary 8.12. Since γ meets S transver-
sally (at say γ(0)), we have

γ|[0,±∞) � S = C(k − 1)max.

Hence as in (1), γ � C(k − 1) and (2) follows by induction.
(3) Let Ct denote the filtration of M by t.c.s. as above obtained by doing

the basic construction at p = σ(0). Suppose σ(0) ∈ Ca. By Proposition 8.5,
σ|[0, ε] is a minimal connection from σ(0) to ∂Ca+ε. Hence N = σ′(ε)⊥ is the
supporting hyperplane for Ca+ε at σ(ε). Then expσ(ε)N lies outside Ca+ε. It
follows from the first variation formula that ρ(τ(t), ∂Ca+ε) is not constant.
Hence by (1), τ goes to infinity.
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(4) This follows by combining the argument of (3) above with the second
part of the proof of Theorem 8.10.

(5) If M is not contractible, then by Milnor [1963] Ω(M) has nonzero
homology in infinitely many dimensions. Then if q ∈ C is not conjugate to
p along any geodesic, it follows from Theorem 4.12 that there is a sequence
{γi} of geodesics from p to q whose lengths go to infinity. Let v be an
accumulation point for {γ′

i(0)} and take γ such that γ′(0) = v.
(6) Suppose γ ⊂ C. Then since ρ(γ(t), ∂Ca) is a convex function which

is bounded below, it must be an increasing function which is asymptotic to
some constant k. By compactness we can choose a subsequence of {γ′(i)}
converging to some tangent vector v. Then if σ is the geodesic such that
σ′(0) = v, it follows easily that ρ(γ(t), ∂Ca) ≡ k. By Theorem 8.10, C
contains a flat totally geodesic rectangle which contradicts KM > 0. �





CHAPTER 9

Compact Manifolds of Nonpositive Curvature

Manifolds of nonpositive curvature arise naturally in many contexts. For
example, it is a well-known fact that a compact orientable 2-dimensional
manifold of genus g > 1 admits a (6g − 6) dimensional family of metrics of
constant curvature −1. For higher-dimensional examples we refer to Borel
[1963].

As we have already seen in Corollary 1.40, the universal covering space
M̃ of a complete manifold of nonpositive curvature is diffeomorphic to Eu-
clidean space. Hence πi(M) = 0 for i > 1, and M is a so called K(π, 1)
space. In particular, the homotopy type of M is determined by π = π1(M).
We are going to give a number of results on the relation between the geo-
metric structure of M and the algebraic structure of its fundamental group
in case M is compact. The guiding principle is that π1(M) is big if the cur-
vature of M is strictly negative. For example, a result of Milnor [1968] says
that π1(M) has “exponential growth” in this case. Moreover, according to
the theorem of Preismann (Corollary 9.9) abelian subgroups of π1(M) must
be infinite cyclic.

The results of the present chapter are basically rigidity theorems which
measure the extent to which the Preismann Theorem fails in the case that
KM is non-positive. Our two main results are due to Gromoll and Wolf
[1971] and in a very similar form to Lawson and Yau [1972].

We begin by recalling that a group Σ is said to be solvable if there exists
a finite sequence of subgroups

Σ = Σ0 ⊃ Σ1 ⊃ · · · ⊃ Σn = e

such that Σi+1 is normal in Σi and Σi/Σi+1 is abelian. Also we define
An isometry g : M → M to be semi-simple if the displacement function
δg(p) = ρ(g(p), p) assumes a minimum mg ≥ 0.

Theorem 9.1. Let M be closed totally convex subset of a simply con-
nected manifold of nonpositive curvature and let Γ be a properly discontinu-
ous group of semi-simple isometries of M. Let Σ be a solvable subgroup of Γ.
Then M contains a flat totally geodesic submanifold E, which is isometric
to Rk and invariant under Σ, such that:

(1) Σ acts with finite kernel Φ on E;
(2) E/Σ is compact. In particular, Σ is finitely generated and Σ/Φ is a

crystallographic group of rank k.
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In particular, (1) and (2) hold if M is the universal covering space of a
compact manifold and Γ the group of covering transformations.

Theorem 9.1 should be compared to Theorem 8.23, which gives a some-
what analogous result in the case KM ≥ 0. We have stated Theorem 9.1
with the hypothesis that M is a totally convex set (rather than simply a
complete manifold) because it is necessary to work in this degree of gener-
ality to carry out various induction steps in the proof. Quite naturally, we
will need the theory of convex sets as developed in Chapter 8. In particular,
implicitly we are always assuming that a t.c.s. is a submanifold with totally
geodesic interior.

We will also use without proof, the de Rham Decomposition Theorem.
This theorem states that if the tangent bundle T (M) of a complete simply
connected Riemannian manifold M splits as a direct sum T (M) = ξ⊕η in a
manner invariant under parallel translation, then M splits isometrically as
a product M = M1 × M2, where the tangent spaces to the factors give the
splitting ξ ⊕ η. For a proof see Kobayashi and Nomizu [1963, 1969].

Here is an outline of the proof of Theorem 9.1, the details of which
will require five lemmas. The basic geometric ingredient is the fact that if
KM ≤ 0, the displacement function δg of an isometry is concave. Thus the
set

Ca
g = {p ∈ M |δg(p) ≤ a}

is convex. Also the minimum set of δg, which we shall call Cg, is convex. If
g has infinite order, then Cg will be shown to split isometrically as D × R,
where each d×R is a line invariant under g. Now if Σ is abelian, by induction⋂

s∈Σ Cs is nonvoid and splits as D′ × Rk. We may then take E = d × Rk.
The extension from abelian to solvable proceeds by another induction on
the length of the series, Σ0 ⊃ · · · ⊃ Σn.

Our first lemma collects some results about isometric group actions and
does not involve any assumptions about sectional curvature. (5) was already
used in Theorem 8.23.

Lemma 9.2. Let M be a totally convex subset of a complete Riemannian
manifold and let Γ, Σ be the groups of isometries of M.

(1) If Γ is properly discontinuous and uniform, then for each g ∈ Γ, δg

assumes its minimum, i.e. Γ is semi-simple.
(2) If Σ is a normal subgroup of Γ, then CΣ =

⋂
s∈Σ Cs is invariant

under Γ.
(3) If Γ acts uniformly on M, then it acts uniformly on any Γ invariant

subset of M.
(4) Suppose M splits isometrically as D×R. Let g be an isometry which

preserves the splitting, and acts by translation on R. If g is semi-simple,
then the projected action of g D is also semi-simple.

(5) Let M split isometrically as D1 × D2, and let Σ be a properly dis-
continuous group of isometries which preserves the splitting. Suppose A,
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the kernel of the projection on D1, acts uniformly on D2. Then Σ/A acts
properly discontinuously on D1.

(6) If Γ acts uniformly and g commutes with every element of Γ, then
δg is bounded.

(7) Let Σ act properly discontinuously on M. Let g be an isometry of M.
Then g induces an isometry of M/Σ if and only if gΣg−1 = Σ, g induces
the identity on M/Σ if and only if g ∈ Σ.

Proof. (1) Fix p ∈ M , and let {pi} be such that

δg(pi) → l = inf δg.

Since Γ is uniform, there exist d > 0 and {gi}, {qi} such that

pi = gi(qi)

with qi ∈ Bd(p). Now for any m,

δg(m) = ρ(g(m), m) = ρ(gig
−1
i ggig

−1
i (m), gig

−1
i (m))

= ρ(g−1
i ggig

−1
i (m), g−1

i (m)) = δg−1
i ggi

(g−1
i (m)).

Hence
inf δg = inf δg−1

i ggi

and in particular
δg(pi) = δg−1

i ggi
(qi).

Thus
δg−1

i ggi
(p) ≤ l + 2d

for i sufficiently big, and the sequence {g−1
i ggi(p)} has an accumulation

point. But this contradicts the proper discontinuity of Γ unless the set
{g−1

i ggi} is finite. Hence we can find g0 and ḡ defined to be g−1
0 gg0 such

that g−1
i ggi = ḡ for infinitely many i. Let us call the set of such i I Then

for i ∈ I we have δḡ(qi) → l. Let q be an accumulation point of {qi|i ∈ I}.
Then q ∈ Cḡ �= ∅ and g0(q) ∈ Cg.

(2) As above,
δs(gq) = δg−1sg(q).

Then

g(CΣ) = g(
⋂
s∈Σ

Cs) =
⋂
s∈Σ

g(Cs) =
⋂
s∈Σ

Cg−1sg =
⋂
s∈Σ

Cs = CΣ.

(3) Let C be a Γ-invariant subset, and K a compact subset of M such
that Γ(K) = M . Then C ∩ K is a relatively compact subset of C and

C = C ∩ M = C ∩ Γ(K) = Γ(C) ∩ Γ(K) = (C ∩ K).

(4) Let g act by
(p, q) → (f(p), t + q).

Then
δg(p, q) = (ρ(p, f(p))2 + t2)1/2.
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Clearly if δg achieves its minimum at (p0, q0), then ρ(p, f(p)) achieves its
minimum at p = p0.

(5) Let a typical element s of Σ act by

(p, q) → (f(p), g(q)).

If Σ/A does not act properly discontinuously, we can find a sequence si =
(fi, gi) and a point p0 such that fi(p0) has a limit point. Now for any q0

there exists a compact set K ⊂ D1 and elements A � s̄i = (1, hi) such
that h−1

i gi(q0) ∈ K. Then (s̄i)−1si is a sequence of distinct elements such
that (s̄i)−1si(p0, q0) has a limit point. In this case Σ could not act properly
discontinuously.

(6) Let K be a compact set such that Γ(K) = M . Suppose pi is a
sequence of points such that δg(pi) → sup δg. Then there exist a sequence
si ∈ Γ such that s−1

i (pi) ∈ K. But

δg(pi) = δsigs−1
i

(s−1
i (p)) = δg(s−1

i (p)).

Thus
sup
M

δg = sup
K

δg < ∞.

(7) g induces an isometry of M/Σ if and only if it maps orbits onto
orbits. In other words, for all p,

gs1(p) = s2g(p).

Since orbits are discrete, it follows by continuity that for fixed s1, the as-
sociated s2 is independent of p. Hence gs1 = s2g which is equivalent to
gs1g

−1 = s2. g induces the identity if and only if for all p,

gs1(p) = s2(p).

Then
gs1 = s2, g = s2s

−1
1 .

�

Our next two lemmas, while still of a rather general nature, bring in
the non-positive curvature of M . Throughout the next four lemmas, M
is assumed to be a totally convex subset of a complete simply connected
manifold of non-positive curvature.

Lemma 9.3. Let g be an isometry of M. Then δg|γ is concave, for any
geodesic γ.

Proof. Let γ be parameterized by arclength, and σs(t) : [0, l] → M
the unique minimal normal geodesic (non-positive curvature) from γ(s) to
g(γ(s)). Then g(γ(s)) is also a normal geodesic. If γ(s) �= g(γ(s)), we use
the second variation formula to calculate

L′′[σs(t)] =
d2

ds2
δg|γ(s).
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Let V denote the variation vector field and let T = σ′
s. Then

L′′[σs(t)] = 〈∇V V, T 〉
∣∣∣l
0
+

∫ l

0
〈∇T V,∇T V 〉 − 〈R(V, T )T, V 〉 − 〈∇T V, T 〉2

=
∫ l

0
−K(V, T )||V ∧ T ||2 + ||∇TV ∧ T ||2

≥ 0,

since
||V ∧ T ||2 = 〈V, V 〉〈T, T 〉 − 〈V, T 〉2 ≥ 0.

Since the second derivative is nonnegative, δg|γ(t) is concave. If γ(s) =
g(γ(s)), then at its single point of nondifferentiability, δg has a minimum.
Therefore δg is concave in this case as well. �

We say that normal geodesic segments (γ0, γ1, γ2, γ3) determine a geo-
desic quadrilateral if

γi(li) = γi+1(0)mod 4
We let αi = cos−1〈−γ′

i−1(li−1), γ′
i(0)〉 where cos−1 has range [0, π].

Lemma 9.4. Let Q = (γ0, γ1, γ2, γ3) determine a geodesic quadrilateral
in M, and assume

∑
αi ≥ 2π. Then for any vertex γi(0), exp−1

γi(0)(γi+1)

and exp−1
γi(0)(γi+2) are contained in the 2-dimensional subspace S ⊂ Mγi(0)

spanned by γ′
i(0) and −γ′

i−1(li−1). exp−1
γi(0)(Q) bounds a region R in S and

expγi(0)|R is an isometry. Thus Q bounds a flat totally geodesic submanifold,
and

∑
αi = 2π.

Proof. Let σ : [0, d] → M be the minimal normal geodesic from γ1(l1)
to γ0(0). Let

<)(γ′
0(0),−σ′(d)) = β, <)(−γ′

3(l3),−σ′(d)) = β̂,

<)(−γ′
1(l3), σ

′(0)) = δ, <)(γ′
2(0), σ′(0)) = δ̂.

Then β + β̂ ≥ α0 and δ + δ̂ ≥ α2. Let (σ̄, γ̄0, β) determine a hinge in Rn

with
L[σ] = L[σ̄], L[γ0] = L[γ̄0]

and let I : Mγ(0) → Rn
γ̄0(0) be an isometry such that

I(σ′(d)) = σ̄′(d), I(γ′
0(0)) = γ̄0(0).

Since M is simply connected with non-positive curvature, exp is a diffeo-
morphism and we may apply Corollary 1.35. We get

ρ(σ(0), γ0(l0) ≥ ρ(σ̄(0), γ̄0(l0)).

Thus after possibly increasing the angle between σ̄, γ̄0, we obtain a hinge
with distance between the endpoints equal to σ(0), γ0(l0). Reasoning as in
steps (1) and (2) in the proof of Toponogov’s Theorem, we conclude that
there exists a unique triangle (σ̄, γ̄0, γ̄1) with sides the same length as those
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of (σ, γ0, γ1) and angles no smaller. In particular, β + α1 + δ ≤ π. Similarly
β̂ + α3 + δ̂ ≤ π. Therefore,

β + α1 + δ = β̂ + α3 + δ̂ = π, β + β̂ = α0 and δ + δ̂ = α2.

It follows that
ρ(σ(0), γ0(l0)) = ρ(γ̄(0), γ̄0(l0)).

Therefore
expγ̄(0) ◦ I ◦ exp−1

γ0(0)(γ2)

is the minimal segment from γ̄(0) to γ̄2(l0). All the inequalities in the proofs
of Rauch I and Corollary 1.35 become equalities and the lemma follows in
a straightforward manner by examining the proofs of those results. �

Lemma 9.5. Let g be an isometry of M.
(1) If g generates a subgroup which acts properly discontinuously, then

g is of finite order if and only if min δg = 0, i.e. if g has a fixed point.
(2) If g is semi-simple and of infinite order, then any g-invariant totally

convex subset of Cg splits isometrically as D × R, where D is convex and
each geodesic d × R is invariant under g. The isometry g acts on D × R as
(1, f), where f is a translation.

Proof. (1) If min δg = 0, then g has a fixed point and is of finite order,
since the group it generates is properly discontinuous. Conversely, if g is of
finite order, let m ∈ M and m, g(m), . . . , gn−1(m) be the orbit of m. Let
d = max ρ(m, gi(m)). Then for any i, gi(Bd(m)) contains the orbit of m,
and by Theorem 5.14 is totally convex. Thus

⋂
i gi(B̄d(m)) is a nonempty

g-invariant compact totally convex set. Notice that by construction,

gi(m) ∈ ∂(
⋂
i

gi(Bd(m))),

unless g(p) = p, in which case we are done. The family F of nonempty
compact g-invariant totally convex sets is partially ordered by inclusion. By
compactness, the intersection of a decreasing sequence of such sets is again
in F, i.e. is in particular nonempty. It follows by Zorn’s Lemma that F

contains minimal elements. If C is a minimal element and p ∈ intC, then
the above argument shows that unless p = g(p) (equivalently {p} = C) we
must have p ∈ ∂C. This is a contradiction.

(2) If min δg = l > 0 and m ∈ Cg, consider the minimal geodesic γ

from m to g(m) with γ(0) = m. We claim that g takes N0 = γ′(0)⊥ to
Nl = γ′(l)⊥. Otherwise for some v ∈ N0, we have

〈dg(v),−γ′(l)〉 > 0.

Then by the first variation formula, δg would be strictly decreasing on
expxtv, which contradicts m ∈ Cg. Now if

dg(γ′(0)) = −γ′(l),
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we would have
g(γ(l/2)) = γ(l/2).

Hence
dg(γ′(0)) = γ′(l)

and γ is invariant under g. Since g acts by translation on γ and γ : (−∞,∞)
→ M is an embedding (Theorem 1.39), it follows that g has infinite order.
Suppose γ1 and γ2 are both invariant under g. Since g acts uniformly on
γ1, there exist m1 ∈ γ1, m2 ∈ γ2 such that ρ(m1, m2) = ρ(γ1, γ2). If σ is
the minimal geodesic from m1 to m2, then σ is perpendicular to γ1, γ2. It
follows from Lemma 9.4 that if τ1, τ2 denote the segments of γ1, γ2 from
m1 to g(m1), m2 to g(m2) then τ1, σ, τ2, g(σ) span a flat totally geodesic
parallelogram P . The geodesic segments of P which are parallel to the γi

lie on geodesics invariant under g.
It follows easily that the unit tangent vectors to the invariant geodesics

form a parallel field on the totally geodesic interior of Cg. Therefore by the de
Rham Decomposition Theorem the interior of Cg splits locally isometrically.
However, the splitting is clearly global and extends to all of Cg is an obvious
fashion. �

The next lemma is the last essential preliminary to the proof of Theo-
rem 9.1.

Lemma 9.6. Let g be a semi-simple isometry of M. If C �= ∅ is closed,
convex and invariant under g, then C ∩ Cg �= ∅.

Proof. Assume first that g has no fixed point. Let p ∈ Cg, let q be a
point on C for which ρ(p, q) = ρ(p, C). Consider the geodesic quadrilateral
with vertices p, q, g(p), g(q), and sides γ0 from p to g(p), γ1 from p, to q,
g(γ1) from g(p) to g(q), and γ2 ⊂ C from q to g(q). Now since γ0 is part of
an invariant line, the sum of the angles at p and g(p) is π. Since

ρ(p, q) = ρ(g(p), g(q)) = ρ(p, C) = ρ(g(p), C),

and γ2 ⊂ C, by the first variation formula each of the angles at q, g(q) is ≥
1
2π. Then by Lemma 9.4, the quadrilateral is flat and totally geodesic and the
angles at q, g(q) are right angles. Since L[γ1] = L[g(γ1)], the quadrilateral
must be a rectangle. Hence L[γ0] = L[γ2], which implies q ∈ Cg. If g has
a fixed point p, choose q as above. If q �= g(q), we obtain in the same
way a geodesic triangle, the sum of whose angles is greater than π. By the
argument of Lemma 9.4 this is impossible. �

Proof of Theorem 9.1. As explained earlier, we are actually going
to show something more than the statement of the theorem, namely that
the set CΣ =

⋂
g∈Σ Cg is nonvoid and splits isometrically as D × Rk. It will

then follow that we may take E = d × Rk for any d ∈ D.
(1) First suppose that Σ is abelian and the torsion subgroup T ⊂ Σ is

nonempty. Let t ∈ T, t �= 1. Then Ct is totally convex by Lemma 9.3, and
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dimCt < dimM because t �= 1 (an isometry is determined by its differen-
tial at a single point). By Lemma 9.2(2), Ct is invariant under Σ, and by
induction on dimension it follows that Ct has the properties claimed in the
theorem relative to Σ/A, where A is the subgroup of elements which act as
the identity on Ct. But by the proper discontinuity of Σ on M it follows that
A is finite. This immediately implies that the theorem holds for Σ itself.

(2) Assume that Σ is abelian and without torsion. Let g ∈ Σ. By
Lemma 9.2(2), Cg is invariant under Σ, and Σ acts properly discontinuously
on Cg. By Lemma 9.6, the restriction of any g1 to Cg is semi-simple. By
Lemma 9.5, Cg splits isometrically as D ×R and g acts by (1, h) where h is
a translation. If γ is an invariant geodesic for g, then for any g1 ∈ Σ,

g(g1(γ)) = g1(g(γ)) = g1(γ).

Hence g1 preserves the splitting. Since h is a translation and g1 commutes
with g, it is easily checked that the projection of g1 on R is a translation.
Let Σ/A denote the projection of Σ on D.

By Lemma 9.2(5,6), Σ/A acts properly discontinuously by semi-simple
isometries on D. Hence by induction on dimension CΣ/A ⊂ D is nonempty
and splits as D′ × Rk−1 , invariant under Σ/A where Rk−1 is spanned by
invariant lines. Moreover, the projection of Σ/A on Rk−1 acts uniformly,
properly discontinuously on Rk−1 and each g1 ∈ Σ/A acts as (1, f), where
f is a translation. Then clearly each element of Σ acts as (1, f, l) on

Cg = D′ × Rk−1 × R.

and Rk−1 × R = Rk is spanned by invariant lines. The projection of Σ
on Rk−1 × R is clearly uniform, properly discontinuous and without kernel.
Taking d × Rk = E, this finishes the proof in case Σ is abelian.

(3) Now let
Σ = Σ0 ⊃ Σ1 ⊃ · · · ⊃ Σn = e.

Then by induction we may assume that CΣ1 is nonempty and splits as D×Rl,
where Σ1 acts as above. Since Σ1 is normal in Σ, by (2) of Lemma 9.3, CΣ1

is invariant under Σ0 = Σ. Similarly, since each d × Rl is spanned by the
invariant lines through d of members of Σ1, it follows that Σ preserves the
splitting. Now Σ/Σ1 is abelian and by the above, for the projection of Σ/Σ1

on D, we have CΣ/Σ1 = D′ × Rk, where Σ/Σ1 acts as above. Then clearly
CΣ = D′ × Rk × Rl and Σ acts as claimed. The kernel consists of just
those elements which act as the identity on CΣ. This is finite by proper
discontinuity.

It follows from Lemma 9.2(2) that the hypothesis is satisfied if M is the
universal covering space of a compact manifold. �

We derive some corollaries of Theorem 9.1.

Corollary 9.7. Suppose that M is compact, KM ≤ 0, and π1(M) = Γ
contains a solvable subgroup Σ. Then Σ is Bieberbach group and M contains
the compact flat manifold E/Σ.
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Proof. Lemma 9.3(1) implies Γ is semi-simple. Σ acts freely on the
universal covering space M̃ , and hence by Lemma 9.5 is torsion-free. Hence
Σ acts effectively on E as a Bieberbach group. �

Corollary 9.7 immediately implies:

Corollary 9.8. π1(M) has a solvable subgroup of finite index if and
only if M is flat.

Corollary 9.9 (Preismann). If M is compact and KM < 0, then every
abelian subgroup is infinite cyclic.

Proof. This actually follows from Lemma 9.5 and the nonexistence of
a flat subspace. �

Corollary 9.10. Let ∂M = ∅. Assume M/Γ compact, that Γ acts
properly discontinuously, and let Σ be a solvable normal subgroup of Γ. Then
M = D × E isometrically, where E is the Euclidean space corresponding to
Σ in Theorem 9.1 and Γ preserves the product decomposition.

Proof. By the proof of Theorem 9.1, it suffices to show that CΣ, which
is nonvoid and splits as D×E, is actually all of M . By Lemma 9.3(2), CΣ is
invariant under Γ. But we claim that since Γ acts uniformly, the convex hull
C(Γ(p)) of the orbit of any point p ∈ CΣ is all of M . In fact, let q ∈ C(Γ(p))
and suppose that the tangent cone Cq at p is not Mq. Let γ be a normal
geodesic such that γ(0) = q and γ′(0) /∈ Cq. Let α > 0 be the minimum
angle that γ makes with Cq. Suppose M = Γ(Bd(q)). Then for large t we
have a trangle (σ, τ, γ) with τ the minimal segment from γ(t) to some gt(q),
σ the minimal segment from p to gt(q) with

L[γ] = t, L[τ ] < d, L[σ] ≥ t − d.

Since M is simply connected, KM ≤ 0, and the angle at q is ≥ α, by com-
parison with Euclidean space such a triangle can not exist for t sufficiently
large. �

Our final result provides another illustration of how algebraic properties
of π1(M) are reflected in the geometry of M .

Theorem 9.11. Let M be compact, KM ≤ 0, and suppose π1(M) = Γ1×
Γ2 has no center. Then M splits isometrically as M1×M2 with π1(Mi) = Γi.

By use of Corollary 9.10, Theorem 9.11 may be suitably refined to in-
clude the case in which π1 has nontrivial center.

Let C(X) denote the convex hull of X.

Lemma 9.12. Let M̃ be complete simply connected, and let Γ1 ×Γ2 be a
group of isometries which acts uniformly on M. Let Γ2 be finitely generated,
act properly discontinuously and have no center. Then for all p, Γ1 acts
uniformly on C(Γ1(p)).
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Proof. We are going to show that if Γ1 does not act uniformly on
C(Γ1(p)), we can construct a sequence, gi ∈ Γ2 of distinct elements with the
property that for any g ∈ Γ2, the sequence δg−1

i ggi
(p) is uniformly bounded.

Since Γ2 acts discontinuously, it then follows for all sufficiently large distinct
i and j, that

g−1
i ggi = g−1

j ggj.

Thus gjg
−1
i commutes with g. Letting g vary over a finite generating set of

Γ2, this implies that for sufficiently large distinct i and j, gjg
−1
i is in the

center of Γ2. This is a contradiction.
We now construct the sequence {gi}. Since we assume that Γ1 does

not act uniformly on C(Γ1(p)), there is a sequence pi ∈ C(Γ1(p)) such
that ρ(pi, Γ1(p)) → ∞. Because Γ1 × Γ2 acts uniformly on M̃ , there exist
sequences {fi} ⊆ Γ1, {gi} ⊆ Γ2 and a number d such that ρ(figi(p), pi) ≤ d.
Then, by the triangle inequaity,

ρ(gi(p), p) = ρ(figi(p), fi(p))

≥ ρ(pi, fi(p)) − ρ(pi, figi(p))

≥ ρ(pi, Γ1(p)) − d.

Therefore ρ(pi, Γ1(p)) → ∞ implies ρ(gi(p), p) → ∞. Thus, after passing to
a subsequence, we may assume that the {gi} are all distinct.

It remains to show that for given g, δg−1
i ggi

(p) is uniformly bounded. We
first note that if δg(p) = r, then δg|C(Γ1(p)) ≤ r. In fact since g centralizes
Γ1, Cr

g is invariant under Γ1. By Lemma 9.3, Cr
g is convex. But C(Γ1(p))

is the smallest convex set containing p which is invariant under Γ1. Thus
C(Γ1(p)) ⊂ Cr

g , which is to say δg|C(Γ1(p)) ≤ r. Now by the triangle
inequality,

δg−1
i ggi

(p) = ρ(ggi(p), gi(p))

≤ ρ(ggi(p), gf−1
i (pi)) + ρ(gf−1

i (pi), f−1
i (pi))

+ ρ(f−1
i (pi), gi(p))

= ρ(fig(p), pi) + δg(f−1
i (pi)) + ρ(pi, figi(p))

≤ d + r + d.

Thus the sequence {gi} has the desired property. �

Proof of Theorem 9.11. Let M̃ denote the universal covering space
of M and p ∈ M . Let F denote the family of nonempty closed Γ1-invariant
totally convex subsets of C(Γ1(p)). By Lemma 9.12, there exists a compact
set D such that

Γ1(D) ⊃ C(Γ1(p)).

It follows that for all C ∈ F, C ∩ D �= ∅. Moreover, if

C1 ∩ D ⊆ C2 ∩ D,
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then for any g ∈ Γ2,

C1 ∩ g(D) = g(C1) ∩ g(D) ⊆ g(C2) ∩ g(D) = C2 ∩ g(D).

Conversely, if C1 ⊆ C2, then C1 ∩ D ⊆ C2 ∩ D. This the sets C ∩ D (where
C ∈ F) are partially ordered by inclusion. By compactness, the intersection
of a decreasing sequence of such sets is nonempty. It follows therefore that
the intersection of a decreasing sequence of members of F is again a member
of F. By Zorn’s Lemma there exist minimal elements, say N0, of F.

By Lemma 9.2(3), Γ1 acts uniformly on N0. By minimality of N0, for
any p ∈ N0, we have C(Γ1(p)) = N0.

Let χ denote the collection of all Γ1-invariant t.c.s. N1 ⊂ M̃ such that

dim N1 = dimN0,

Γ1 acts uniformly, and for any p ∈ N1 we have C(Γ1(p)) = N1. Because
N0, N1 are Γ1-invariant and Γ1 acts uniformly, the set

K0 = {p ∈ N0|ρ(p, N1) = ρ(N0, N1)}
is nonempty. Let p0 ∈ K0 and q0 ∈ N1 such that

ρ(p0, q0) = ρ(N0, N1).

Let τ be the minimal geodesic from p0 to q0. Then by the first variation
formula, τ makes an angle ≥ 1

2π with any geodesic from p0 which points
into N0. Then given any other pair p1, q1 such that

ρ(p1, q1) = ρ(N0, N1),

applying Lemma 9.4 to the quadrilateral determined by {p0, q0, p1, q1} shows
that K0 is convex and C(K0 ∪ K1) splits isometrically as K0 × I with any
K0 × t invariant under Γ1. However, clearly K0 ∈ χ so K0 = N0. In
particular distinct members of χ are disjoint.

It also follows that the set of points which lie on some member of χ
is convex. Clearly, however, this set is invariant under Γ and since Γ acts
uniformly, by the proof of Corollary 9.10 it must be all of M̃ .

We now show that ∂N = ∅ for N ∈ χ. Let p ∈ ∂N , r ∈ intN and γ the
geodesic from r to p. Let q be a point on γ lying beyond p. Hence q /∈ N
and therefore q ∈ N1 ∈ χ for some N1 �= N . Since

C(N ∪ N1) = N × I,

the triangle with vertices at r, p, q has two right angles, at r and p, which is
impossible since K ≤ 0. Thus ∂N = ∅.

Using the splitting C(N ∪ N1) = N × I, it now follows easily that the
tangent spaces to the members of χ define a smooth Γ-invariant parallel
distribution on N . Thus by the de Rham Decomposition Theorem, M̃ has
a Γ-invariant isometric splitting M̃ = M̃1 × M̃2 on which Γ1 acts as (f, 1).

We now show that the projection of the action of Γ2 on M1 is trivial.
Let g2 ∈ Γ2. Then g2 acts by (f2, g2). If f is any isometry of M1 central-
ized by the uniform group Γ1, by Lemma 9.2(6), δf is bounded. Since, by
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Lemma 9.3, δf is convex, it is therefore constant. Hence by Lemma 9.5,
either f2 is the identity or it has infinite order. If f2 �= 1, we may as-
sume that fn

2 /∈ Γ1 for all n because the center of Γ1 is trivial. Then by
Lemma 9.2(7), f2 induces an infinite group I of nontrivial isometries of the
compact manifold M̃1/Γ1. Let T denote the closure of I in the (compact)
group of isometries of M . Then T is compact, abelian, centralized by Γ1

and its identity component T0 is a torus. Let τt denote a 1-parameter circle
subgroup of T0 such that τt0 = 1 but τt �= 1 for 0 < t < t0. τt generates a
vector field

Vt(x) =
d

dt
τt(x)

on M1/Γ1 which lifts to a vector field Ṽ on M1. By integrating Ṽ we may
lift τt continuously to a 1-parameter group τ̃t of isometries of M1 such that
τ̃t0 = 1. Clearly for 0 < t < t0, τ̃t �= 1 and hence

min δτt = at > 0.

By Lemma 9.5 there exists a Γ1-invariant splitting M̃1 = Dt×R such that τt

acts by (1, ft), where ft is a translation by a real number f̄t. By considering
small values of t and using continuity, one sees that the splitting Dt × R is
independent of t, and the factors d × R are just the integral curves of Ṽ .
Similarly t → f̄t is a homomorphism. Alternatively, this could be deduced
from the fact not proved here, that a Killing field on a compact manifold
of non-positive curvature is parallel; see Bocher and Yano [1953]. Now
τt0 = (1, ft0) with ft0 �= 1 induces the identity on M̃1/Γ1 and hence is a
member of Γ1. But this contradicts the triviality of the center of Γ1.

We now have

M = M̃/Γ = M̃1/Γ1 × M̃2/Γ2 = M1 × M2.

Since M is compact, it follows in particular that M̃2/Γ2 is compact, and the
proof is complete. �
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Â genus, 117

K(π, 1) space, 137
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infinite cyclic, 137
normal, 49
normal solvable, 145
one-parameter, 49
solvable of finite index, 145

submanifold, 18
geodesic, 19

submersion, 55
Riemannian, 55, 67

subspaces
horizontal, 56
vertical, 56

Sugimoto, 105, 108
symmetric

affine, 61
globally, 61

locally, 61
symmetric bilinear form, 77
symmetric space, 61, 88, 97

dual, 65
positive curvature, 93
simply connected, 62

symplectic group, 68
Synge, 85

tangent bundle, 1
tangent cone, 125
tangent space, 1
tangent vector, 1
Taylor expansion, 11
Toponogov, 96, 131
Toponogov’s Theorem, 35, 85, 94, 100,

114, 116, 120, 127, 129, 141
torsion, 2
torsion subgroup, 143
totally convex, 119, 127
totally convex set, 119, 123, 138

proper, 119
totally geodesic, 20, 67, 99, 119, 124
totally geodesic rectangle, 128
totally geodesic submanifold, 123, 141
trace, 23
transvection, 66
triangle

small, 37–39
thin, 40–42
thin right, 41

Tsukamoto, 95
twisted sphere, 113
twisted sphere, 105
two-dimensional manifold, 137
two-parameter variation, 16

unit normal, 19
unit tangent vector, 143
unitary group, 63

special, 63

variation field, 12
vector field

right invariant, 48
vector field, 1, 4

π-related, 56
along a map, 3
left invariant, 48
piecewise smooth, 18

vector group, 59
vector space

finite-dimensional, 70
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Weinstein, 43, 118
Whitehead, 89
Whitehead Theorem, 130
Wolf, 137

Yano, 93
Yau, 137

Zorn’s Lemma, 142, 147
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